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Chapter 2 MATHEMATICAL FOUNDATION

2-1 (@) Poles: s=0,0, -1, - 10;

Zeros: s=-2, % ¥ ¥.

() Poles: s=-2,-2;

Zeros: s=0.

The pole and zero at s = - 1 cancel each other.

Jin “I_:I'l"'l
s-plane s-plane
- & : a ¥—A i
-10 -2 -1 0 -2 0
(c) Poles: s=0,-1+j,-1- j; (d) Poles: s=0,-1,-2,¥.
Zeros: s=-2.
b J L)
s-plane I s-plane J
X 13
= - 3= (] 2l - X PR,
=1 =] -2 =1 a
X =]
2-2 (a) b) (c)
G(9) G(9 =+ —
S) = Q) = +—— G(s)=——8
(s+5)2 (sz+4) S+2 s +45+8
@ (e)
¥
_ _ B kT(s+s) _ 1
G(s) = G(s)= e =
244 ka:0 1- e TE*
2-3 (a)

g(t) =ug(t) - 2u t-1) +2u(t-2) - 2u(t- 3 +--

1 s

G(s)==(1-2"°+ 28
s

gr®)=ut)- 2, ¢- D+u (t- 2

Gr (s) =E(1- 2% ° +e'25)
s

2s _ 2e—3s + ) :£
s(l+ e's)
OEtE£ 2
“21-e)?
s




¥ ¥ s
g(t):é gT(t- 2k)us(t- 2k) G(s)= é i(l- e'S)Ze—zks - 1-e _
k=0 k=0 S s(l+e )
(o)
g(t) = 2u (t) - 4(t- 0.5u ¢ - 0.5 +4(t- Du, - 1) - 4t - 1.5u, ¢ -1.5+ -
- 0.5s
2 -05s -5 ., -15s 2(1' e )
G(s) =—(1- 2e +2e - 2e FINU [ J SE—
(9 52( ) 52(1+e'0'55)
g, (1) =2t (t)- 4(t- 0.5)u (t- 0.5 +2(t-u (t-1) 0EtE1
2 2
G (5) = (1 26°% 46 ) == (1- €°*°)’°
s s
¥ ¥ _ 4-05s
2 o 2 -05s\2 - ks 2(1 e )
gt) =a g (t - Kug(t- k) Gis)=a —(1-7°) e =—0—K
o | ) k=0 SZ( ) s (1+e°%)

g(t) = (t+1u (1)- (t- Du (t-1)- 2u (t-1)= (t- 2)u_(t-2)*+(t- Yu_(t- 3 +u (t- 3

g(l.]‘

=1

G(9) =i2(1- e’ - e’ +e'3s) +l(1 -2e° +e'3s)

S S

2-5 (a) Taking the Laplace transform of the differential equation, we get

) 1 1 1 1
(s +5s+t4)F(s)= F(s)= = + -
s+2 (s+1)(s+2)(s+4) 6(s+4) 3(s+1l) 2(s+2)
f(t):ie_4t+ie_t-ie_2[ t30
6 3 2
1
(b) X (8) - x (0)=X () x (0) =1 X, (s) - x,(0) =-2X (s)- 3X (s)+— x,(0)=0

S

Solving for X, (s) and X,(s), we have

s’ +3s +1 11 1
X1(S):—:_+ -
s(s+1)(s+2) 2s s+1 2(s+2)
-1 -1 1
X (s) = = +

(s+1)(s+2) s+l s+2

Taking the inverse Laplace transform on both sides of the last equation, we get

-t -2t -t -2t
x (1) =05+e - 05e’ t30 X, (1) =-e +e t30



2-6 (a)

1 1 1 11 o 1 35t
G(s)=—- + g(t)y =—-—e +—e t30
3s 2(s+2) 3(s+3 3 2 3
()
-2.5 5 2.5 -t -t -3t
G(s)= + —+ g(t)=-2.5e +5te +25e t30
s+1 (s+1) s+3
(c)
50 20 30s+20) . (-
G(s) =(— = )e * gt =[50- 206 “? - 30c0s2(t - 1)- 5sin2(t - D] U (t - 1)
S s+1 s +4
@)
1 s-1 1 1 S
G(s)=—- — =—t— - = Taking the inverse Laplace transform,
s s +s+2 s s *+s+2 s +s+2

o(t) =1 +1.069 ** [sin1.323t +sin (1.323t - 693°)] =1+ & °* (1.447sin1.323t - cos1.323t) 3 0

t

(e) g(t)=o05t"e” t3 0
2-7
&1 2 0y @ 0y o
A Ve A Ve A t N
A=S0 -2 3U B=& oY u(t):gul 3
€ u e u &u, (1) 0
g1 -3 -1 & 1
2-8 (@) ()
Y(s) 3s+1 Y(s) 5
- T4 2
R(s) $+2¢ +5s+6 R(s) s'+10s®+s+5
(c) (d
Y(s) s(s+2) Y(s)  1+2¢°
R(s) s'+10s°+ 287 + s+ 2 R(s) 2s° +5+5



Chapter 3 TRANSFER FUNCTION, BLOCK DIAGRAM, AND
SIGNAL FLOW GRAPIIS

3-1  (a) Controller transfer function:
F(s) _100 30 70 _ 880(s+6818) G ()= F(s) _880(s+6318)
sEc(s) s s+6 s+10 s(s+6)(s+10) € Ec(s) (s+6)(s+10)
(b) Open-loop transfer function:
Vi) K . . __B880K(s+6818) _ 0.0293K(s+6818)
E(s) Ms © 30000s(s+6)(s+10)  s(s+6)(s+10)
(c) System transfer function:
V(is) __ KG(s)/Ms  KG(s) 0.0293K(s+6818)
E(s) 1+KKG (s)/Ms Ms+KKG (s) s°+165"+(0.0044K +60)s+0.03K
(d) Steady-state speed: E =1V, E(s)=E, Is=1/s
,0293K (s +6818
lim v(£) = lim s¥ (5) = lim——— 2K (5 + GB18)
oo 50 05 4165 +(0.0044 K + 60)s+0.03K

=6.66 ft/sec

3-2  (a) Controller transfer function:
F(s) _ ( 100 30 )e“’"‘ _T0(s+85714) o5,

SE(s) \s s+6 5(s+6)

F 5714)

6.(5= T _TUs+85714) o,
Ec(s) s+6

(b) Open-loop transfer function:
V) _ K oo TOK(s485T14) ose

_ 0.002333K(s+8.5714) _oss

E(s) Ms © 30000s(s +6) s(5+6)
(c) System transfer function:
V(s) _ KG(s)/Ms 0002333K(s+8.5714)e ™

E(s) 1+KKG(s)/Ms " 52 +65+0.00035K(5 +8.5714)c ">
(d) Steady-state speed: E =1V, E(5)=E /s=1/5s
0.0 K(s+8. 035
lim v(1) = lim s¥(s) = lim——e oo (18T 1)
o -0 50 5* 4+65+0.00035K(s+8.5714)e™*

=6.66 ft/sec

3-3  Taking the Laplace transform of the differential cquations and expressing in matrix form, the following matrix
cquations arc obtaincd. All the initial conditions are sct to zero.
s(s+2) 3 |4 [1 1] &,(s) K| b s-3s-1 -4 [R(s)
s+l -1 LG {s 1R L) Al +25%-35-1 s*—s—1]| Ry(9)
A(s)= st 25t -5t -11s-3

IR T U A D)

A R(s)

Y(s)

R

42531 Y|(-Y)| 54 Y,(S)| S esel
A Rz(s)|kl=o A Rz(s)|nl=0 A

R,=0 R,=0




34

35 (a)

Y(s5) = [1+ G(s)H(s)] " G(s)R(s) = M(5)R(s)

2 1 |s*+2s+2
10 10 - =
1+G(s)H(s) = + 5Gs+2) =| s(s+2)
0 1 51 5 5+2
s s+1)] s s+1
1 - 2 _485-48
—1 s+1 s —48s-
=— A(§) = e
[1+GHE] " =~ -5 e (==
s s(s+2) |
$+2 -10 2
_ -1 21 s+l s(s+2)
M(s) =[1+G(s)H(s)] G(s)_A = 242542 5 a0
s s(s+2) s s+1
-50s5-48 10
M(s):l s(s+1)
A 5

—495” —1485-98

s s(s+1)(s+2)

(D) Rewrite the equations as (This is not unique):

X =4+l x,=(-2/3)x —(1/3)x, -1

=-3x

&




3-7 (a)

)

©

@

©

A=1+G,H +G,H,+H, +G,G.H.

1
1 N G,(s) G,(s) 1.
R(s) T0) Y(s)

-1
Y(s) _ Gl(s)GS(s)+Gz(s)Gz(s) Y(s) =l E(s) _—_1
-~ R(s) M=o A N(S)|go A N(s) R=0 A
1+G,()H (5)- G, (5)G, (s
Bl LHGORE)-6 66O £ =14G,(9)G,(5)+ G, (H,(5)
R(8)| - A
Y, GG,G,+GG, Y, 1+G,H, Y, Y/Y, GG,G;+GgG,
Y, A Y, A Y, Y,/Y, 1+G,H,
A=1+GH +G,H, +GG H, +GG,G,H,+G G, H H,
Y, _GG,G,+GG, Y, _1+GH, +H, Y, _Y%/Y GGG, +GG,
4 A Y, A Y, Y,/Y, 1+GH,+H,
A=1+GH +G,H, +G,G H,+GG,GH,+H, +GG,H H,+GHH,
£= GG,G, +G, £= 1+G,G,H, £= Y /Y, _ GG,G, +G,G,
Y, A Y, A Y, Y,/Y, 1+G,G,H,
A=1+GH, +G,G,H, +GG,H, -G,G H,H,
i: G,G, +G\G,G, Y_z= HG:f’z i - el - GyG, + GGG,
Y, A Y, A Y, YL/, 1+G,H,
A=1+GH +G,H, +G,G H, +GG,G,H, -G HH,
X GG,G,(1+H,)+G,G,(1+G,H,) Y, 1+G,H +GH, +H, +GHH, +GH,H,
Yl A Yl A
i_ys/}'l o G,GZGB(1+H4)+G4G5(1+G2Hl)
= =
Y* Y,/Y, 1+G,H, +GH,+H, +G,HH, +GHH,

G,H, +G,G,G,H, +G,H,H, +G,H,H, +G,G,GyH,H, +G,G H H,




3-8 (a)

Y, GG,GGG,+GG,(1+G,H,+G,H,)

Y A

1
¥, _1+G,H, +G,H, +G,GH, + Hy+G,G,6,GH, +G,H,G,G.H, + GyHyH, + G, H,H,
Y A

1
A=1+G,H, +G,H, +G,H, +G,G,H, + H, +G,G,G,GH, - GG HH, - GG.HHHH +GG,HH,
+GG,G,H,H, +G,H H, +G,G,GH,H, +G,H,H, +G,H,H, -GGG H HH,+GGHHH,

)
Y, G,G,G,G,G, +G,(1+G,H, +G,H,) Y, _1+GH, +G,H,+G,G,G,GH,
4 A 4 A
A=1+GG,H, +G,H, +G,H, +G,G,G,G;H,-G,GH H, +G,G,G HH,~G,G,GHHH,

- e, —
3-9 e = R e, =22 ©
R+R, R
e, —ke
i =—2—1 e =Ri
3 ) o~ M5
s
R, 1
PRI 0
: e, e
3-10 (a) (b)
L @ L_ G
4 1+GH 4 1+GH

3-11 (8) The three loops are not in touch.
A=1+GH +G,H, +G,H, +GG H H, +G,G,H,H, +G,G,H\H, +G,G,G,H H,H,

(b) Thethree loops areintouch. A =1+G H,+G,H, +G,H, +G,G,H H,

3-12 (a)
Y| _G66,6,6,+GG,G Y| 1468,
o A Lo A

A=1+ GZ I{I + Gl HZ + GIGZGJGd H] + GSGG G5 HJ + GZG4 HIHZ




3-14

(b)

!2 _ G|GZGSG4 +GJG4GS Q : 1+G|H| +G3H2 +G‘G3H|H2
1ly,=0 A Y7 ¥,=0 A

A=1+G,H, +G,H, +G\G,GH, +G\G,G,G H, +G,G,H,H, +G,G,G,H,H,

(@)

Y| GG,66,6,+GG,GG,

o A

A=1+G,H, +GyH, +G,G,G,G,G,H, +G,G,G,G H, +G,G,H,H,

M)

% _G66,a+GH)

Yoo A
(©)

4| _hin| GGGG,G+GG,GG,

Vo Yo'ty (GG, +G,)1+G,H,)
@

nl _nml -6,6,0+G,H)

AN A vo GiGH\(Go+GGy)

The results in (c) and (d) are different because different inputs are used.

(a)
10(s+4)
RLC)) . s(s+1) __10(s+4)
R(S)ln=o 1+£_+M 5% +165+20
s(s+1)  s(s+1)
(b)
10(s+4)
Y6 _Ye/Re)| s(s+1) __10(s+4)
EG)yeo EGY ROy 14 __ 20 $46s5-20
s(s+1) s(s+1)
©
Yo | 1 __ s(s+D)
N|po 1435 106+2) & 4165+20
s(s+1)  s(s+1)
()]
Y(S)=&2 R(s)+M N(s)
R(5)|yo N($)|p-o




3-15

3-16

@
Z_(i) - Gl(s)Gz(s)G}(s)+G4 (s) & _ 1+ G, ()G, (s)H (s)
R(8)|y-0 A N($)|poo A
A =1+G,(5)G,(s)H; (8)+G, ()G, (HH, (5)+ G, (5) -G, ()G, ()H (s)H, (s)
Y(s)= Y& R(s)+-¥(i) N(s)
R(9)|n=o N(®)lzo0
(b) When 1+G,(5)G,(s)H,(5) = 0 ¥(s) is not affected by N(s).
__10(s+5) 5
4
" Y| s(s+5)(s+10) =0 Then, G,(5)= s(s+10)
N($)|p0 A
@
Yy _ 1+G(s)H(s)=0 H(S)=_1=_s(s+1)(s+2)
N0 A G(s) K(s+3)
b)
N=0  E(s)= R(s) =_I_IQ= s(s+1)(s+2) Rs) RGS) =Lz
1+G(s)+G(s)H(s) G(s) K(s+3) s
lime(t) = limsE(s) = limi(s—-'—l—)(—s4—‘—2-)-=i= 01 K =667
1o 50 50 ](s(s+3) 3K
(a) Open-loop transfer function:
©,(s) KK K KN

0,(s) x[LnJrsz +(LGB, +RJ, +

(b) System transfer function:
0,(s) _

KK,J,)s+R,B, + KK, + KKK K, +KK,5 |

177251

KK K. K.N

s 1

©,(5) [1,7,5+(LB+RJ+KK,J

(a) Equivalent SFG:

2
K, )5 +(R,B, +K‘.Kb+KK‘K,.Kr+KleBr)s+KK‘KlKI.N

-1

1

R,(s)o 2 m L o Yi(s)
1
R,(s) O——sl %<(j/; d 0 Ya(s)

®) A=1-2AGE)N




()

ve|  _Gen-6w Y@ _1Ger

Ry o A R, A

Lol _16en° LO|  _GeN+Ges)
R&), ., A Ry A

(d) Transfer function in matrix form: Y(s)= G(s)R(s)
1 {G(s)u—c(s)l 1G(s)* ]
G(s)=—

Al GG GN+G(s))

320 qa
1| G, )1+ G, (H(5)] ve| __ 6,0
R(S)|y_o 1+G, ()H(s) N(s 1+G,($)H(s)

When G,(5)=G,(s) @‘ =G (s)
[ Ry r
)

G()=G)=—2 Y (10
? (s+1)(s+5) RSy * (s+1)(s+5)

R(5)=l y(s)=__.100_=2__25_+_5__ y(,)=(20_25e—/+Se-sl)u,(’)
K] s(s+1)(s+5) s s+l s+5

R=0

©

Y G,(s) 100
ﬂ{ = 2 = N(s)=—~ G(S)IR=0 N .
N(s) R=0 1+Gp(s)H(s) (s+1)(s+5)+100H(s) s s(s+1)(s+5)+100s

H(s) must have a pole at 5= 0, but the system must be stable.
K
H(s)=—. A =5(s+1)(s+5)+100K
N

K must be sclected so that the system is stable.

3-21 (a) State diagram:

10




S +75+25=0

(b) Characteristic equation: A=1+2s"+557" +155" +10s7 =0

(c) Transfer functions:
X,(s) _6s” 6 X,06) 25'ae2s) | 2(s+2)

R(s) A  §2+7s+25 R(s) A T 2475425

322 (a) Write the differential equation as

3 2
d yg') =r@r)-54 ygt)—édy(t)—lﬂy(t)
dt dt dt
State diagram:
x,(0) x,(0) x,(0)
S-l s..l s-l
1 1
r o O

(b) State equations:

w=x2(t) dxz([)=x3(t) w:—10x|(l)—6x2(t)-5x3(1)+r(t)
dt dt dr

(€) Characteristic equation:
A=1+55"" 465241057 =0 $* +55 +65+10=0

Characteristic equation roots: -
—4.1337, -0.43313+ 14938, —0.43313- j14938

(d) Transfer function:
o5 |

R(s) 14554652 +105° 5 +552 465410

(€) R(s)=Us.
_ 01 001519 B 0.08481(s+0.4331) _ 0.09953

1
¥($)=—5—3 = 2 2
s(s*+55% +65+10) s s+41337 (s+04331)%+2232 (s+04331)2 +2232

#(0)=[01-0.01519 7" ~0.084816**" co(14941) - 0.06662¢ " sin(14941)[u, ()

11




3-23 (/) Writc the differential equation as

4 3 2
d y(t dy(t) _d°y(t) _dy(t)
YO _ -4 220 _3 400 _HO
dt dt dt dt
State diagram:
1 1
r© oY
(b) State equations:
dx, () dx (1) dx, (1) dx, ()
—=x (1) 2" =x,(f) I Lox,(r)  ——=-x,(1)-5x,(t)-3x,(t) - 4x, () +r(t)
a2 a a ! dt ! 2 : 4
(€) Characteristic equation:
s' 4458 +357 +5541=0
Characteristic equation roots:
-3.5286, -0.2212, -0.1251+ 1125 -0.1251- 1125
(d) Transfer function:
Y(s) 1
Y T N
R(s) s +45 +35 +5s+1
(€) RG)=1/s.
1 1 1072 0.006668  0.06558(s+ 0.1251) 0.2054
Y(s)= =—= + + =

s(s* +45° 4352 455+1) 5 s+02212 5+35286 (s+0.1251)°+12656 (s+0.1251)% +1.2656

) =[1-1072¢"*2" +0.006668¢ % +0.06558¢ %" cos(1125¢) - 01826 *'*" sin(L1250))u, (1)

324 (a)
Y| G,G,G, _ 100(s +1)
R@\y, 1+GG,H +G,GH,+GG,G, 1015 +21225° +30505+1010
Y(s)|  (+GGH)-GGG, (1015’ +21225" +20405)-10(s+1)G,
MLO C1+GG,H,+G,GH,+GG,G, 1015’ +21225" +30505+1010
Es)| 1+G,G,H, £ 42255 4505410
ROy 1+GG,H, +G,G,H, +GG,G, 1015’ +21225> +30505+1010

12




)

_1+G(5)G,()H,(s) _ 101s" +21225” +20405

G,(5) -
G2 (S)GB(s) 10(s+1)
(c) Characteristic equation: 1015’ +21225” +30505+1010=0 s*+2101s* +301985+10=0
Characteristic equation roots: -0.5029, - L0205, —19.4867

(d) R(s)=1s.
s +225% +505+10

E(s)= - > lim e(t) = lim sE(s) = 0.0099
s(101s” 421225 +2050s+1010) w0 50
100(s+1 0.099 0.002679 0.002078  0.00996
© Y0)= D =222 - -

5(1015° +21225% +3050s+1010) s  s+1949 s+102 s5+05029
y(t) = (0.099 +0.002679% %% —0.002078¢ ™" - 0.00996¢ > )u‘(t)

13




Chapter 4 MATHEMATICAL MODELING OF PHYSICAL
SYSTEMS

4-1 (a) Force equations:

dy, L dy, e, .0
f(t):Ml 21+Bl—l+B38_1'_2++K(y1_ yz)
dt dt a dt g
agly, dy,0 d’y, . dy
Bsg_l_ _2++K(y1_ y2)+M2 22+Bz_2
d dg dt dt
Rearrange the equations as follows:
d? B,+B,)dy, B dy, K f
n_ (BB By K oy,
dt M, d M, d M, M,

dy, _B dy (B+B) LS
1 2

dy dy
State equations: Define the state variablesas x =y -y , x =—%, —L
1 1 2 2 3
dt dt
d dx K B,+B B dx K B B, +B 1
Xl:'X2+X3 2: Xl_(Z 3)X2+ SXS 3:_ Xl+ 3X2'(l 3)X3+_f
dt dt M, M, M, dt M, M, M, M
" dy dy
(ii) Statevariables: x =y , x =—%, x =y, x =—X
1 2 2 3 1 4
dt dt

State equations:

dx ax K B +8B K B

— =X, 2 =X - 2 Sx +——x +—2x

dt dt M M M. S M

2 2 2 2
dx dx K B K B +B 1
—3:x4 4 ——x1+—3x2-—x3- L Sy +—0f
dt dt M M M M M

1 1 1 1 1

State diagram:

14



1
M i 1 571 K/M; =t N
. . O . A 28 i -
[G ®y Xy 3 Ky Hg EF! Ei K1
=(B4D,) /M, xnzznn}
2
-K/H,
2 My KM,
Transfer functions:
2
Y,(s) M,s*+(B, +B,)s+K
F(s) S{M 1M253+[(Bl +Ba)M2 +(Bz +Bs) M1]52+[K (M1 +M2) + Ble + BzBs+ BlBB]S+(Bl+ Bz) K}
Y, () _ B,s+ K

F(s) S{ M1M233+[(Bl + B3)M2+(Bz + Bs) Ml]sz +[K(M1 + Mz) +BB,+B,B + BlBs]S+(Bl+ Bz) K}

(b) Force equations:

dzyl:_(Bl+Bz)%+E%+if %:%_ﬁy
dt’ M dt Md M dt dt B,
(i) state diagram:
_ . «1
1/M 5 A 1 5

¥a=¥)

f O—

~(B,4B,) /M

By /M
dy
Define the outputs of the integrators as state variables, X = Yoo X, =1
dt
State equations:
dx K dx K B 1
—L = —x *x, EE-—x - —tx t—
dt B2 dt M M M
. dy
(ii) State equations: State variables: X Sy, X, TyLox =1,
dt
dx K dx dx K B 1
l:-—x1+x3 2:x3 3—-—x1-—x3+—f
dt B dt dt M M M

2

Transfer functions:

15



Y(s) _ B,s+K (9 B,
F(s) s@vB,s +(BB,+KM)s+(B +B,)Kf F(s MBS’ +(BB, +KM)s+ (B +B,)K

(c) Force equations:

dy _dy,, 1 d’y, . (B+B)dy, Bdy By K
2 2

d d B dt M d M d Md M

1
(i) State diagram:

/B,
f O o

State equations: Define the outputs of integrators as state variables.

dx dx K B 1
_lzxz 2:-_X1-_2x2+_f
dt dt M M M
" dy
(ii) State equations: state variables: x =y, x =y , x =—2
1 1 2 2 3
dt
dx 1 dx dx K B 1
l:><3+—f 22)(3 3:-—x2-—2x3+—f
dt B dt dt M M M

1
State diagram:

Transfer functions:
Y,(s)  Ms +(B +B,)s+K Y,(s) 1
F(s) Bs(Ms"+Bs+K) F(s) Ms +Bs+K

4-2 (a) Force equations:

16



1 dzy B dy K +K K
y, =—(f +Mg)+y = - =2y +—2y
1 2 2 1
K, dt M dt M M
State diagram:
-1 -1
3

1/K, Ko /M

=
- i
: Yo=K

fiMg

dy
State equations: Define the state variables as: e O 2
dt
dx dx K B 1
1:xz —2:——1x1-—x2+—(f+Mg)
dt dt M M M
Transfer functions:
2
+Bs +K +
Yl(s) _ S Bs K1 K2 Yz(s) _ 1
F(s) KZ(MSZ+Bs+K1) F(s) Ms> +Bs +K,

(b) Force equations:

d’ B 6 K B, d
yz:_la@'i_%&_l( y,)- (y y,)- ﬁ_

dy, 1 dy, K
L=—| f(t)+Mg|+—=2-—2(y - :
o Bl[ O+ M]3 Bl(yl Y e as M

1/B,
O =
ftMg

To obtain the transfer functions Y1 (s)/ F(s) and Y2 (s)/ F(s), we need to redefine the state variables as:

xlzyz, X, :dyzldt,and x3:y1.

State diagram:
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Transfer functions:

Y(s) _ Ms’+(B +B,)s+K, Y,(8) _

Bs+K,

F(s) s [MBs+(BB,+MK,)]

4-3 (a) Torque equation:

State diagram:
d’q _ Bdg 1

F(s) s [MBs+(BB,+MK,)]

= ——+=T(1)
dt J dt J
State equations: 1/J
dx dx B 1 T
l:x2 2:-—x2+—T
dt dt J J

Transfer function:

Q) _ 1

T(s) s(J +B)

(b) Torque equations:
dg, K

1
dt” _-T(ql-qZ)-‘-jT K(ql'qz):qu2

State diagram: (minimum number of integrators)

State equations:
dx

L K dx K 1
=- —x *tx :-—x1+—T
dt B dt J J
aq
State equations: Let x =q_, x_ =, and x =—2
1 2 2 1 3
dt
dx K K dx dx K K
L=- —x +—x —sz3 —2 = - —x_+—T
dt B B dt dt J J

State diagram:
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Transfer functions:

K

Q.(s) _ Bs+K Q,(s) _
T(9 s(BIS+ Ks+BK) T(9)
(c) Torque equations:
d7 d
T(t) :‘]1 dtz1 +K(q1'q2) K(ql'qz):‘Jz dtz2

State diagram:

s(BIs* + JKs+ BK )

_ . dq, dq,
State equations: state variables: x =Q_, x_ = . x_=(Q X = .
1 2 2 3 1 4
dt dt
dx dx K K dx dx K K 1
—l:x2 2 :-—x1+—x3 —:x4 L=—x - —x_ +—T
dt dt J J dt dt J J J
2 2 1 1
Transfer functions:
2
Q(s) _ 3 +K Q,(9) _ K
T(y s @3S +K(J, +J,)Q T(s) S @38 +K(J +3,)f

(d) Torque equations:

2

d
T(t)=Jm%+Kl(qm-ql)+K2(qm-qz) Kl(qm-q1)=31dt—
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State diagram:

T
dx dx K dx K K 1 dx dx
1:_X2 +X3 2 :_1X1 —3:-—1X1-—2X4+—T 4 :)(3_)(5 _5:_2)(4
dt dt J dt J J J dt dt J
1 m m m 2

Transfer functions:

Q8 _ K,(3,8°+K,)
T(s) S @' +(K I, +KIJ +KJIJI,+K,JJ,)s +KK, (I +I,+3,)f
Q9 _ K (38" + K)

T(s) s*fs'+(KJ,3,+K,33 +KJIJ,+K,JJ,)s*+KK,(I,+J,+3,)§

(e) Torque equations:

dqg K, K, d’qg K B dq d’gq, K B, dg
m—-__1 _ __2 +—T L1 _ o1 1 2 —_2 _ _ 2 2
dt2 Jm (qm ql) \]m (qm q2) i dtz Jl (qm 1) Jl dt dt2 .]2 (qm ql) ,
State diagram:
TGO

20



H . - - = = m = - =
State variables: x =dq -0, x CoXy »ox,=q -4, x,

State equations:

i:-x +X dx_zzix -ix de:-ix '&X +LT dX_4:X - X (1)(_5:&)( -ix
dt G S S T DR I I dt s dt b °
1 1 m m m 2 2
Transfer functions:
Q(9) _ K.(Is +Bs+K,) Qus) _ K,(Is' +Bs+K))
T(s) D(s) T(s) D(s)
D(s) =s%{J,3, s"+J (B +B,)s’ +[(KJ,+K,3,) 3, +(K,+K,)3J,+BBJ |

+[(BK,+BK,)J +BK,J, +BKJI |s+KK, (I +I +J,)}

4-4 System equations:

d’q dq d’q dq
T(M)=J3 —~+B —+K(q,-q K(ag,-q,)=3J L+B —-
dt’ dt ( J ( )= da> " odt
Eq
Output equation: e =—2%
20 p

State diagram:

Transfer function:

Q) _ K
T.(9 s@,J,5+(BJ +BJ, )s+(3K+IK+BB)s+BKf
E,(s) KE /20p

T(9 s@.9.5+(BJ +BJ ) +(IK+IK+BB,)s+BKY

4-5 (a)
d’ N N d’ N
T, =3, dtl I TFW:TZ E:N—jﬂ T,=J dtf T, =T qzzN—:ql
7 2 N
N, N N N, . d7 dg, NN €  éNN U _ Ud?
q3: : 3ql T2:_3T4:_3JL 23 Tm:"]m 21 : 3T4:Q]m+e - 3[] JLl;i 21
N,N, N, N, dt dt® NN, 8 eNNu o
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®)

d’q d’g d’g N N
L= L= TE(hea )= =T L=
2

N N.N dq, N d’g di
qzz_lql q3_ : 3q1 Tz_‘]z 22 3T4:‘]2 22+ 3(J3+JL) 23

N, N,N, dt . dat® N,
dq, N a dg, N 0.6 € aNd . &N & Ug?

T.() =3, Cil+_l&ilz qz2 +_3(‘]3+‘]4) qz3 +=@), to—+ Lt +(‘]3+‘JL)(l Cil

dt® N, a® N, dt* g @ 8N2a 8N2N4 a g dt

4-6 (a) Force equations:

agly, dy, o agly, dy,6_. dy, _dy
f(t):Kh(yl_yZ)-'-Bhg_l_ £< Kh(yJ._y2)+Bh 1__2+:M_22+Bt_2
dt d g dt a g dt dt
dy
(b) State variables: x =y -y , x =—2
1 1 2 2
dt
State equations:
dx K 1 dx B 1
_1:__hxl+_f(t) _2:__tx2+_f(t)
dt Bh Bh dt M M
4-7 (a)
d’q d’q N
T =1 mo4T T =) —Lt+7 T =—L7 =nT g N =qg N
m m 2 1 2 L 2 L 1 2 2 m 1 L 2
dt dt N )
d’q d’q 5 nr - n’T
Tog Ly S 2@y S vnr Thusa, =D "
2 L 2 L L L L L 2
dt dt n 1] J, +nJ,
Ta J T J
st —=0. (T, - 2nTL)(.Jm+ nZJL)- 2nJ, (nTm- anL) =0 o, n’+DLlp._m=g
Mn J.T J
L m L
2_2 2
. J T 1/JmTL +4JmJLTm
Optimal gear ratio: n =-—mL 4 where the + sign has been chosen.
23 T 2 T
L m L m
(b) when T, =0, the optimal gear ratio is
n =,/J m /3 L
4-8 (a) Torque equation about the motor shaft: Relation between linear and rotational displacements:
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2 2

dq dq dq

T =1 motMp i —M4p M
m m 2 2 m

dt dt dt

y=rq_

(b) Taking the Laplace transform of the equations in part (a), with zero initial conditions, we have

T.(9=(3,+ M) sQ,(9+ B,RQ, () Y(9= Q,(9

Transfer function:
Y(9) r

T.(9 - sé(Jm + Mr’)s+ B0l

4-9 (a)
d’g
Tm:Jmsz-'-r(-E_TZ) -I;.:Kz(rqm_ rqp):KZ(rqm_ y) T2:Kl(y_ rqm)
2 2 2
TTaMSY Thes 1m0, S (KK )(, - ) M= (K, K,) (- )
dt dt dt
=
(b) State diagram: ——

LfJ
m

(c) state equations:
d d, K +K, a, -r(K +K,) 1

X
—=rX - —= =
dt TR dt M dt J

(d) Transfer function:
Y(9 _ r(K,+K,)

T (9 ¢ B Ms* +(K +K)(J,+rM)f

(e) Characteristic equation:

S 8,5 +(K, + K) (3, + M) =0

4-10 (a) Torque equations:

d dq d
—r+B —"+K|(q,-q K(g,-9,) =3 —+B
g Baik(g,a)  K(a,oa)=dSles

9,

T (1) =13,
dt

State diagram:
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(b) Transfer functions:

Q (s K Q (s) Js+Bs+K 3 s , N
L= n =t £ D(s) = J BJ+BJ KJ +KJ +BB B K
Tm(s) D(S) Tm(s) D(S) (S) Sé]m Ls +( m L+ L m)s +( m+ L+ m L)S+ m g

(c) Characteristic equation: D(s) =0
T
(d) steady-state performance: T (t) =T =consta nt. T _(s) =0
S

Js"+Bs+K 1

limw_(t) =limsw_(s) =lim S > =
¥ se0 =03 3§ +(BJ +BJ, )s" +(KJ +KJ +BB )s+BK B,

Thus, in the steady state, Wnn =W R

(e) The steady-state values of Wnn and W L do not depend on J " and J R

4-11 (a) State equations:

qu dWL K2 K2 dqt th K1 K1
=W, — = —4,-—q =W, =—4a4,-—4q,

dt dt JL JL dt dt Jt Jt

o dw B K, +K K K 1

& =w,_ —m - _me - qu .|._1qt +_2qL +_Tm

dt ¢ I J, TR

(b) state diagram:

(c) Transfer functions:
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Q) _K, (3s7+K,) Q) _Ki (35°+K,) Qu(s) _ 33,8 +(KJ, +K,3,) 8" +KK,

T (9 D(s) T.(9 D(9 T.(s) D(s)
D(s)=s[J,J,s°+BJJs +(KJIJI+KJII+KJJI +KJJ)s

+BmJL(K1 +K2) SZ +K1K2(JL +Jt+Jm)S+BmK1K2] :0

(d) characteristic equation: D(s) =0.

4-12 (a)
-1 a§+K1He(S)+K1Hi(s)2 -K, %e 4+ H, (s) 2
W,(s)| _ B+Js& Ra+LaSg@B+Jsg R*LSE_,
T(9 |, D(s) D(s)
Thus,
He(s):_Hi—(s) H‘—(s):-(Ra+Las)
R+Ls H_.(s)
KK,
o wW(s)| (R +Ls)(B+s)
W.(9)], D(s)
D(S) = 1+ K.H_(9) + KK, LKH(9 |, KKKH(
S (R+LS)(B+Js) R +Ls (R +L.s)((B+Js)
KK, KK
=1+ +
(R+Ls)(B+3s) (R+Ls)(B+X)
Wm(S)| KK, 1
= @
W (9|, (R+Ls)(B+3Is)+KK, +KKKH.(s KH(9

4-13 (@) Torque equation: (About the center of gravity C)
2

dq

Jdt—ZZTsdzsmd+Fdd1 Fd =J a =K_dq sin d @d
2 2
d d
Thus, J q:Tdd+K dq J—q-K dg=T1dd
dtz s 2 F 1 dtz F 1 s 2

(b) °Q(s)- K _d Q(s)=T d D(s)

(C) With C and P interchanged, the torque equation about C is:
2 2

d d
s T.(d,+d,)d +K.dg = 3 —

t2 2

T.(d+d,)d+Fd, =]

Qs) _T,(d +d,)

JSZQ(S) - KFdZQ(S) = Ts (d1 + d2 ) D(S) 2
D(s) Js'- K.d,
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4-14 (@) Cause-and-effect equations: q,=9, -9, e=K (

e =Ke
s'e a
d, R. 1 o
dt - La Ia+:(ea_ eb) Tm - Kila
2
d B 1 nK T
Sl 28,2y X, q,) = q, =nd,
dt J odtJ J n
a9, -5, q)
a> 3,
State variables: x =q , x_ =W , x =qQ _, x =W _, x_ =i
1 9] 2 0 3 m 4 m 5 a
State equations:
dx adx K. nK dx
_1:)(2 2:__)(1+ X3 _3:)(4
dt dt I . dt
2
dx4 _ nK n K, B, K, dx5 _ KK K, R, KK
=- X, - X - —x +t—x =- X, X, " x5+ a,
dt J J J J dt L L L L
m m m m a a a a

(b) state diagram:

(c) Forward-path transfer function:
Q. (9 _ KK K, nK
Q) s@J.Ls +I (RJI, +BJI, +BL)s +(n°K LI +K I L, +BRJI s +

m a- L

(n"RK I, +RKJI +BKL,)s+KKK +RBKJ
Closed-loop transfer function:
Q. (9 _ KK K, nK
Q) JIJLs +I (RI, +BJI +BL)s +(nK LI +KI L +BRJI)s+

("RK I, +RK I +BKL,)S+ (KKK, +RBK,)s+nKKKK,

2
= = = i H = +
d) K, ¥, q q,=nq_. J isre flecte dtom otors ideso J_=J +n"J .

State equations:
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dw B K. dg di R KK KK K
mo—_ My i a

dt N moyo dt dt L L L L

T a a a a

State diagram:

K'Es“'a

1

Forward-path transfer function:
Q,(9 KK.K.n

Q.(9) s@ILs +(RJ, +B,L,)s+RB, +KK, [

Closed-loop transfer function:
Q,(9 _ KKK.n

Q) JLs+(RJ +BL )s +(RB +KK,)s+KKKn

From part (c), when
K, =¥, allt heter mswit hout K in Qo(s)/Qe(s) and Qo(s)/Qr(s) canb e negl ected.

The same results as above are obtained.

4-15 (@) System equations:

_ dv | d, | di, di
f:KIIa:MT_+BTV ea:Ra|a+(La+LaS) a- L& S+eb OZRSIS+(LS+L§) S-L$ .

dt dt dt dt dt

(b) Take the Laplace transform on both sides of the last three equations, with zero initial conditions, we have

K1 (s)=(M, s+B )V(s) E.(s)=[R +(L +L,)s]1.(9- L sl (5)+K, (9
0=-L.sl (9+[R +s(L +L)]1.(9

Rearranging these equations, we get

K. V(s) K.
V(s)=———I,(s) Y(s) = = ' 1,(s)
M,s+ B s s(M,s+B)
1 Ls
I.(s)= ——————[E,(9+ L3l (5)- KV (9)] I (s)=———2——1 (9
Ra+(La+Las)S Ra+(La+Las)S

Block diagram:
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L!SE IH I Lgg®

By il * L.“}u P+ (L, # Lﬂs]-a

+ I—
1 I(s) Ky wigp |2 | ¥

E (=) a — | =

L —hnn I [I.. i l'nl-}u : HI"' + “"l' 5

H-.! + {Lu 4 I_.us}a

(c) Transfer function:

Y(9 _ K [R +(L +L,)s]
E.s) s[R+(L,+L.)s][R+(L.+L )s](M s+B )+ KK,[R+(L,+L )s]- Cs' (M s+B,)

4-16 (a) Cause-and-effect equations:

. _&8-§
d.=9, -9, e=Kg, K, =1V/rad e, =Ke i, = =
dw 1 dw K
T, =Ki, ==—T - —w-—(q,-q ~=—(a,-q =Kw
iy Jm( ) " JL( ) g =K,
15.5
Kb =155V /|KRPM = ——=0.148 V /rad /sec
1000 ~ 2p /60

State equations:

dqg, —w dw, K K, dg_ dw B K
dt

1K
qm- qL _Wm = _me- LqL+__I(Kque- Kme)
dt J J dt dt J J J R

L L m m m a

(b) state diagram:

o 1 Htxxr‘"l__'JIRn
I:"r L
(c) Forward-path transfer function:
(9 K. KKK,
S) =
ng mJ LRaS3 +(BmRa + Ki Kb)JLS2 + RaKL (JL +J m)s + KL(BmRa\ + Kle)g

J RJ =003 115 0.05 =0.001725 B RJ =10 115" 0.05 =0.575 KK J =217 0148 " 0.05 =0.1554
m a L m a L i b L
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R,K I =115 " 50000 ~ 0.05 = 2875 R,K I, =115 " 50000  0.03 =1725 KKK K =21 “17 50000 K =105000 0K
K_(B,R +KK,)=50000(10" 1.15+21" 0.148) = 730400

608.7" 10°K
s (53 +423.4257 +2.6667 10°s +4.2342° 108)

G(9) =
(d) Closed-loop transfer function:

M(S)_QL(S)_ G(s) _ KKKK,
Q(s) 1+G(s) JJRs'+(BR +KK,)IsS+RK (J +J)s+K (BR+KK )s+KKKK

6.087 ~10° K
M (s) =

s*+423 425° +26667 ~10°s? +42342 " 10°s+6.087 ~10°K

Characteristic equation roots:

K =1 K =2738 K = 5476
s =-1.45 s = £j1000 s = 405 * j1223 4
s = - 159 .88 s =-211.7*j1273 .5 s = -617 .22 £ j1275

s =-131.05 £ j1614. 6

4-17 (@) Block diagram:

: u e oM 3 T 1 T
Gc{b} o E."l"'fl ]_w‘" h]{ — 1 + 'rcs Ao,
I'H 1
l + = =
5

(b) Transfer function:
T/.\o (S) — KM KR 351

T(s) (1+t.s)(1+t.s)+K K, 20s®+12s+ 451

4-19 (a) Block diagram:

=
|
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(b) Transfer function:
Ws) K,K,e"*
a(s) Js'+(IK +B)s+K,B+KK.e'"

(c) Characteristic equation:
J" +(JK +B)s+K,B+KKe" =0

(d) Transfer function:

W(s) @K1K4 (2-t,3)
a(s) D(s)

Characteristic equation:
D(s) @Jt,s"+ (23 + JKt, +Bt )s’+ (2K, +2B- t K,B-t KK, )s+2(K,B+K,K,)=0

4-19 (a) Transfer function:

E (s 1+ RCs
69 == = R
Es) 1+(R+R,)Cs
(b) Block diagram:
Phase )
detector Filtar Amplilier
e L] @ 1 W
% o Gim) e K el + R s g
b1 a l
f Counter Encoder
h :
| - kE

(c) Forward-path transfer function:
W (9 K (1+RCs)
E(s) [1+(R+R,)Cs](K.K +R.Js)
(d) Closed-loop transfer function:
W (9 _ K, K (1+ RCs)
F(s) [1+(R+R)Cs|(KK, +RJs)+K KK N(1+RCs)
E(9 _(1+RgCs)
E(s) B RCs

© G.(s) =

Forward-path transfer function:
W(9  K(1+RCs)
E(s) RCs(K,K +R.Js)

Closed-loop transfer function:
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W, (9 _ K,K (1+RCs)
F(s) RCs(K,K, +RJs)+K KKN(1+RCs)

Ke =36 pulse s/rev =36 /2P pulse s/ rad =5.73 pul ses / rad.

® f =120 pulse s /sec W =200 RPM =200( 2pp /60 ) rad / sec

fW = NK eWm =120 pulse s/sec = N (36 /2P)200( 2P /60) =120 N pulse s /sec

Thus,N=1. For W _ =1800 RPM, 120 =N (36 /2P)1800( 2P /60) =1080 N. Thus, N =0.

4-20 (a) Differential equations:

2 .
dqm dq"‘ (qm-qL)+B%_ﬂg

dt® " dt Sdt d o

d d’ dg &
K (qm_ qL)+ B@qm qL — == E%L qu + BL QL 2+ TL
dt dt B & " dt dt g

(b) Take the Laplace transform of the differential equations with zero initial conditions, we get

K 1,(s)= (3,8 +B s+Bs+K)Q,(9)+(Bs+K)Q,(s)

(Bs+K)Q,(s)- (Bs+K)Q,(s)= (3,5 +B )sQ (6)+T. (9

Solving for Qm (s) and QL (s) from the last two equations, we have

K. Bs+K
Q.(8)=77= ' L.(8)+— Q.(s)
J.s+(B, +B)s+K J.s+(B, +B)s+K
Bs+ K T.(9)
Q.(8)= Q.(9)-

Js’+(B +B)s+K Js"+(B +B)s+K

Signal flow graph:

B
: 'L""‘]
-_E-:i'.. B+ JL.: FEEL'I'EF.-'S‘I'K
J s'H(B +B) stk JL5’+{BL+]}]5+K
o -
1 (s}
Rs+k
J s?+(B_+B)s+K
(c) Transfer matrix:
Q. (S)U 1 eK @]LS +(B +B)S+ Kg Bs+ K Ué (s) U
SQ o D(S)e K (Bs+K) J,s§+(B, +B)s+ KHS o H
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0.(9=3.,8 +[3. (B +8)+J (B+ B)]s+ [B8 + (B, +B, ) B+(3 +3, ) K] +K (B +B)s

4-21 (a) Nonlinear differential equations:

e(to

Kbev(t)

dx (t) v (t)
=v(t) S-k(v)-g(x)+ f(t)=-Bv(t)+f(t)
dt dt
e(t)
with R =0, f(t)= =K i () =K. i (t)=K i (t) Then, i (t) =
a fof fof fa a
K v(t)
b
2
Ke (t) dv (t) K, 2
f(t):Kif(t)ia(t): - - Thus, =- Bv (1) +—————e (1)
Kbev (t) dt Kbev (t)
(b) state equations: i (t) asinput.
dx (t dv (t
():v(t) ():-Bv(t)+Kini:(t)
dt dt
(c) state equations: f (t) as input.
_ .2 . . _ f()
f(t) =K K i (1) () =i (1) =——
K
f
dx (t dv (t K.
():v(t) ():-Bv(t)+—'f2(t)
dt dt K
f
4-22 (a) Force and torque equations:
. . . dZ(Lcos Q)
Broom: vertical direction: f-Mg=M, ——
v b b
dt
2
d [x(t) +Lsin
horizontal direction: f =M M
X b
dt
_ d’q .
rotation about CG: J =f Lsing- f Lcos(
b dtz y X
2 2
. . . d x(t) ML
Car: horizontal direction: u(t)=f +M =
X c 2 b
dt 3
i d dx
(b) State equations: Define the state variables as x =0, x, =—, x =x ad x,K =—
dt dt

Eliminating fx and fy from the equations above, and sin X, @(1 and cos X, Q.

d
& _,
dt
d
LY
dt

(c) Linearization:

o, _ (M, +M,)gx - M,LXx - u(t)
at  L[a(M,+M)/3-M,]
dx, _u(t) + M,LXx - 3M,gx/ 4
& (M, +M.)-3M, /4
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() Linearization:

33

ﬂfl:o ﬂfl:]_ ﬂfl:o 'ﬂfl:O ﬂfl:o
X X 1% 1% Tu
ﬂfzz (Mb+Mc)g'MbX§ =0 ﬂfzz _ZMbXIXZ =0 ﬂfz
1x L(M,+ M -3M,/4) 1x, L(M,+M_-3Mm,/4) 1x,
%, 1f, _ -1
1x, Tu L[4(M,+M )/3-M,]
ﬂl:o ﬂf3:0 ﬂf3:0 ﬂf3 =0 ﬂL:o
ﬂx1 ﬂx2 ﬂx3 ﬂx4 Tu
1f,  MLxl-3M,g/4 1f, 2M, LX X,
1x (M,+M_)-3Mm, /4 1%, (M, +M_)-3Mm,/4
—4 =0 ﬂf4 =0 ﬂf4 = !
1x, 1x, fu (M,+M,)-3Mm,/4
Linearized state equations:
é 0 1 0 0Oy é 0 u
U g3(M,+MJg o k0 g -3 b
Cox U aL(M, +4m,) aSox Y aL(m,+4m )q
S (=8 C (5, o+e gbu
SD%E é 0 0 0 192[))(33 e 0 l;
exu € -amg o JUexué 4 0
€ u e u
e M, +4M u e Mb+4Mc u
. . _ é . _Lu
4-23 (a) Differential equations: al(Yy) = —,
& yH
- [Lnim] dL(y) dy ()  Ldi(t) L dy ()
e(t) = Ri(t) + Ri (t) +i(t) +— = Ri (1) - —i(1)
dt dy dt y dt y dt
Ki (1) di (t) dy (t) d2y(t)
My (t) = Mg - P At equili brium, =0, =0, .
v () dt dt dt
E dy E K
Thus, | =— 8=y y =
MR dt 4 R \mg
d
(b) Define the state variablesas x =i, x_ =y, and x :i.
1 2 3 dt
E E K
Then, ><l == ><2 =% | x3 =0
eq R eq R —\Mg eq
The differential equations are written in state equation form:
2
dxl:-ixx +X1X3+X_Ze:f dXZ:x = f dx3:g-ix_1:f
dt T dt P dt Moxo

L di(t)
+_

y

dt



ﬂx3 X

2eq

3
2
My o 2K e o 2Rs W, 2K e _2Rg Mg T
2 3
IIx M X eq Eeq ﬂx2 M X6 Eeq K Ie
The linearized state equations about the equilibrium point are written as: Dx = A*Dx +B De
€ E, [K o ,Mgl;l éE, |K U
& .| —u €_ /U
é Mg K l;l éRL Mg l:l
A=€ 0 0 o u B=€ o0 U
e 0 é 0
& 2Rg 2Rg ,Mg o U & 0 g
€ " E Nk g é g
e Eeq Ee} K u e u
4-24 (a) Differential equations:
dy (1) dy (1) Ki®(1)
T =Mg- B——- — )
dt dt y, (1) [y (1) t)]
d’y, (1) . dy (1) Ki * (1)
2 . ,0 B B 2
dt @ [y,m0-y,0]
, _ dy dy ,
Define the state variablesas x =y , x_= , X_ =y, x =
1 1 2 3 2 4
dt dt
The state equations are:
d o, Ki? Ki® d
—Xl:x2 M,—2%=Mg- BX,- —+—= —X3zx4 M, — g- Bx,-
dt dt X; (x3 - xl) dt
dx dx dx dx
L=9, —%£ =0, — =0, 0. Thus , x. =0and x =0.
dt dt dt dt
KI? KI? 0 " KI? 0
_—= g- =
1 2 2 2 2
Xl (Xs' Xl) (Xs' Xl)
Solving for I, with Xl =1, we have
,1/2 ,1/2
aM +M, 0 M., +M
Y,= X, =1+ o——2 |:aé - 2)92
& M, @ K %]

(b) Nonlinear state equations:
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(c) Linearization:

1% _, 16 _, LA 16, LA
X 1x S T % Ti
‘ﬂf2_2KI2+ 2Kl * 1f,_ B 1f, -2k T _,
X M1X13 Ml(XS- X1)3 %, M, ﬂ)% Ml(x3- xl)3 Tx,
f, 2Kl&1 1 0 f f f f f
112:__2+ 0 g Th_o Th_, Tf_ Tt _,
fi Ml exl (Xs' Xl) a9 ﬂxl ﬂxz ﬂxs ﬂX4 fii
11,  -2KI? o, If_ 2KI1* 1f,_ B 1f_ -2KI
X Mz( X3+ xl)3 T, % Mz( X, X1)3 x, M, fi Mz( X3+ Xl)z

Linearized state equations: M =2, M =1 9¢g=8.2 B=01 K =L

172

2.2(1+2) ¢ 1
| &2 96 X, =~/96.6X, =9.8285X, = =1
& 1 5 9.8285
X,=(1+/1+2) X, =2732X, =Y, 2782 X,- X, =1732
é 0 1 0 0
gzmzaei 1 0 -B -2K1? 3 é 0 1 0 u
eM, € (X,-x)g M, M/(X,-x) u 2115.2 005 -1859 3
é u=¢© J
N 0 0 0 193 € 0 0 0 a
é _2KI? 2K 2 gY E3718 o0 3718 u
& — 0 ; —u
e Mz(xs' Xl) Mz(xs' Xl) MZQ
e 0 u
é A,
22Kl & 1 1 gy é0
& — T @
M, X (x,- x,) I & 6552
B =¢ U= 3
é 0 u €0
e - 2K 0 &es52
€ . u
@ Mz(xs' X1) g

4-25 (@) System equations:
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. dw ) di
Tm:KiIa:(Jm+JL) m+Bme ea :Ra|a+La 3+Kme y:rqm y:y(t-
dt dt

d
TD :V—(sec) e=r-b b:KSy Ea(s):KGC(s)E(s)

Block diagram:

(=} E{s) G (=) 1 I1 Kt ﬂrl 1 'q.-
A 't ® R4 bys o [FORCE R PROIE = i -
N:l:l -
% L&
a i) _J
u'l'ha i

(b) Forward-path transfer function:
Y(s) KKnG,(s)e **
E(S) S{(%+Las)[(‘]m+‘]L)S+Bm]+KbKi}
Closed-loop transfer function:
Y(s) KKnG,_(s)e ™
R(s) s(R+Ls)[(3,+3 )s+B |+KKs+KG(s)K ne

Ts
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Chapter 5 STATE VARIABLE ANALYSISOF LINEAR
DYNAMIC SYSTEMS

5-1 (a) State variables: X Ty, ox, =—
State equations: Output equation:
édx U
edt U _€0 laexu &u

S 181 B GH <l dg g

€at 0
2
d d
(b) State variables: x =y, «x :L, x =27
1 2 3 2
dt dt
State equations: Output equation:
gy
Cat U N s
é 1 éo 1 0O uéxu é0u éexu
X - A CX 2 X 7 ~
€2U-€0 o 1 Y U S0l y=[1 o 0% Y=
ar U & gy e g €*u
é, U &1 -25 -1508x0 @850 et
Adx, -
e—u
8dt O
\‘ dx, dy d’y
(c) statevariables: x =Qy()dt, x, =— X, =—, X, =
Q dat °odtCdt
State equations: Output equaton:
gki €0 1 0 ougxy & ¢
U € o 1 oYY U &Y
€eu-¢ (80, & Gy y=[1 0 0 €=y
&0 &0 0 0 10&U & &xd
& U & ye u ¢ u & u
esu el -1 -3 -50exu élu exu
2 3
d d d
(d) state variables: x =y xzzi x, = Z X, = 3y
dt dt dt
State equations Output equation
gki €0 1 0 0 ey U &
.U e ue, u u
S U € o 1 o UU S
&i-¢ o€t £, <o o gf
eu €0 0 0 1 ueu eou &
& U & ye u &u €
esu el -25 0 -150ex,u élu ex,
5-2  We shall first show that
L A 1A
F(s) =(s - A)1:—+—2+——2+...
s s 2's
We multiply both sides of the equation by (Sl - A) ,and we get | = I. Taking the inverse Laplace transform
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on both sides of the equation gives the desired relationship for f (t).

5-3 (a) Characteristic equation: D(s) :|sl - A| =s’ +s+2 =0
Eigenvalues: s=-0.5+j1323, -0.5- j1.323

State transition matrix:

¢cos1.323t + 0.378sin1.323t 0.756sin1.323t U,
f(t)=a €
W=¢  1s26n1a2a -1.069sin (1.323t - 69.3°)H
(b) Characteristic equation:  D(s) :|sl - A| =s’+55+4 =0 Eigenvalues: s=-4, -1
State transition matrix:
€1.333¢'- 0.33%¢“ 0.333¢'- 0333 " U
f (t) = é -t - 4t -t —4tu
& 1.333e - 1.333e -0.333¢ +1.333e )
(c) Characteristic equation: D(S) = (S+3)2 =0 Eigenvalues: s=-3, -3
State transition matrix:
é* ou
f(t)=a ’
80 e'3‘H
(d) Characteristic equation: D(s)=s’- 9 =0 Eigenvalues: s=-3, 3
State transition matrix:
ée3t 0 u
f(t)=a '
eo0 e'mﬁ
(e) Characteristic equation: D(s) =s’ +4 =0 Eigenvalues: s=j2, - j2
State transition matrix:
F) = @écos2t  sin2t ()
sin2t cosZH
(f) Characteristic equation: D(s) = s’ +5s° +8s+4 =0 Eigenvalues: s=-1, - 2, -2
State transition matrix:
e’ 0 OoU
_ é -2t 210
f(t) = eo e te u
go o e’f
(g) Characteristic equation: D(s)=s’ +15s” +75s +125 =0 Eigenvalues: s=-5 -5 -5
é—f’t te—5! 0 l:l
_ é - 5t - 5t l:l
f(t)= e 0 e te g
go o0 e’f

5-4 State transition equation: X(t) =f (t)x(t) + df (t-t)Br(t)dt f(t) for each part is given in Problem 53.

@
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=

+1
-2

1
1 D(s)

&
P> R
o
coc

Qf(t t)Br(t)dt =L g(g A) BR(S)H Ll:

('D('D> ('9,
n

[N
[ g
n

o

P>

s+2
S(s2 +s+ 2) €1+0.378sin1.323t - cos1.323 [

& 1+1.134sin1.323t + cos1.323t H

s-2
s(s +S+ 2)

1l

-
MD:(Dp (D> (D> (D> (D~
(e en e ey eny g

(b)
+5 1gduéuli

S HEHEHSP

3 ny: : <l
Qf (t-t)Br(t)dt =L §sl - A)lBR(s)H:Lll
1 D(

é S+6

é

<S(s+1)(s+2
_ 1 g5+ D(s+2)
é s-4

g

s(s+1)(s+4)

e15 167 0167u

€s s+1 s+4U é15-167¢'+0.167¢™ U
=L"¢é u=g G t3 0
1,167 0667 & 1+1.67¢e" - 0.667e- 4t

[e ey C\ ey i

e~
€s s+1 s+40

(©

D
=

;

+
w
[ e Y oY«

Qf(t t)Br(t)dt =L gs - A)"BROY= |_1

[l iy enid

O

=

D DD
o

— i —— —
Lo 1=
-O-'_'<‘—' c:

2}
+
w

0

e
&.333(1-

-

» (D> (D~

0
1

1
.,

: > 0
e*)d

OO O

~—~

s+3

@
n
—

@

i U
¥ l:l
Qf(t t)Br(t)dt =L gs - A) BR(S)H Lll’gs Ua
e, 18
Te 1]

0

¢
&0.333(1-

» (D> (D~
= O

I
.

(2

2]
—

w

+

w
~
O\C O

()

39



ie 1 , U 0
. ) N 162 Ugo( 11
Of (t-)Br(t)dt =L gs - A)'BR9f= L‘l.lgS ta U3 -y
T€’+4 s°+48 b
I
é 0 4 <
.+ S - €& 2
=L'é U=a 4 t30
g 1 ¢ g).SSIHZU
8(s" +4)H
®
ié1 u
e 0 0
e uey
N -1 A -1 N 1lé 1 1 l:lA []l
f(t-t)Br(t)dt =L §d- AY'BROH=L | =% 0 SG U=
Q € ) d i 5 s+2 (s+2)° Y€ Ug
i € ueng
S0 o L
|8 sS+2 H
€ 0 u .
e , aée 0 u
=&~ _U0=%5(1- *)4 t3 0
és(s+2)u ¢ ‘J
é ue 0 @
é 0 u
(9)
Tel ! o U d
€45 (s+5) a i
i é agoy |
Jd 1z -1 N _ |'é 1 1 L,,IA ljll'
Of (t- Br(t)dt =L (sl - A)"BROY=L"{ 5 0 zugou—y
ia s+5 (s+5) n= S
. € ugig .
.'.eO 0 10 |
1é 1] !
i é s+5 U b
S :
s 0 4y 2 0 u .
g H e u é 0 u
1 8004 004 02 (1 A 7
sl L e — ——- -ii= S0.04- 0,04 - 0.2te* u (1
as(s+5)" s s+5 (s+5)° € N u
€ 18 0 @& 02-02 g
g 1 ﬂ é 02 o2 u
8s(s+5) 0 € s s+5 H

5-5 (@) Not a state transition matrix, since f (0) 1 I (identity matrix).

(b) Not a state transition matrix, since f (0) 1 1 (identity matrix).

(c) f (t) is a state transition matrix, since f (0) =1 and
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. é1 ou é1 Ou
(Ol =g o H e oY
8-¢' el &-¢ el
(d) f (t) is a state transition matrix, since f (0) =1, and
g -te' t%e /20
l_é 2t 2t l:l_
[f )] _§‘0 - te g—f(-t)
go o e f
5-6 (a) (1) Eigenvalues of A: 2325, -0.3376 +j0.5623 , - 03376 - j0.5623
(2) Transfer function relation:
s -1 0 5 éy &’ +3s+2  s+3  10dy él |
_ 1 __ L e uaé.\u _ 1 é 0é,( _ é_{
X(s)=(d-A) BU(s)_D(S)gJ s -1y gou (s)__D(s)‘? 1 s(s+3) sgeu“LJ(s)_ - u‘b(s)
8 2 s+3(Q 8L( g -s -2s-1 SHéll &0

D(s) =s°+3s +25+1

(3) Output transfer function:

Y(s) e 1

S _ STy

2 -c)(s- A)'B=[t 0 0]—8&U-—
U (s) D(s)gsza s’ +3s +2s+1

(b) (1) Eigenvalues of A: -1, -1

(2) Transfer function relation:

6 1
e 2u
} 1 és+1 1 Uéoy ~(s+1l) -
X(s)=(sl - A)"BU(s) =—— U():§( )lJU(s) D(s)= s +2s+1
b 8o s+iH&H e 1 4
e u
é(s+1)
(3) Output transfer function:
6 1 4
e 2Uu
Y(s As+1) > 1 1 S+2
():C(s)(sl- “B=[1 1]e )u: —+ = _
(s) & 1 0 (s+1)° s+l (s+1)
@ s+1 H
(c) (1) Eigenvaluesof A: 0, -1, -1
(2) Transfer function relation:
+25 = s+2 100y élu
- 1 é U é.u 2
X(9=(sl- A)'BU(S)=——x O +2 ~€0tu (9 =—EsYu =s(s +2s+1
(9=(si- A) BU(s) L s(s ) 0e%gY (9 = D()g U 0o s(s )
g 0 -S s el &s°f
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(3) Output transfer function:

Y(9) etu 1 1
S _ A I S+
—2 =c(s)(s - A)'B=[1 1 0]&sY= .
U(s) e U s(s+1) s(s+1)
e
dy dx dx dz dx dx
5-7  We write —:—1+—2:x2+x3 - =24 3:—x1-2x2—2x3+u
dt dt dt dt dt dt
6K 0
Cat U N
i édyu €0 1 Opéxu éoy
X ~ 7 A 7oA 7 A Ve
—=e2U0-% 1 U US4y 1
d €dt U € uezu eu
é. U &1 -2 -208.0 @0
2 Yy
8at’ O
exu é 0 0g el 0 Ou
x=SyU=6 1 o x=%1 1 ox @)
eue U ¢ u
ey e 1 1g er -1 1g
Substitute Eq. (2) into Eq. (1), we have
11 0y &0
d? e ~ e
—=Ax+Bu=%0 0o 1%=5%%
dt U eu
10 -200 &g
5-8 (a)
S -2 0
|sI-A|:-1 s- 2 0 253-332+2253+a sz+as+a a =2 a =0
2 1 0 0 1
1 0 s-1
éa, a 1y €0 -3 1 € 2 4y
é u_e U . i @ a
M =% 1 00=%3 1 O S= AB ABf=3x1 2 6.
¢ * uve G & e G
@1 0 0j é1 o0 o0of g 1 -1f
&2 2 0y
p=sMm=%0 -1 U
€ u
84 -2 1§
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®)

(©

s+2

|s|-A|: 0

[N

> (D> (D~
2

<
1
Y

N

@ .
[EEN

@

> (D> (D~
D

<
I

N

= %
O - Q

()

O P

-1

s+2

[2=Y

(@)
(o Y e ey end

o

0
0 =s3-352+2:s3+a 52+as+a a =2, a =0,
2 1 0 0 1
s-1
10 é0 -3 1y éL 2 6y
U=§3 o) s=g aB ABpS 3 8
u e U € u
og e1 0 0g eo 0 1g
é0 -1 1y
p=sm =51 o 1Y
e u
el 0 0¢g
0
0 :ss+752+165+12 :ss+a sz+as+a a =12
2 1 0 1
s+3
10 &6 7 1 é -1 0y
o¥=€7 1 o4 s=g8 AB ABp=G -2 4l
l U e U
og el 0 og e -6 234
é9 6 1
p=sm =56 5 1Y
¢ u
63 1 1g
0
-1 :s3+352+35+1:ss+a 52+a s+a a =1, a =3,
2 1 0 0 1
s+1
é 3 1 é0 1 -1
=& 1 o s=@ AB ABp=S o -
& 1% 7€ U=g G
eL 0 og eL -1 1¢g
& 1 0y
p=sm =% 3 1Y
e U
er 2 1g
-1
:sz+25—l:sz+as+a a =-1, a =2
1 0 0 1
s+3
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. 1 & 1 . 10
|\/|:§a1 u:§2 u 5:[5 AB]:(?O u
81 o & of 1 -3f
él Oy
P=SM = A ,
g1 1H
5-9 (a) From Problem 5-8(a),
é0 -3 1y
é U
M=Xx3 1 0~
¢ U
el 0 0g
Then,
éC g é1 0 1y €05 1 3
é~,0_¢ a 1_6 U
V=XCA>=x1 2 1~ =(MV) =205 15 4:
hgTet 2ty Q=) e G
gcA’g 61 2 1 @05 -1 -2(
(b) From Problem 5-8(b),
a6 7 1
M=% 1 oY
¢ U
el1 0 0g
éC g é1 0 1 ¢ 0.2308 0.3077 1.0769 ()
é~, U_¢& U a1_@ U
V=XCA>=x1 3 1~ =(MV ) = X0.1538 0.5385 1.3846 -
hgTet 2ty Q=) e G
g:Azg e2 5 1g e 0.2308 -0.3077 -0.0769(
(c) From Problem 5-8(c),
éeCcu é1 0 Og
é~, U_¢& U
V=XCA>=x2 1 0
e ue U
&CA’g 84 -4 0f
Since V is singular, the OCF transformation cannot be conducted.
(d) From Problem 5-8(d),
e 3 1
s U
M =X 1 0
¢ U
e 0 0g
Then,
éC g é1 0 1 é¢1 1 oy
é~, U_¢& U 1_@8 U
V=XCA>=x1 1 -1~ =(MV) =30 1 -2
e u”é o QT Ee G
gCA’fl 81 -2 20 g1 -1 190

(€) From Problem 5-8(e),
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Then, Vv

o @
(@)
e i e
i
>N
EI\I g
o @
=
e iy g
O
1
<
<
1]
o

5-10 (a) Eigenvaluesof A: 1, 2.7321, - 0.7321

€ 05591  0.8255 [
T=[p, b, p]= 07637 -03022;
@ -0.3228 04766

where PP, and p3 are the eigenvectors.

(b) Eigenvaluesof A:  1,2.7321, -0.7321

€0 05861 0.7546 ()
T=[p, b, p]=3 08007 -027623
@ 01239 0592

where p o Py and p , e the eigenvalues.
(c) Eigenvaluesof A: -3, -2, -2. A nonsingular DF transformation matrix T cannot be found.
(d) Eigenvaluesof A:  -1,-1,-1

The matrix A is already in Jordan canonical form. Thus, the DF transformation matrix T is the identity
matrix |.

(e) Eigenvaluesof A:  0.4142, - 2.4142

€0.8629 -0.2811y

T = p p.l=4 -
L & 05054 0.9597H
5-11 (a)
g4 -op
S:[B AB]:‘§1 i S issingular.
& of
()
& -1 1y
S=¢g AB Ang:é -2 24 Sissingular.
e -3 30
(c)
€2 2+242U o
S:[B AB]:A a Sissingular.
@JE 2+4/2(
(d)
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& 2 4y
s=g8 AB ABp=% o oY Sissingular.
e b= G 9
8L -4 140
5-12 (@) Rewrite the differential equations as:
d? Bd7, K K, di K R. KK
4:__ qzm__qm+_lia _a:__b%__aia-'- - S(qr_qm)
dt J dt J J dt L, dt L, L,
dq
State variables: x =q , x =—™1,  x =i
1 m 2 3 a
dt
State equations: Output equation:
gdx [ € u . N
€x U € 1 oy g 3
é u € uéxu x 0 =
ed_e K B K geuS, Y
o 2U-% . _ - — S o +@ 0 (g, y=[t o ok=x
€dtu € 3 J J uesu g i 1
e 1 € uex K K_~
Gax, Y 2 kKK, K R UEKD gK.K.
o I S L g
edt g L L, L.d 2
(b) Forward-path transfer function:
p |1
e u . .
A - e u
s -1 o Ya ¢
Q,.(9) oK IR
S a ! )
G(9=—2=[1 0 0] s+— -—Yaog=—"¢
E(s) gJ J J ﬂ &, U D,(9)
A K, R o 20
€0 — s+=Upg g
e L, L.g =~

D,(s)=JLs + (BL,+RJ)s"+ (KL + KK, +R B)s+KR =0

Closed-loop transfer function:

[

g l:jé u
€ s -1 o Ug |
e 48°% 40 s
S 6 K B K. ( K G(s
M(s):Q’“—():[l 0 0§~ s+— -2U a0 g=—2 (s)
Q. (s) g J J J 3 & y U 1+K (s)
gk Ko R el
éL L, Lg =
K KK,

LS +(BL +RJ)s*+ (KL, + KK, +R B)s+K KK, _+KR

5-13 (a)
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60w, _é1 00 . & -wm ., @& od
"TE1 of g -1f & of & 1f
(1) Infinite series expansion:
él t2+t4 . t3+t5 u
. LT & o a4 3 5 Y écost sinty
O=r+A+— _g 3 5 2 4 l,J_e ; U
2! ée tt t° ot 0 €& sint costyj
~t+—-—+ 1- —+—... ~
€ 3 s 2 4 H
(2) Inverse Laplace transform:
L 6 -1 1 és 1U écost sint(]
F(s):(g-A)lzgs li':Z_A " f)=a "
81 sH s+181 SH 8smt costH
()
A_é—l 0 Az_él oq A3:§1 O@ A4:e;;rl 0[‘:|
8o -2 & 4 8o -sl 8o 16l
(1) Infinite series expansion:
é ot V]
é'-t+_-_+_ 0 l:l 7 -t AY
ft_|+At+iA2tz+ _ X 21 31 41 u_gE Ou
()_ _g 2 3 /_e -2tu
2! é 4t° 8t u eodo e
Py 0 1- 2t+—- —+ ...~
e 2t 3 H
(2) Inverse Laplace transform:
el 0 u
-1 ~ e z ~
L és+1 0O €541 a é' ou
F(s):(sI-A)le 1 =8 a fh=g 4
8o s+2 & . 14 80 e%{
e s+2H
(c)
A_é0 1u Az_él ou Ag_éO 1u A4_él ou
& off & 1 & off & 1H
(1) Infinite series expansion:
é 2 t4 t3 t5 l:l
g+—+—+- tr—+— oy ot
‘ _|+N+1A2tz+ _a 2 4l 31 5l U_ﬁle e -e +el
(t) - ? 3 5 2 4 '_e -t t -t t u
2! é t ot U é&e +te e +e
At+—+ —-. 1+—+—+...~
€ a3 s 2t 4 H
(2) Inverse Laplace transform:
é05 05 -0.5+ 0.5
. 1 . .
F(S)_(SI_A)—I_eS -l 1 é 1o es+1 s-1 s+1 s- 1u
81 sH ¢-18 sH eos 05 05 05(J
Bs+1 s-1 s+l s 10
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5-14 (a) e=K (g -q,) e=e-e e=Ri g=Ke
e - d i
ia: - en eb:Kb qy Tm:Kiia:(‘]m+‘]L) qzy
R +R dt
dq
Solve for i intermsof  and —L, we have
: Y dt
dg
KK, (g, -q,)- K,—~
- dt
: R +R +KR
Differential equation:
d’ Kii K. @ 0
qzy = ——= I -K, dqy' KKqu+KKqu+
dt® 3 +J, (Jm+JL)(Ra+RS+KRS)8 dt @
dq
State variables: x =q , x_= 4
1 y 2
dt
State equations:
t P 4 PN
éd l]:g - KKK, - KK H%(Zl:l+g - KKK;
ao0x, 1 X% 2 u =
gdtza @(Jm +J L)(Ra +R5+KR5) (Jm +‘J L)(Ra +R5+KRs)g d‘]m +J L)(Ra +RS+KRS)

& 0 1

A e 0u
& 32258 -80.65 &

exu
~ |;|+ 40,
&t &32258

We can let v (t) =322 58 ( iy then the state equations are in the form of CCF.

el i e

(®)

, -1 , N
(g- A)1:9 S -1 g = 1 §s+8065 19
832058 s+80.65H & +80.65s+322.588-32258 <f

¢ -006 1050  -00l4 0014 ()

:2s+ 7642 s+ 422 s+7642 S+4'228
& 4468 4468 10622 00587 |

Bs+7642 s+422 s+7642 s+4.220

For a unit-step function input, u (t) =1/s.

S
é 322.2 u é1 , 00584 1058
e u a_ B ]
2 1 Ss(s+76.42)(s+4.22)Y € +76.42 s+4.22U
(SI_A)lB_:e( )( )U:és S S [:]
s @ 322.2 G & 4479 4479 |
Bs(s +76.42)(s+4.22) € s+76.42 s+422 0O
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0.06e ““ - 1.059¢**  -0.014e ** +0.0** U
X

4686 ™ - 4.46867 106226 ™% - 0.0587¢ % {]
é1+0.0584e " - 1.058 [

& - 4.479¢ ™ +4.479* |

x(t)—(:iL
e
et

t3 0

(c) Characteristic equation:  D(s) = s’ +80.65s +322 .58 =0
(d)  From the state equations we see that whenever there is R_ thereis (1+ K) R.. Thus, the purpose of R s

to increase the effective value of R by (l+ K) R,. This improves the time constant of the system.

5-15 (a) State equations:

adx U1 N , N
et & O R TR
t ~ - = P
&6 =% -kkk KK Us'n+€  Kkk Uy
Adxz > e S | i ngH 6 s | r
50 &(RRKR) J(ReR+KR)E " BI(RrR+KR)E
_¢ 0 1 ouéxu e 0 u
& 81818 -90.91H8x &15.184"
Letv =818 .18 ( i The equations are in the form of CCF with v as the input.
L 6 s -1 1 gs+90.91 1y

® (si-A)

) &1818 s+90.9014 (s+10.128) (s +80.782) € s1818 s

() = € 1.143¢ 00142 ™ 0.01415e " - 0.0141e ™ 0éx (0)u
& 11586 ™ + 0.14336 ™ - 0.14336 °™ +1.143¢ ™ 8 (0)

é 11586 - 1158 %™

c

té 10.128t 80781L’<| t3 0
& 114346 +0.1433¢ *™ Y
(c) Characteristic equation:  D(s) =s” +90.91s +818 .18 =0
Eigenvalues: - 10.128, -80.782
(d) Same remark as in part (d) of Problem 5-14.
5-16 (a) Forward-path transfer function: Closed-loop transfer function:
Y(s 5(K,+K_s
E(s) s[s(s+4)(s+5)+10]
Y(s G(s 5(K,+Ks
Mg =Y© GO _ (K, +Kss)

R(S) 1+G(s) s +9s°+20s”+(10+5K,)s+5K,

(b) state diagram by direct decomposition:
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State equations: Output equation:

kg 60 1 00Uy U
%Y €o 0 1 oY% U Su
eu=¢ ue“u+ e ur yz[sK1 5K, O]x
&0 &0 0 0 1ué.u &
e u e ue u e u
&0 &5K -(10+5K,) -20 -90éx, 0 ély
1
(c) Final value:  r(t) = u (), R(s)=-—.
S
5(K, +K5) .,

lim y(t) =lim sY(s) =lim—; 3 > =
¥ se0 s20 ' +95’ +20s" +(10+5K,) s+5K,

5-17 In CCF form,

60 1 0 O 0 &0()
€0 0o 1 o0 o U U
e u eu

A=8: G B=&U
e u e.u
éO 0 0 0 1 G éol]
Ba -a -3 -a -a,.8 gLg

gs -1 0 O 0

% s -1 0 o U

e u

s-A=g: a

é U

éO 0O 0 O o -1 G

b & & & s+a f
|sI-A|:sn+a sn_1+a sn_2+~-~+as+a
n-1 n-2 1 0

Since B has only one nonzero element which is in the last row, only the last column of adj (Sl - A) is

going to contribute to adj (Sl - A) B . The last column of adj (Sl - A) is obtained from the cofactors of

the last row of (Sl - A). Thus, the last column of adj(sl - A)B is [l s 5T e sn_l].
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5-18 (a) State variables: X, =Y,

State equations:

X(t) = Ax (t) +Br(t)

éo 1 Og gou
A=S0 o 1Y B = U
e u eu
&1 -3 -3( ag
(b) state transition matrix:
és -1 0 (i:‘sz+3s+3 s+3 1@
Fo=(s-a)'=8% s -10-L8 1 g5 U
< U ps)§ u
6L 3 s+3f 8 -s  -3-1 $°f
€1 1 1 1 ) L
e + + + G
gs+l (S+1)2 (s+1) (s+l)2 (s+1)3 (S+1)3l]
e -1 1 1 2 s I;l
=e . + - - oy
e G0 s ) () (s
¢ G
é S -3 + 2 s [;|
e (s+1) (s+1)° (s+1)’ (s+1)°f
D(s)= §+3¢ +3s+1=(s+1)’
dr+t+tir2)et (t+t)e! te'/2 0
f (t) :Z _tZe-t /2 (l+t- tz)e-t (t ) t2/2)e-t H
g(-t+t2/2)e't e’ (1- 2t+t2/2)e“E|

(d) Characteristic equation:

Eigenvalues:

5-19 (a) State variables: X =Y,

State equations:

State transition matrix:

F(s) =(sl- A)'=

o> B

D(s) =s’ +3s’ +3s+1=0

-1 -1, -1

edx® u

& U_é0 1uesou U
e &1 -2H8mH &l
8 at H
e s+2 1
1 8 2 ZU 4 -t
-10 :(§(S+l) (s+1)l; f(t):g(lﬂ)e
s+2 @& -1 s U g -te'
&s+1)° (s+1)'d
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Characteristic equation: D(S) :(s +l)2 =0

d
(b) State variables: X Ty, ox, Ty + 2
dt
State equations:
g o d’y d d
_1:L:X2_y:)(2_xl 2 = z/ L:-y-i+r:_xz+r
dt dt dt dt dt dt
édx U
Cat U &1 21]é><ll]+é00r
e U=g  vé g*a
(:gdng go -1He)<2u &t
Badt U
State transition matrix:
el -2
és+1 -20 Ss+1 (s+1) Y &' -t'l
F(s)=a g =€ u Ft)=g U
Eo s+ & 0 1 U €o e @
g s+1 H
(c) Characteristic equation: D(S) :(S +l)2 =0  which is the same as in part (a).
5-20 (a) State transition matrix:
és-s w (] . 1 és-s -w [
s-A=; - (si-A)"= A
S-W s—sH D(S)SW s—sH
1z 4. @coswt - sinwt(]
f(t):ngsI-A)lﬂzA
Ssinwt costh
(b) Eigenvalues of A: S +jw, S - jw
5-21 (a)
Y,(s) _ s _ 1
U (s) 145 +2s7 24357 4P H2s+3
Y, () _ s° _ 1 _Y
Uz(s) 1+s 4250 +357° s+’ +25+3 Ul(s)
(b) state equations [Fig. 5-21(a)]: X = AX+Bu Output equation: y =C x
e 1 0w €0u
A =% o 1 B, = SoY c,=[t o 0]
¢ u eu
e3 -2 -1g eLg
State equations [Fig. 5-21(b)]: X :A2x+Bzu2 Output equation: Y, :sz
€0 0 -30 elu
A,=% o -2 B, = oY c,=[o o 1]
¢ U eu
e 1 -1g eod
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Thus, A = A'

5-22 (a) State diagram:

rl—

[

(b) sState diagram:

5-23 (a)
Y (s) 10s° X (s)
G(s)= = Y (s) =10 X (s)

-1 -2 -3
U(s) 1+8.5s +205s +15s X (s)

X (s) =U (s)- 8.55 "X (s)- 20.55 X (s)- 155 "X (s)

State diagram:

y=-

< O

State equation: x(t) = Ax (t) +Bu(t)
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edo 1 Ou Ou
A:‘?o 0 1 lil B:%lil A and B are in CCF
¢ u cu
815 -205 -85 ag
(b)
Y (s) 10s°+208™" X (s)
G(s)= = ” =
U(s) 1+4.5s +35s X (s)
Y (s)=10s X (s)+20s *X () X (s) =-4.55 "X (s)- 3.55 °X (s)+U(s)
State diagram:
u
State equations: X(t) = Ax (t) +Bu(t)
@ 1 o0 0 U éu
% o0 1 ol U
A:? l;' B:?l;l A and B are in CCF
@ 0 O 1u au
& o -35 -a54 &H
(c)
Y (s) 5(s+1) 5s 2 +55° X (s)
G(s)= = =

U(s) s(s+2)(s+10) 1+12s  +20s > X (s)

Y (s) =5s X (s) +55 "X (s) X (s) =U(s)- 125 "X (s)- 20s °X (s)
State diagram: 5
o— 5?_1 >
LF] x‘. F
State equations: X(t) = Ax (t) +Bu(t)
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© 1 0Ou eOu
A:% 0 1 lil B:(I?Ol;j A and B are in CCF
e u eu
e -20 -12( ég
d
Y(s 1 s X (s
G(S) = ( ) = > = 1 -2 -3 ( )
U(s) s(s+5)(s"+2s+2) 1+7s*+125°+10s° X(s)
Y (s) =s *X (s) X (s)=U(s)-7s "X (s)-12s °X(s)-10s "
State diagram:
1
u o 3
State equations: X(t) = Ax (t) +Bu(t)
€@ 1 0 o0y éu
% o 1 ol U
AZQ l:' B:?l;l A and B are in CCF
a 0 0 1u au
© -10 -12 -7 &t
5-24 (a)
Y (s) 10 _5TL 667 0.9%

G(s)=
3 2
U (s) s +8.5s +20.5s+15 s +15 s+2 s+5

State diagram:

55



State equations: X(t) = Ax (t) +Bu(t)

&15 0 0y &5.71 )
A=%0 -2 ol B=%6.67Y
¢ u e u
go o0 -5 §0.952()
The matrix B is not unique. It depends on how the input and the output branches are alocated.
©)
Y (s) 10( s +2) -4.5 0.49 4 5.71
G ( S) = = > = + + + >
U (s) s (s=1)s+3.5 s s+35 s+1 s

State diagram:

State equation: X(t) = Ax (t) +Bu(t)
@ 1 0 0 €u
% oo ol G4
A=€ 0 p=ed
e 0 -1 O0u eLu
8) 0 O -S.SH 81H
(b)
Y (s) 5(s+1) 2.5 0.313  0.563
G (S) = = = —-x+ -
U (s) s(s +2)(s +10) S s+2 s+10
State diagram:
u
=10
State equations: X(t) = Ax (t) +Bu(t)
€ 0 0u elu
A=% -2 ol B=SU
¢ U eu
€& 0 -10g éuo
@)
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Y(s) 1 01 00118 0.08825+0.235
U (s) s(s+5)(sz+23+2) s s+5 S +25+2

Staie diagram;

G(9)

State equations: X(t) = Ax (t) +Bu(t)

€@ 0 0 oOu élu
% 5 o ol Gu

A=@ d B=€
e 0 0 1u au
é 1 e u
€@ 0 -2 -2¢ elu

5-25 (a)
Y (s) 10
G(s)= =
U(s) (s*15(s+2)(s+5)
State diagram:
¥ O ._in 1 _,:\ E-- 1 v
%) iy
-5
State equations: X(t) = Ax (t) +Bu(t)

&5 1 0 é0 ()

A=% -2 11U B=SoU
¢ u ¢ u
eo 0 -15( éog

(b)
G(9 = Y(s) _ 10(s+ 2) _@0@@+2(_j& 1 o}

U(s) S(s+1)(s+35) & P8 s+1085+350

State diagram:
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=31.5

State equations:

© 1 0
% o0 1
A=¢€
@o 0 -1
& 0 o
(©)
o9 = -

X(t) = Ax (t) +Bu(t)

conoaoono
(o8]

59s+ 1)

D> (D> D> (D~
o

qQ{'D)

o

o

o
conooaoo

FoXess +1("j& 1 0

State diagram:

State equations:

©)

U(s) Ss+2)(s+10) &sgbs+20p8s+100

1 s
i Fa ’ Y i
M’l xl
-10
X(t) = Ax (t) +Bu(t)
10y &
-10 -1Y B = %Y
y eu
0 -2g &d
1

)
—~
NG

|
|

State diagram:
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State equations: X(t) = Ax (t) +Bu(t)
O 1 0 o0y u
% o 1 ol ok
A=€ l,J B=¢€ U
a -2 -2 1uU au
é U e u
& 0 0 -5¢ elu
5-26 (a)
Y(s) 10 10s° X (s)

G(s)=

E(s) s(s+4)s+5 1+9s +20s ° X (s)

State diagram: %x4(0) x.(0)
py

(b) Dynamic equations:

U 60 1 Ouey @)
S U=€0 o 1US U+l y=[10 0 0]x
c-u ¢ uesu e u
esd e10 -2 -9exd el

(c) state transition equation:

X, (91 és'(1+% 7+ 20s7) s?(1+9s7) S0 (0){
A - 1 é i i . _(j" g 1
‘?Xz(s)g: & -10s” sl(l+981) 52(,(32(0)['J+
€70 p(s) € . 2 apgs oo D)
8X. () g - 10s - 20s s Hex (g
el
. és’+9s+20 s+9 1Uéx,(0)u &su
a0 é u
= ¢ 10 s(s+9) sggxz(o)g’f ely
g) € = D.(s) 5 v
°()@ -10s  -10(2s+1) SHEx(0)] °()§le
U
&t
D(s)=1+9s ' +20s * +10s " D (s)=s" +9s" +205+10
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J6L612 0946 0114y 60706 -1.117 -0.169y €0.0935 0171 00550
x®)=16&114 -0669 -0081%°™ +&1600 2678 4086 e +€ 0551 1000 - 032506 Yx(0)
é a é a é a Y
teoso7 0474 00574 84056 -6420 -0.972( 83249 5947 19150 |
é0.1- 0.161e°"™ +0.0706e **" - 0.00935€ ***' [
é , . . a
+a 0114e”™- 0169”7 +0055"" t30
€ -0087¢°™ +0.406e " -0.325¢ " {

(d) output:

y(t) = 10 (t) =10(1.612e ™™ - 0.706e™>™" +0.0935¢ °*" ) x, (0) +10( 0.946¢ ™" - 1.117¢™™" +0.1712™™ ) x (0)
+10(1.1416"™ - 0.169¢ """ +0.0550€ ") x,(0) +1- 1.61e"*" ™ +0.706e **"* - 0.0935¢ > 3 0

5-27 (a) Closed-loop transfer function:
Y(s) _ 10

3 2
R(s) s +9s +20s +10

(b) State diagram:

(c) State equations: (d) state transition equations:
[Same answers as Problem 5-26(d)]
G0 60 1 0ugxy @O
%‘(2 u- e 0 0 1 l;’lg(z u, %)l',jr (e) Output: [Same answer as Problem 5-26(¢)]
e-u e ue-u e u
&0 10 -20 -9gexd eld

5-28 (a) State diagram:

(b) state equations:
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e &2 20 1 0Ugky €0 -1y
&Y €0 .10 1 oUK Y & oUsuy
g-u-¢ i &0 g
&0 €01 0 -20 10&0 €0 0U&,Y
e u e ue u e u
ea eo 0 0 -5uex,u €0 0y
(c) Transfer function relations:
From the system block diagram,
1 ae-1 30e*U(s
Y(8)=——c—T,(9+ T,(9) + (9 =
D(s)gs+2 (s+2)(s+20) (s+2)(s+5)(s+20) (s+5)(s+20) g
D(s) =1+ 0.1e °?* (s +2)(s+20)+01e "2°
s) =1 =
(s+2)(s+20) (s+2)(s+20)
-0.2s
- (s+19.7 30 +90( s +2)U
Y (s) = (s ) —ostD(S)+ ? (s W () =
(s+2)(s+20)+01e (s +5 (s +2)(s +20)+0.2e °*°
-(s+20 30e "%y
W(s) = (s ) — TD(s)+ ¢ () =
(s+2)(s+20)+0le (s+5))(s+2)s+20)+01e "%

5-29 (@) There should not be any incoming branches to a state variable node other than the s “* branch. Thus, we

should create a new node as shown in the following state diagram.

-1

(b) State equations: Notice that there is a loop with gain - 1 after all the s branches are deleted, so D = 2.

dx 17 1 dx 15
L= x +—x —2 ="y -
a2 2 a2 !
5-30 (a) Transfer function:
Y(s) Ks® +5s+1

R(s) (s+1)(s"+11s+2)

1 1
—x_t—r

2 2

Output equation: y = 6.5x, +0.5x2

(b) Characteristic equation:

(s+1)(s2 +11s+ 2) =0

Roots of characteristic equation: -1, -0.185, --10.82. These are not functions of K.

(c) Whenk=1:
Y(s) _

2
s +5s+1

R(s)

State diagram:

3 2
s +12s +13s+2
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(d) When K = 4:
Y(s) _ 4’ +5s+1  (s+D1)@s+D) 4s+1

R(S) (s+1)(s"+115+2) (s+2) (s*+1s+2) sT+1ls+2

State diagram:

)

Y(s) Ks 2 +5s =1

When K =4, 2.1914, 0.4536, pole-zero cancellation occurs.

R(s) (s+1)(s+0.185)( s +10.82)

5-31 (a)
Y(9) 1 100

U(s) (1+055)(1+025+0025%) & +12¢+ 705+100

G,(9) =

State diagram by direct decomposition:

State equations:

G 60 1 0uexy O
gu-¢45 o 1Ug U &Y,
esu e ue:u eu
e, d 6100 -7 -12gex,d eld

(b) Characteristic equation of closed-loop system: Roots of characteristic equation:
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s*+125° +705s+200 =0 -5.88, -3.06 +j4.965,
5-32 (a)
Y(9) 1- 0.066s -20(s- 15)
G,(s) = @ 2\ - s 2
U(s) (1+05s)(1+0.1335+0.0067s7)  s°+225”+190s+300
State diagram by direct decomposition:
1
u O -

State equations:

éxu o0 1
& u_é
=X 0 0
ezu e
6,0 6300 -190
Characteristic equation of closed-loop system:
s*+22s” +170 s+600 =0
5-33 (a) State variables: X, =W _and x =W
State equations:
dw K K +K R K KK
m o— _ b i b a4 D W+ e
dt JR J JR
a a

(b) State diagram:

63

Roots of characteristic equation:

-12, -5+j5, -5-j5

daw K

- 3.06 - j4.965



]
i)
m

- ,+
ft{bni_[-c

Ra)

(c) Open-loop transfer function:

W (9 KK, (3. s+K,)
E(s) RS +(K,IK +K R I +KIR)s+KK,K

Closed-loop transfer function:

W9 _ KKK (3,5 K,)
W (9 RS +(KIK+KRJI +KIR+KKKI)s+KKK +KKKK

(d) Characteristic equation of closed-loop system:

D(s) = R s’ + (K, I K +K R JI +K IR +K KK J )s+K KK +KKKK =0

D(s)=s”+1037 s+20131 .2 =0

Characteristic equation roots: -19.8, -1017.2
5-34 (a) State equations: x(t) = Ax (t) +Br(t)
éb du é2 1u €0y € 1u
A= s = A , B=a ~ S:[B AB]:A -,
8c -af 82 -1H ily & -1
Since S is nonsingular, the system is controllable.
(b)
€ du
S= [B AB] = A . The system is controllable for d 1 0.
& -af
5-35 (a)
a -1 1y
S= 63 AB A’B g: gl. -1 13 S is singular. The system is uncontrollable.
g -1 1g
(b)
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S= g_’) AB A’B g: gl. -2 4u S is nonsingular. The system is controllable.
a

5-36 (a) State equations: x(t) = Ax (t) +Bu(t)

&2 3u éu é 1u
A=, . B=4 S= [B AB] =a - S is singular. The system is uncontrollable.
&1 ol &t & 1
Output equation: y :[1 O]X =Cx C :[1 0]
. el -20 N .
V = 6: AC g = g) H V is nonsingular. The system is observable.
3
(b) Transfer function:
Y (s) _ s+3 1

2
U (s) s +2s-3 s-1
Since there is pole-zero cancellation in the input-output transfer function, the system is either

uncontrollable or unobservable or both. In this case, the state variables are already defined, and the

system is uncontrollable as found out in part (a).

5-37 (a) a =1, 2,or 4. Thesevaluesof @ will cause pole-zero cancellation in the transfer function.

(b) The transfer function is expanded by partial fraction expansion,
Y(s)  a-1 a-2 a-4

+

R(s) 3(s+*+1) 2(s+2) 6(s+4)

By parallel decomposition, the state equations are: X (t) = Ax (t) +Br(t), output equation: y(t) =Cx(t).

¢l 0 Oy é -1y

& ’ A ¢ s 101
A=S0 -2 oU B=S - U p=& .= zU

¢ u e u g 2 eM

80 0 -4 & - 40

The system is uncontrollable for 2 =1, or a =2,0or a = 4.

(C) Define the state variables so that

w |k

A

A=%0 -2
e
g0 0 -

> (D> (D> (D~
1
NS
OO OO O OO

&1 0 0
0 D:[a-l a-2 a-4]

é\ [ ey ey el
vs)
|

(!J)X‘D)I D D>
@ | s

The system is unobservable for a =1, or @ =2, or a = 4.
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5-38
g b u
s=[B AB]:go ab-lH

|S|=ab-1-b*2 0

The boundary of the region of controllability is described by ab - 1- b 2= 0.

Regions of controllability:

Uncontrollabl

— + z L
-0 =iy J [ ]

uncantrol lable

5-39
*+b,0
b, U

2

5 b
s=B AB]=g
&,
The system is completely controllable when b2 1o.
éd, d, u
K|
&, d, +d,

The system is completely observable when d ) 1.

V=g ACy=

5-40 (a) State equations:

dh 1 K, nN K, dg,,
_:_(qi-qo): qm- h __Wm
da A A A dt
daq
State variable: x =h, x_ =q , x, =—L=Ww
1 2 m 3 dt m
State equations: X = Ax +Be,
€K, KN 0 u
& A U &1 0016
e u é
A= 0 0 1 (=2x0 0
é 0 %
e 0 0 ) KiKbL:J eo 0
e JR @

State diagram:
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e

V| =0whend, * 0.

[/ =0whenbpb, - b - b = O.0r b, =0

dw. KK KK, )
=- e J=J3 +ny
dt JR, JR, §
e U
0 o U g o0 g
U € U g U
1 80 =2 0 =
u e . u S u
-11.767( :KiKag €8333.33
8JR 0



H!KR'”RH 5-i | 2 Ktnﬂfﬁ = 1—1.
® ;:3 i M ;.;. ¥as=ul l.i'::ll h h
_Kj“h"l‘mﬂ ‘5'_.'1"!\
(b) Characteristic equation of A:
K, -KnN
S+
A A K ge KK, 0O
|s-Al=| o s 1 =& e Taw 0 D (s +1)(s+11.767)
A % R g
KK,
0 0 S+—
JR,
Eigenvalues of A: 0,-1,-11.767.
(c) Controllability:
é O 0 133.33 )
S=¢ AB AZBg:g 0 833333 -980583 S| 0. The system is controliable.
E8333.33 -98058 1153848(
(d) Observability:
@ c=[ o o
a -1 1y
V = é: AC (A)C g: 8 0.016 - 0.0163 V is nonsingular. The system is observable.
€0 0 0.016 g
@ c=[ 1 o]
@ 0 0 o
V = é: AC (A)C g: g_l. 0 0 H V is singular. The system is unobservable.
e 1 -11.767¢
@ c=[ o 1]
€0 0 0 u
V = é: AC (A)C g: go 0 0 H V is singular. The system is unobservable.
@1 -11.767 138.46()
5-41 (a) Characteristic equation: D(s) =[sI- Al=s"-m92s’=0

Roots of characteristic equation: -5.0912, 5.0912, 0, 0

(b) Controllability:
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é 0
s S0
S= 53 AB A°'B AB b= ?
e o0
& 0.0076
S is nonsingular. Thus, [A*, B*] is controllable.
(c) Observability:
1 c' =t o o o
él
U
V=g A'CT (ATYCT (A)cp=¢€
(SY)
e
(=)

S is singular. The system is unobservable.

) C*=[0 10 o]

€0
&
V=g AC (A)C ((A)Ycg=¢
€0
e
€0
S is singular. The system is unobservable.
@ c =[o o 1 0]
€0
V=g A'C (A)’CcT (A)c'g=¢
el
S
€0

S is nonsingular. The system is observable.

@ c =[o o o 1]

68

- 0.0732 0
0 -1.8973
0.0976 0
0 0.1728
0 2592 0
1 0 25.92
0 0 0
0 0 0

2592 0  67185(
o 2592 o Y
u
0 0 0 U
0 0 o 4
0 -236 0 |
o o -238Y
u
0 0 0 U
1 0 o H

- 1.8973))

0
0.1728
0

conooc



@ -236 0 -6L17Q

ey %9 0 236 0 U
V=g AC (A'yc' (aycp=@ v
& 0 0 0o U

& o 0 o 4

S is singular. The system is unobservable.

5-42 The controllability matrix is
éo -1 0 -16 0 - 384(]

€1 0 -16 0o -38 o Y
é U
éo0 0 o0 16 0 512 U
Szeo 0 16 0 512 0 a
¢ a
€0 1 o 0 0 o u
31 0 O 0 0 0 H

5-43 (a) Transfer function:
Q,(s) _ K,H
Ris) 3,5 (35 +Ks+K, +K,)

State diagram by direct decomposition:

Rank of S is 6. The system is controllable.

State equations: X(t) = Ax(t) +Br(t)
@ 1 0 0 U R
A a €0u
% o 1 o\ 50
é a SoY
A=@& 0 0 10 B:gol;'
é a eou
é) 0 _(K|+KN) _Kpl] 813
e Jg J. @

(b) Characteristic equation: vaz (JG s + K.s+K, +K, ) =0
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5-44 (a) State equations: x(t) = Ax(t) +Bu,(t)

43 1) PN , 10
A:? u B:(?Olil S:[B AB]:g’O u
g -2ff &t & -2f
S is nonsingular. [A, B] is controllable.
Output equation: y, =Cx C :[-1 1]
.. ... €1l 3u
V = é: AC b= a . V is singular. The system is unobservable.
g1 -3
(b) with feedback, u, = - kc.,, the state equation is: X (t) = Ax(t) +Bu_(t).
¢3-2 1y o & L
& U eou &0 |
A=€1+¢g 1+kl.j B:ng s=€ 14U
e u
6 0 -20 & -2

S is nonsingular for all finite values of k. The system is controllable.

State diagram:

c c é-1 10
Output equation: y, = CX = A .
’ Bl+k 1+kH
é-1 3+2k U
. . Gak @+ U
V = gb ADpg=¢€ ( ) u
é1 3+2k
Bl+k  @+k’H
V is singular for any k. The system with feedback is unobservable.
5-45 (a)
€L 2u
S= [B AB] = A . S is nonsingular. System is controllable.
& -7
L. ... &4 -1y N _
V = g: AC b= g- H V is nonsingular. System is observable.
-2
® u=-[, &]x
7 0 1 AY Ve k AY Ve - k 1 _ AY
AC:A-BK:(? 3-91 kzzzg ! kzg
&1 -3 &k 2 &1-2¢ -3- 20
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s=[B ACB]:él k22

A 2 S|=-11- 2k 1 O
& ra-af AT
. 11
For controllabillity, k, 1.
... €1 -1-3kuy
V=g ACH=g g
1 -2-3k,

For observability, |V| =-1+3k, - 3k, 1o
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Chapter 6 STABILITY OF LINEAR CONTROL SYSTEMS

6-1 (a) Polesareat s =0, - 1.5 + j1.6583 , - 1.5- j1.6583 One poles at s = 0. Marginally stable.
(b) Polesareat s = -5, - j—\/2_, j—\/2_ Two poles on jW axis. Marginally stable.
(C) Polesareat s =-0.8688 ,0.4344 + j2.3593 ,0.4344 - j2.3593 Two poles in RHP. Unstable.
(d) Polesareat s =-5,-1+j,-1- j All poles in the LHP. Stable.
(e) Poles are at s =-13387 ,1.6634 + j2.164, 1.6634 - j2.164 Two poles in RHP. Unstable.
(f) Poles are at s = - 22.8487 * j22.6376 , 21.3487 * j22 .6023 Two poles in RHP. Unstable.
6-2 (@) s’ +25s° +10s+450 =0 Roots: -25.31,0.1537 + j4.214, 0.1537 - 4.214

Routh Tabulation:
3

s 1 10
s 25 450
. 250 - 450 Two sign changes in the first column. Two roots in RHP.
s ——=-38 0
25
s’ 450
(b) s°+25s"+10s+50 =0 Roots: -24.6769 ,- 0.1616 + j1.4142 ,- 0.1616 - j1.4142

Routh Tabulation:

s 1 10
s’ 25 50
. 250 - 50 No sign changes in the first column. No roots in RHP.
S =8 0
25
s° 50
(€) s*+25s” +250 s +10 =0 Roots: -0.0402 , - 12 .48 + j9.6566 , - j9.6566

Routh Tabulation:
3

o 250
s 25 10
. 6250 - 10 No sign changes in the first column. No roots in RHP.
s ———=2u96 0
25
s 10
(d) 25 +10s° +5.55° +555+10 =0 Roots: - 4.466 , - 1116 ,0.2883 + j0.9611 ,0.2888 - j0.9611

Routh Tabulation:
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s 10 55
, 55-11
sT ——— =44 10
10
. 242 - 100
s ———=-7538
4.4
s 10

Two sign changes in the first column. Two roots in RHP.

(e) s°+2s” +8s" +155° +20s° +16 s+16 =0 Roots: - 1.222 + j0.8169 , 0.0447 * j1.153, 01776 + j2.352

Routh Tabulation:

s 1 8 20 16
s 2 15 16
, 16 - 15 40 - 16
¢ ——=05 ——=1
2 2
s - 33 - 48
, -306 +24
s° ————=1127 16
-33
. -541.1+52
s — " =-116 0
11.27
0
S 0

Four sign changes in the first column. Four roots in RHP.

(A s*+2s°+10s*+20s+5=0 Roots: -0.29, - 1.788 , 0.039 + j3.105,0.039 - j3.105

Routh Tabulation:

S 1 10 5
s’ 2 20
20 - 20

52 = 5

2
s2 e 5 Replac eOin last rowby €

., 20e-10 10

s -

e e Two sign changes in first column. Two roots in RHP.
sO 5

6-3 (@) s' +255° +155° +20s+K =0

Routh Tabulation:
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s 25 20

, 375 - 20

s =142 K
25

. 284 - 25K

s§ ————=20-176 K 20 - 176 K >0 or K <11.36
14.2

s K K >0

Thus, the system is stable for 0 < K < 11.36. When K = 11.36, the system is marginally stable. The

auxiliary equation equation is A(s) =14.2 s2 +11.36 =0. The solutionof A(s) =0 is s2 =-0.8. The
frequency of oscillation is 0.894 rad/sec.

(b) s* +ks’+2s° +(K +1)s+10 =0

Routh Tabulation:

s 1 2 10
s K K +1 K >0
, 2K-K-1 K-1
s = 10 K >1
K K
-9k’ -1
st S -9k ’-1>0
K-1
0
S 10

- - 2 . 2. .
The conditions for stability are: K >0, K> 1,and - 9K - 1>0.Since K  is always positive, the
last condition cannot be met by any real value of K. Thus, the system is unstable for all values of K.

(€) s*+(K +2)s” +2Kks +10 =0

Routh Tabulation:

s 1 2K
s7 K +2 10 K>-2
2

L 2K 44K -10 )

s — K°+2K-5>0
K +2

0

S 10

The conditions for stability are: K >-2and K 242K - 5 >0 or (K +3.4495)(K - 1.4495) > 0,
or K >1.4495. Thus, the condition for stability is K > 1.4495. When K = 1.4495 the system is

marginally stable. The auxiliary equation is A(s) = 3.4495 s2 +10 = 0. The solution is s2 =-2.899 .
The frequency of oscillation is 1.7026 rad/sec.

d) s +20s” +55 +10K =0

Routh Tabulation:
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s 20 10K
. 100 - 10K
§§ ————=5-05K 5- 05K >0o0r K <10
20
0
s 0K K >0

The conditions for stability are: K >0 and K < 10. Thus, 0 < K < 10. When K = 10, the system is

marginally stable. The auxiliary equation is A(s) = 20 s 2 +100 = 0. The solution of the auxiliary

equation is s . 5. The frequency of oscillation is 2.236 rad/sec.
4 3 2
(€) s" +Ks +5s5° +10s+10K =0

Routh Tabulation:

s 1 5 10 K

3
s K 10 K >0

» 5K -10
s —_— 10 K 5K -10 >0or K >2

K
50 K - 100 2
- 10K 5

. K 50 K - 100 - 10 K 5

s = 5K -10 - K~ >0
SK-10 5K - 10
K

0

s 10 K K >0

The conditions for stability are: K >0, K> 2, a_nd 5K - 10 - K s > 0. The last condition is written as
+ 2.9055 @ . 2.9055 K +3.4419 J < 0. The second-order term is positive for all values of K.

Thus, the conditions for stability are: K > 2 and K < - 2.9055. Since these are contradictory, the system
is unstable for all values of K.

(f s* +12.55° +s° +55+K =0

Routh Tabulation:

s 1 1 K
s 125 5
, 125-5
s =06 K
125
) 3- 12 5K
s T =5-208K 5-20.83K >0 or K <0.24
0.6
s K K >0

The condition for stability is 0 < K < 0.24. When K = 0.24 the system is marginally stable. The auxiliary

equationis A(s) = 0.652 +0.24 = 0. The solution of the auxiliary equation is s2 = - 0.4. The frequency of
oscillation is 0.632 rad/sec.

6-4 The characteristic equation is Ts ' (2T +1) st + (2+K)s+5K =0

Routh Tabulation:
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S T K +2 T >0
s 2T +1 5K T>-1/2

. (2T +1)(K +2) - 5KT

s K(1- 3T)+4T +2 >0
2T +1
s’ 5K K >0
4T +2
The conditions fr stability are: T >0, K>0,and K < . The regions of stability in the
3T -1
T-versus-K parameter plane is shown below.
K
64
2,08 Ustable
Unstable 4 |
2 Stable
J
[ TR e,
_ Unstable
i A " o i - i L A i i
0 1.2 34 4 5 67 8 9 1011 12 j §
Unstable

6-5 (a) Characteristic equation: s° +600 s* +50000 s° +Ks~ +24 Ks +80 K =0

Routh Tabulation:

s 1 50000 24 K
4
s 600 K 80 K
. 3710 -K 14320 K o,
S = - K <3 10
600 600
, 214080 00K - K°
s - 80 K K < 214080 00
3710 - K
L -7.27 10" +3113256 " 10 'K - 14400 K’ 2 I T
s K -2162 "10 'K +5° 10

600( 214080 00 - K )
s 80 K K >0

Conditions for stability:
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Fromthe s° row: K <3 10

From the s row: K <2.1408 ~ 10"

Fromthe s" row: K’ - 2162 ~ 10 'K +5 10 <0 or (K - 2.3¢ 10 )(K - 2.1386 ~ 10 ') <0
Thus, 2347 10° <K <2138 10

From the sO row: K>0
Thus, the final condition for stability is: 2347 10° <K <2138 10

When K =234~ 10° W =10.6 radisec.

When K =2.1386 ~ 10 ! W =188 .59 rad/sec.

(b) Characteristic equation: s* (K +2)s” +30Ks +200 K =0

Routh tabulation:

s 1 30 K
s’ K +2 200 K K >-2
2
. 30KZ’-140 K
s —_— K > 4.6667
K +2
0
s 200 K K >0
Stability Condition: K > 4.6667

When K = 4.6667, the auxiliary equation is A(s) = 6.6667 32 +933 .333 = 0. The solution is s2 =-140.
The frequency of oscillation is 11.832 rad/sec.

(C) Characteristic equation: s° +30s> +200 s +K =0

Routh tabulation:

S 1 200
s 30 K
, 6000 - K
S _— K < 6000
30
s’ K K >0
Stabililty Condition: 0 < K <6000

When K = 6000, the auxiliary equation is A(s) = 30 52 + 6000 =0. The solution is 52 =-200.
The frequency of oscillation is 14.142 rad/sec.

(d) Characteristic equation: s 425" (K +3)s+K +1=0

Routh tabulation:

s 1 K +3
s 2 K +1

. K +5
s K >-5

30

0
S K +1 K>-1
Stability condition: K > -1. When K = - 1 the zero element occurs in the first element of the
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0 . - . . -
s row. Thus, there is no auxiliary equation. When K = - 1, the system is marginally stable, and one

of the three characteristic equation roots is at s = 0. There is no oscillation. The system response
would increase monotonically.

6-6 State equation:

Open-loop system: X(t) = Ax (t) +Bu(t)
41 -op PN
A:? l:I B:g)ljl
&o of &t
Closed-loop system: X(t) = (A - BK)x(t)
A 1 20
A- BK = ? E
g-o' k1 'kzu

Characteristic equation of the closed-loop system:
s-1 2

s -A+BK|=
-10+k  s+k,

=s"+(k,-1)s+20- 2k, - k, =0
Stability requirements:
k2-1>0 or k2 >1

20 - 2k -k >0 or k <20 - 2k
1 2 2 1

Parameter plane:

6-7 Characteristic equation of closed-loop system:
S -1 0

s-A+BK|=|0 s -1 | =s"+(k,+3)s’+(k, +4)s+k =0

K kra stk

Routh Tabulation:

3

S 1 k2+4
s k +3 k k+3>00rk >-3
k, +3)(k, +4)-k
Sl (3 )(2 ) 1 (k3+3)(k2+zp' k1>0
k +3
s k

e k >0
Stability Requirements:

k,>-3, k, >0, (k,+3)(k,+4)-k,>0

6-8 (@) Since A is a diagonal matrix with distinct eigenvalues, the states are decoupled from each other. The
second row of B is zero; thus, the second state variable, x2 is uncontrollable. Since the uncontrollable
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state has the eigenvalue at - 3 which is stable, and the unstable state X, with the eigenvalue at - 2 is

controllable, the system is stabilizable.

(b) since the uncontrollable state X has an unstable eigenvalue at 1, the system is no stabilizable.

6-9 The closed-loop transfer function of the sysetm is

Y(s) 1000
R(s) s +156s” +(56+100K,)s+1000

The characteristic equation is: 53 +15.6 52 + (56 +100 Kt )s +1000 =0

Routh Tabulation:

s 1 56 +100 K
2
s 15.6 1000
. 873.6+1560 K, - 1000
s 1560 K - 126 .4 >0
15 6
s’ 1000

Stability Requirements: K, > 0.081

6-10 The closed-loop transfer function is

Y(s) K(s+2)s+a)

3 2
R(s) s +Ks +(2K +aK -1)s+2aK

The characteristic equation: s® +Ks? +(2K +aK - I)s+2aK =0

Routh Tabulation:
3

s 1 2K +aK - 1
s’ K 2akK K >0
. (2+a)K’- K - 2aK
s (2+@)K -1- 2a >0
K
0
s 2aK a >0

1+2a

Stability Requirements: a >0, K >0, K >
2+a

K-versus-& Parameter Plane:
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i T ol

Approaches I as
UNSTAELE o approaches infinity
1

-

0.5

6-11 (a) Only the attitude sensor loop is in operation: Kt = 0. The system transfer function is:

Qes) _ 6,0 K

2
+ -a+
Qr(s) 1 KSGp(s) sT-atKK

If KK . >a, the characteristic equation roots are on the imaginary axis, and the missible will oscillate.
If KK . £a, the characteristic equaton roots are at the origin or in the right-half plane, and the system

is unstable. The missile will tumble end over end.

(b) Both loops are in operation: The system transfer function is

Qes) _ G, (s) _ K

2
+ + + + -
Qr(s) 1 Ktst(s) KSGp(s) sTHKK stKK _-a

For stability: KK . >0, KK . a>o.
When Kt =0 and KK . >a, the characteristic equation roots are on the imaginary axis, and the missile

will oscillate back and forth.
For any KK . aif KK . < 0, the characteristic equation roots are in the right-half plane, and the system

is unstable. The missile will tumble end over end.
If KK ) >0, and KK ) < a, the characteristic equation roots are in the right-half plane, and the system is

unstable. The missile will tumble end over end.

6-12 Let s, =s+a, thenwhen s =-Q, S, = 0. This transforms the S = - @ axis in the s-plane onto the imaginary

axis of the s, -plane.
(@) F(s)=s +5s5+3 =0 Lets=s -1 Weget (%-:l.)2 +5(§-l)+3 =0

o s +3s -1=0
1 1

s, 1 -1
Routh Tabulation: 511 3
sO -1

Since there is one sign change in the first column of the Routh tabulation, there is one root in the
region to the right of s = - 1 in the s-plane. The roots are at - 3.3028 and 0.3028.

(b) F(s)=s"+3s°+3s+1=0 Lets=s -1 Weget (31—1)3+3(§-1)2+3(Sl-1)+120
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Or 513 =0. The three roots in the s, -plane are all at s, =0. Thus, F(s) has three roots at s = - 1.

(€) F(s)=s’+4s’+3s+10 =0 Lets=s -1 We get (%-1)3+4(§-l)2+3(§-l) +10 =0

or s +s’-2s +10 =0
1 1 1

s 1 -2

1

sf 1 10
Routh Tabulation:

s1 - 12

1

s’ 10

Since there are two sign changes in the first column of the Routh tabulation, F(s) has two roots in the
region to the right of s = - 1 in the s-plane. The roots are at - 3.8897, - 0.0552 + j1.605,
and - 0.0552 - j1.6025.

d F(s)=s’ +4s’+4s+4=0 Lets=s -1 We get (§-1)3+4(§-l)2+4(§-1)+4=0

3 2
Or s +s -s +3=0
1 1 1

s 1 -1

1

512 1 3
Routh Tabulation:

& -4

1

so 3

Since there are two sign changes in the first column of the Routh tabulation, F(s) has two roots in the
region to the right of s = - 1 in the s-plane. The roots are at - 3.1304, - 0.4348 + j1.0434,
and - 0.4348 - j1.04348.

6-13 (a) Block diagram:

Ris) Els) E s} E_{s) K, g8 (s} B.(s)[ KN His)
Gy(=) ", P R ds" +1Kixbs "y g T >
(b) Open-loop transfer function:
H(9 KK K, N 16.667N

G(S) = =
E(s) s(RIs+KK,)(As+K, ) s(s+1)(s+11.767)

Closed-loop transfer function:

H(s) _ G(s) _ 16 667 N

3 2
R(s) 1+G(s) s +12.767 s +11.767 s+16.667 N
(c) Characteristic equation:
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s> +12.767 s° +11.767 s+16.667 N =0

Routh Tabulation:
53 1 11.767

s 12 767 16 .667 N

, 150 .22 - 16 .667 N

15022 - 16.667 N >0 or N <9
12 .767
s’ 16 .667N N >0
Stability condition: 0<N <9.

6-14 (a) The closed-loop transfer function:

H(s) _ 250 N

R(s) s(0.06 s+0.706 )( As +50 )+ 250 N

The characteristic equation:

0.06 As ° +(0.706 A+3)s’ +35.35+250 N =0
Routh Tabulation:

S 0.06 A 353 A>0

S 0.706 A +3 250 N 0.706 A +3 >0

1 24.92 A+105.9 - 15NA

2492 A +105.9- 15NA >0

07.06 A+3
s’ 250N N >0
Fromthe s row, N < 1.66 + 7.06/A When A® ¥ N . ® 1.66 Thus, N = =1
N
. UNSTABLE N = 1.66 + 7.06/A

/ A+ @

T
|/

(b) For A =50, the characteristic equation is

3s’ +(35.3+0.06K ) s’ + 0.706K s+ 250N = 0
Routh tabulation
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S 3 0706 K o

s 35.3+0.06 K _ 250 N K, >-588 .33

., 00424 K +24.92K_ - 750 N ,

s N < 0.0000 5653 K’ +0.03323 K
35.3+0.06 K

s 250 N N >0

H 5 a1
UNSTABLE (Mot a straight line)
= 0. omusﬁssx + 0.03323K_
\ STADLE \\\
0

(€) N =10, A=50. The characteristic equation is
s'+(35.3+0.06K_ ) s’ +0.706K s+50K =0

Routh Tabulution:
3

S 1 0.706 K0
S2 35.3 +0.06 Ko 50KI K0>-588 .33
, 0.04236 K02+24.92 K0-50 KI )
S KI < 0.000847 2K0 +0.498 K0
35.3 +0.06 K0
0
S 50 KI KI >0
A Mot traight line)
ot a stra ine
UNSIABLE (
N = 0.00005653K> + 0.03323K_
STALLE
N e N
0 100 K,
6-15 (a) Block diagram: (b) Characteristic equation:

Ms > +K s+K +K_ =0
D S P

500 s° +K_s+500 +K_ =0
D P
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1

Hs +HE
I(ns
Ep [

(c) For stability, K, >0, 05+K_>0. Thus K, >-05
#r/
/////

Stability Region:

UKSTABLE

%7

1

0.5

6-16 State diagram:

1
e,
D=1+s+Ks"’
Characteristic equation:
+s5+K =0
Stability requirement: K>0
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Chapter 7 TIME-DOMAIN ANALY SIS OF
CONTROL SYSTEMS

7-1 (a) z 3 o0.707 W 3 2rad /sec

juw
N,
s=-plane
/ FET
b !
/:.5‘3\
\j\ 5% ] 0 y
e
T
. i _J'l!
(c)z£o05 1EW £5rad /sec
\ 3
] 15
- s-plane
A
IIIF o
i e i1
i Tt h
ll".. &0° -j1
\
\
/ -J3
/
7-2 () Typeo (b) Typeo (c) Type1 (d) Type2

7-3 (&) K _=1lim G (s) =1000
P s® 0

(b) K, =lim G(s) =¥
s® 0

©) K, = lim G(s) =¥
s® 0

(d) K, = lim G(s) =¥
s® 0

©)] Kp:IimG(s):¥
s® 0

() K_=1lim G (s) =¥
P s® 0

Kv =lim sG (s) =0
s®o

Kv =lim sG (s) =1
s®o0

KV =lim sG (s) =K
s® 0

K, =lim sG (s) =¥
s®o0

Kv =lim sG (s) =1
s®o0

K, =lim sG (s) =¥
s®o
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(b) 0 £z £0.707 W £2rad /sec

o

I

==p lans

N A

-jz

(d) 05 £z £ 0.707 W £05rad /sec

s-plane
lllf {n]
GO 48
¥ e
e & |
kY
",
“‘- [ — —
5
(€) Types () Types

K, =lim s°G(s) =0
s® 0

K, =lim s°G(s) =0
s® 0

K, =lim s°G(s) =0
s® 0

K, =lim s°G (s) =1
s® 0

K, =lim s°G(s) =0
s® 0

K, =lim s"G(s) =K
s® 0



7-4 (@) Input

Error Constants Steady-state Error

u (1) K, =1000 1/1001
w (1) K, =0 ¥
t2u (t)/2 K =0 ¥
S a
(b) Input Error Constants Steady -state Error
u(t) K, = ¥ 0
w (t) K, =1 1
t2u (t)/2 K =0 ¥
S a
(¢) Input Error Constants Steady -state Error
u (t) K 0 = ¥ 0
w (1) K, =K 1/K
tu (t)/2 K =0 ¥
S a

The above results are valid if the value of K corresponds to a stable closed-loop system.

(d) The closed-loop system is unstable. It is meaningless to conduct a steady-state error analysis.

(e) Input Error Constants Steady-state Error

u (t) K, =¥ 0
w (1) K, =1 1
tiu (t)/2 K =0 ¥
S a
) Input Error Constants Steady-state Error
u (t) K, =¥ 0
tu (t) K, =¥ 0
tzus(t)lz K, =K 1/K
The closed-loop system is stable for all positive values of K. Thus the above results are valid.
G (s) s+1
7-5(a)KH:H(O):l M(s) = =— >
1+G(s)H(s) s +2s +3s+3
a =3, a =3, a =2, b =1, b =1
0 1 2 0 1
Unit-step Input:
1 bK,0 2
e =——_A1- L= —
ss 8 =
K, a, g 3
Unit-ramp input:
a -bK =3-1=210 Thus e =¥.
0 0o H ss
Unit-parabolic Input:
a -bK =210ad a -bK =110 Thus e =¥,
0 0 H 1 1 H SS
(b) K, =H()=5
G(s) 1
M(s) = == a =5 a =5 b =1
1+G(s)H (s) s +5s+5
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Unit-step Input:

1a& bK 0 1 5
ess =—_2aA1- 0 H __—?_ —9:
KHg a g 5 590
Unit-ramp Input:
i=0: a -bK, 6 =0 i=1 a -bK =510
0 0 H 1 H
e =M 5
* a K % 5
0 H
Unit-parabolic Input:
e =¥
SS
(© K, =H(0)=1/5
G (s) s+5
M(s) = = The system is stable.

4 3 2
1+G(s)H(s) s +15s +50s +s+1
a =1, a =1, a =50, a =15, b =5, b =1
0 1 2 3 0 1
Unit-step Input:

1 & bK, O 5/58
e =—al- “+:5§?-—9:0
KHg a @ 19
Unit-ramp Input:
i=0: a -bK, & =0 i=1 a -bK_ =4/5%0
0 0 H 1
. :a1_b1KH :1-1/5:
* a K 1/5
0 H
Unit-parabolic Input:
e =¥
SS
(d) K, =H(0)=10
G (s) _ 1

M(s) = == P The system is stable.
1+G(s)H(s) s +12s +5s+10
a =10, a1:5, a =12, bOZ , b =0, b =0

Unit-step Input:

Unit-ramp Input:

i=0: a -bK =0 i=1l a-bK, =510

0 0 H 1 H
a -bK 5

e =_1 1 H=-__ =905

a K 100
H
Unit-parabolic Input:
e =¥
SS
s+ 4
7-6 (@) M(s) = K =1 The system is stable.

s'+16s° +48s’ +4s+4
a =4, a =4 a =48, a =16, b =4, b =1 b =0, b =0

Unit-step Input:

1 bK. O 4
e, =—cl-—* ”_:§-—9:
KHS a, @ 49
Unit-ramp input:
i=0: a -b K, 6 =0 i=1 a-bK, =4-1=310
0 0 H 1 1 H
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Unit-parabolic Input:

K (s +3)
(b) M (s) == > K =1 The system is stable for K >0.
s +3s +(K +2)s +3K

a =3K, a =K +2, a =3 b =3K, b =K

0 1 2 0 1
Unit-step Input:
1ee 0 3K
eSS:_ _:? —9:
K 8 4] KQ
Unit-ramp Input:
i=0: a -bK_ =0 i=1 a -bK =K+2-K=210
0 0 H 1 1 H
a -bK K+2-K 2
e = = = —
* a K 3K 3K
0 H
Unit-parabolic Input:
=¥
SS
The above results are valid for K > 0.
s+5 10 s H (s
(c)M(s):4 - - H(s) = K, =lim () _
+15s +50s +10s s+5 s®0 s
a =0, a =10, a =50, a =15, b =5, b =1
0 1 2 3 0 1
Unit-step Input:
o o L3 -bK, 6 1280-12p ,,
e T -
K.& a o 286 10 o
Unit-ramp Input:
=¥
SS
Unit-parabolic Input:
e =¥
SS
K (s *+5)
d) m(s)= - K, =1 The system is stable for 0 < K < 204.

+17s° +60s° +5Ks +5K

0 1 2 3 0 1
Unit-step Input:
1a& bK,0O 5K
=g M- X0,
K, a, @ 5K @
Unit-ramp Input:
i=0: a -b K =0 i=1 a-bK =5K-K=4K?10
0 0o H 1 1 H
a -bK 5K - K 4
e = =
® a K 5K 5
0o H
Unit-parabolic Input:
e =¥

The results are valid for 0 < K < 204.
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v(s) K6 p(s)/zos 100 K
G (s)= = = Type-1 system.
E(s) 1+K.G (s) 205(1+025+100 K )
5K
Error constants: K =¥, K =——— K_=0
P 14100 K
1
@ r(t) =u (t) e = =0
1+ K
P
1 1+100 K
(b) r(t) =tu (t) e T—=
K 5K
A
2 1
©) r(t)y=t"u (t)/2: e =—=¥
S SS
K
a
7-8
100 Y (s) KG (s)
G,(s)= G (s) = =
(1+01s)(1+0.5s) E(s) 205[1+KtGp(s)]
100 K
G(s)=
20 s[(1+o.1s)(1+0.5s)+100 Kt]
5K
Error constants: K =¥, K, =—— K, =0
P 1+100 K
1
@ r(t) =u (t) e = =0
1+ K
p
1 1+100 K
(b) r(t) =tu (t) e =—=—t
K 5K

\

() r(t):tzus(t)lz: e = ¥

7<|H

a
Since the system is of the third order, the values of K and Kt must be constrained so that the system is

stable. The characteristic equation is

s"+12s’ +(20+ 2000K, ) s+100K =0

Routh Tabulation:
s 1 20 +2000 K

S 12 100 K

240 + 24000 Kt - 100 K

12
s’ 100 K
1+100K, 1
Stability Conditions: K>0 12(1+100K1)- 5K >0 o —>—
5K 12

Thus, the minimum steady-state error that can be obtained with a unit-ramp input is 1/12.
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7-9 (@) From Figure 3P-19,
K.,K KK, +KK K K,
+

1+ 12
QO(S) = Ra + LaS (Ra + LaS) ( Bt + ‘]ts)
Q. (s) ) 1+ Ky | KK, FKRKKK, KK K,KN

R+Ls (R+LS)(B+ds) s(R+Ls)(B+s)

Q,(9 _ s[(R+L,5) (B +35) + KK, (B+3;5) + KK, + KKKK ]
Qr (S) I‘a‘]ts3 + (LaBt + Ra‘Jt + K1K2‘31)S2 + (RaBt + KiKb +K K| Kth + KleBt ) S+ KKsKlKi N

1
q () =u(t) Q(s)=— limsQ_(s)=0
S s®0
Provided that all the poles of sQe (s) areall in the left -half s-plane.

(b) For a unit-ramp input, Qr (s)=1/s".

R B +K K B +K K, +KK K K
a_t 12t i b 1 it

e =limg (t)=IlimsQ (s)=
$ ey ° s®0 ¢ KK K K_N
S 1 I
if the limit is valid.

7-10 (a) Forward-path transfer function: [n(t) = 0:

K (1+ 0.02s)
Y(S 2 K(1+0.02s
G(s = (9 =_5 (s+25) = 2( ) Type-1 system.
E(s) ;,_KKs s(s + 255+ KKt)
s’ (s+ 25)
1
Error Constants: K =¥, K =—, K =0
p v a
Kt
1 1
For a unit-ramp input, r(t) =tu (t), R(s)=—, e =1lim e(t) =lim sE (s) =—=K
s $2 S ¥ s®0 K t
Routh Tabulation:
s 1 KK, +0.02K
s’ 25 K
o K (K, +0.02) - K
25
s’ K
Stability Conditions: K>0  25(K +0.02)- K>0 or K, >002
(b) withr(®y=0, n(t) = u (t), N(s)=1/s.
System Transfer Function with N(s) as Input:
_K
Y(s) _ S’ (s+25) _ K

N(s) [, K@+002s) ~— KKs = s"+255"+K(K, +002)s+K
s’(s+25)  s°(s+25)
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Steady-State Output due to n(t):

Vo = lim y(t) =lim sy (s) =1

if the limit is valid.

t®¥ s® 0
7-11 (@) n(t) =0, r(t) =t (1)
Forward-path Transfer function:
Y(9|  K(s+a)(s+3)
G(9) = = 5 Type-1 system.
E(9)|,- s(s - 1)
Ramp-error constant: K, =lim sG (s) =-3Ka
s®o
1 1
Steady-state error: e ==
K 3K

Characteristic equation: s® +Ks? +[K(3+a)-1]s +3aK =0

Routh Tabulation:

s 1 3K +akK - 1

K 3ak

K (3K +aK - 1) - 3aK

K

3akK

3K +akK -1-3a >0
Stability Conditions:

akK >0

(b) When r(t) =0, n(t) Su (1), N(s)=1/s.

Y(9)|

1+3K

or
3+a

K(s+3)
£-1 Ks(s+ 3)

Transfer Function between n(t) and y(t):
S |r:0 l

Steady-State Output due to n(t):
y

S

t® ¥ s® 0

7-12

Percen tmaxi mumov ershoo t =

pz ,/1- z° =-1n0.25=1.386

Solving for Z from the last equation, we have Z = 0.404.

Thus

Peak T ime L:O.Ol Sec. Th
1’1- z°

t =
max

W
n

. lim y(t) =1lim sY (s) =0

JK(sta)s+3) s+ K" +[K(s+a)- s+ 3K

s(s2 - 1)

if the limit is valid.

- pz

2
31-2

0.25 =e
p’z*=192(1-27)

P

0.01J1- (0.404 )?

us, w

n

=343 .4 rad /sec

Transfer Function of the Second-order Prototype System:

2
n

Y(s) w

117916

R(s)

7-13 Closed-Loop Transfer Function:

s’ +22W s +W§

s+ 277 3s +117916

Characteristic equation:
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Y(s) 25K
R(s) s +(5+500K )s+ 25K
For a second-order prototype system, when the maximum overshoot is 4.3%, Z = 0.707 .
Wn:m, ZZWn:5+500 Kt:1.414—\/ﬂ
Rise Time: [Eq. (7-104)]
_1-0.4167 Z +2.917 Z2 _ 2164

=0.2 sec Thu s Wn:10.82

r
n n

Thus, K=—"=" =468 5 +500 Kt =1.414 Wn =15.3 Thus
25 25
With K =4.68 and Kt =0.0206 , thesy stemt ransfe rfunc tioni s
Y(s) _ 117

2
R(s) s +15.3s+117

Unit-step Response:

s" +(5+500K, ) s+ 25K =0

rad / sec
10.3

Kt =
500

y =0.1att=0.047 sec.

— y, =00432

a 0.4 0.8 1.2 1.4 2.0 secomda

7-14 Closed-loop Transfer Function:

Y(s) 25K
R(s) s +(5+500K,)s+ 25K

z
P h01=23  pZ%? =53(1-2%)
1-z°

When Maximum overshoot = 10%,

Solving for Z , we get Z = 0.59.

The Natural undamped frequency is W N =4/25 K Thus, 5+ 500 K . =2ZW N =118 Wn

Rise Time: [Eq. (7-114)]

1-0.4167 Z +2.917 z 2 1.7696
. = =01= Sec. Th us Wn =17 .7 rad
w w
n n
2
w 15.88
K = =12 .58 Thus Kt =——=0.0318
25 500
With K = 12.58 and Kt = 0.0318 , the system transfer function is
Y (s) _ 313

2
R(s) s +2088s+314. 5

Unit-step Response:

y=0.9att=0.244 sec.
tr =0.244 - 0.047 =0.197 sec.

(4.32%

/ sec

max.

Characteristic Equation:

y = 0.1 when t = 0.028 sec.
I ] y = 0.9 when t = 0.131 sec.

s" +(5+500K ) s+ 25K =0

overs hoot)



tr =0.131 - 0.028 = 0.103 sec.

y =11 (10% max. overs hoot )

max

7-15 Closed-Loop Transfer Function: Characteristic Equation:

e ki s +(5+500K ) s+ 25K =0

R(s) s  +(5+500 K )s+25K

When Maximum overshoot = 20%, L =-1n0.2=161 p 2% = 2.59(1- z 2)
1-z°

Solving for Z , we get Z =0.456 .

The Natural undamped frequency W N =4/25 K 5+ 500 Kt =2ZW N =0.912 Wn

Rise Time: [Eq. (7-114)]

1- 0.4167 Z +2.917 Z2 1.4165 1.4165
. = = 5 = Sec. Thus, Wn =—=28.33
w w 0.05
n n
WZ
K = n=31 5 +500 Kt =0.912 Wn = 25.84 Thus, Kt = 0.0417
25

With K = 32.1 and Kt = 0.0417 , the system transfer function is
Y (s) _ 802 .59

2
R(s) s +25.84s+802 .59
Unit-step Response:

y=0.1 when t=0.0178 sec.
3, ——— - ! y=0.9 when t=0.072 sec.
| tr =0.072 - 0.0178 = 0.0542 Sec.

o T -1 1 .i. —

2 ;—a,\‘ 3 _:_ — | o Yo =1.2 (20% max. overs hoot )
87 1 =T= - T
oo [ T

{ 0.3 -4 0.6 0.8 1.0 saconds
7-I6 Closed-Loop Transfer Function: haracteristic Equation:
Y (s) _ 25K

s" +(5+500K ) s+ 25K =0

R(s) s +(5+500K,)s+ 25K

11+0.125Z +0.469 Z 2

From Eq. (7-102), Delay time t @ =01 sec
w
n
1.423
When Maximum overshoot = 4.3%, Z =0.707 . td = — =01 sec Thus Wn =14.23 rad/sec.
w
n
aw, 02 ad4.23 02 15 .12
K=g—= = + =81 5+500K, =2zw, =1414w =20.12 Thus K _= = 0.0302
85 [} 5 @9 500

With K =20.12 and Kt = 0.0302 |, the system transfer function is
Y(s) _ 202 .5

2
R(s) s +t20.1s+202.5
Unit-Step Response:
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Wheny = 0.5, t=0.1005 sec.

2 | I Thus, td =0.1005 sec.
=] | ' | : y =1.043 (4.3% max. overs hoot )
a - | max
1.2 | i = | |
o 2 21 | |
i i [ |
I RN
1] 0:x 0.4 0.8 0B 1.0 Sesonds
7-17 Closed-Loop Transfer Function: Characteristic Equation:
Y(s) 25K

s’ +(5+500K )s+ 25K =0
R(s) s +(5+500K,)s+ 25K ( )

) 11+0.125Z +0.469 Z ° 1.337 1.337
From Eq. (7-102), Delay time td @ =0.05 = Thus, W = =26.74

w w " 0.5

n n

.2 .2
_aw, 0 _a@brap B . , B B
K = - = — =28.6 5+500 K,=2zZW =27 059  26.74 =31.55 Thus K _=0.0531

85 (4] 8 5 9
With K =28.6 and Kt =0.0531, thesy stemt ransfe rfunc tioni s

Y(s) 715

2
R(s) s +31.55s+715

Unit-Step Response:

y=0.5 when t=0.0505 sec.
3 == [ I . Thus, t =0.0505 sec.
1.8 ‘ T ) T | y_, =11007  (10.07% max. overs hoot )
1.2 [ — {__ | | i ! 1
V.8 +
0.k :
o & | | = oal I T P TS ST
o .1 i} 0.6 a.3 1.0 seconds
=I5 TIOSEU-Co0p TTanser FUTICIoN: Characteristic Equation:
Y(s) 25K

- s’ +(5+500K ) s+ 25K =0
R(s) s +(5+500K,)s+ 25K

For Maximum overshoot = 0.2, Z =0.456 .

11+0.125Z +0.469 Z z _1.2545

From Eq. (7-102), Delay time td = =0.01 sec.
w w
n n

2

1.2545 aw o 157377
Natural Undamped Frequency W = =125 45 rad/sec. Thus, K = — =——=6295
0.01 59 25
5+500 K =2zZW =2 " 0.456 " 125 45 =114.41 Thus, K =0.2188

With K =629.5 and Kt = 0.2188 , the system transfer function is
Y(s) 15737 .7

2
R(s) s +11441 s+15737 .7

Unit-step Response:
y=0.5 when t=0.0101 sec.
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(20% ma x. overs hoot )

Thus, td =0.0101 sec.
I T
| | | =12
LG [— M o ymax .
1.3 !
ML B _
o.efl | {1
| | I
0o e p—
| 1]
: | b
Q 0.z 0.4 L4185 a.8 1.0 sasonds
-I9 Closed-Loop Transter Function: Characteristic Equation:
Y(s) 25K )
== s" +(5+5000K, ) s+25K =0
R(s) s +(5+500K, )s+ 25K
Z=0.6 2ZW =5 +500 K, =12w_
o 3.2 3.2 3.2
From Eq. (7-109), settling time t_ @—-= =01 sec. Thus, W =——=153.33 rad /sec
W 0.6W 0.06
n n
12W -5 w?
Kt:—"20.118 K =—L =113 .76
500 25
System Transfer Function:
Y(s) 2844
T2
R(s) s +64 s+ 2844
Unit-step Response:
y(t) reaches 1.00 and never exceeds this
value at t = 0.098 sec.
" e n o . Thus, ts =0.098 sec.
| [
|
o 1 |
-"| i 1] [ | | |
i | [ |
0.8 [
|/ l | l
0. T
If | |
i | ! : | |
a 0.2 [ 0.6 0.8 1.6 seconds
Ty ST T U E U TP T T IO TS T T O T TrOTT Characteristic Equation:
Y(s) 25K

R(s) s +(5+500K )s+ 25K

For maximum overshoot = 0.1, Z =0.59. 5+ 500 Kt

K

s" +(5+500K, ) s+ 25K =0

=2zw =2  0.59W =118W
n n n

3.2
w o= =108 47
0.05 ~ 0.59
2
w
=1 =470 .63
25
11765 .74

3.2 3.2
Settling time: t = ——=——=10.05
ZWn 059 W
118W -5
Kt = = 0.246
500
System Transfer Function:
Y(s)
R(s)

Unit-Step Response:

2
s +128 s +11765 .74

y(t) reaches 1.05 and never exceeds

this value at t = 0.048 sec.
Thus, tS =0.048 sec.




(b) For maximum overshoot = 0.2, Z =0.456 .

Settling time ts =

System Transfer Function:

3.2 3.2
=—=—--7=0.01 sec Wn
W 0.456 W
n n
0912 W -5
Kt [ ———— ¥ {
500
Y (s) _ 492453
T2
R(s) s +640 s+ 492453

Unit-Step Response:

z -
| |
1.8 i £
= | .
¢ I |
0.8 7| =
O.s I.'." =¥ ! . ==
I |
M |
L (=Rt .01 @.018 0.0E, 0.3 pconds
7-21 Closed-Loop Transfer Function:
Y(s) _ 25K
R(s) s +(5+500K, )s+25K
4.5Z  3.1815
Damping ratio Z = 0.707 . Settling time tS =—=—-==
w w

5+ 500 Kt ZZZWn = 44. 986

System Transfer Function:

Unit-Step Response:

Y(s)_

1012 .

2

0.456

5+ 500 Kt ZZZWn =0.912 Wn

3.2

" 0.01

701.75

rad / sec

y(t) reaches 1.05 and never
exceeds this value at t = 0.0074 sec.

Thus, t

= 0.0074
s

Sec.

This is less

than the calculated value of 0.01 sec.

Characteristic Equation:

s" +(5+500K, ) s+ 25K =0

Thus , Kl =0.08

R(s)

2
s +44.986 s +1012 .2

Thus, Wn = 31.815 rad/sec.

WZ

— n

2Z

K

2.8 T T T
craAxX = 1.8433
Thax = B.1488 =zec?
I
1.8
___,..-“"
/’:‘
| |
] ! |
] 8.8 1.6 A ] .2 4.8

Time (cec) = 1.E-B1

= 40 .488

The unit-step response reaches 0.95 at t = 0.092 sec. which is the measured t .



7-22 (@) When Z = 0.5, the rise time is

1- 04167 Z +2.917 2~ _ls21

@

r

=1 sec. Thus Wn =1.521 rad/sec.
w w

n n
The second-order term of the characteristic equation is written

s +2ZW s+W. =" 41521 5+2313 =0
The characteristic equation of the system is sP+ (a+30 )s2 +30as +K =0

Dividing the characteristic equation by s2 +1.521 s+ 2.313 , we have

sH(2E A2 +4)

3
s #1521s+2313] 52 + fzz+31]j:,2-r- Maz+ K

3
4 15215 +23133

@84%+a)s® + (0a-230N s+ K
([@BA4%+a)s” +(1521a+4332)s +65874 +2 3130
(28. 4Ba- 4567) s+ K -0.744 - 2313a

For zero remainders, 28 .48 a = 45.63 Thus, a=16 K =65.874 +2.313 a =69 .58
Forward-Path Transfer Function:

69 .58
G(s)=
s(s +16)(s+30)
Unit-Step Response:

y =0.1 whent=0.355 sec.
- - y =0.9whent =143 sec.
2 | [ = | ._
_— ! ' 1 Rise Time:
| tr =143 - 0.355 =1.075
i f—"“'\--___ =]
0.8 /‘/ T
0.4 /
3 o 1.4 A2 4.8 B &g
(4 seconds

(1) For & unit-step mput, €_ = 0.

. _ _ _ . 1

(i) For a unit-ramp input, K, =lim sG (s) = — =——— =145 e = —— =069
s®0 30a 30 16 K

7-23 (a) Characteristic Equation:
s +3s°+(2+K)s- K =0

Apply the Routh-Hurwitz criterion to find the range of K for stability.

Routh Tabulation:

96

Sec.



S 3 - K
. 6 +4K
S -
3
sO - K
Stability Condition: -1.5<K<0 This simplifies the search for K for two equal roots.

When K = - 0.27806, the characteristic equation roots are: - 0.347,

-0.347, and - 2.3054.

(b) Unit-Step Response: (K =- 0.27806)

1.6

1.2
I

0.8 p—

0.4 —

0.4

=0.8 r

=1.2
-1.6

-z

{c) Unit-Step Response (K=-1)

L.6

|
1.2 — P '
0.8 " o -

—————
.4 /

Oy e

=0.8

-1.2
=1.6 !

B

=2
i] 2 i 6 & 10 12 1k 14 18

20

SECOnds

saconds

7-24 (a) The state equations of the closed-loop system are:

dx dx
L=- X + 5x2
dt dt
The characteristic equation of the closed-loop system is

s+1 -5
Cle+k, s+k,

2

=-6x -kx -k x_++r
1 11 2 2

D
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For Wn =10 rad / sec,

30 +5k +k =W’ =100. Thus 5k +k =70
1 2 n 1 2

k
(b) Forz =0.707, 2zZW =1+k_ . Thus W _=1+ 2
1.414
2
1+
w’ :&:30+5k1+k2 Thus k. =59+ 10k,
2
(© For W =10 rad /sec and Z =0.707,

5k +k =100 and
1 2

Solving for k1' we hav e k1 =11.37.

(d) The closed-loop transfer function is

Y(s) _ 5

1+k2 ZZZWn =14.14

Th us

k =13.14
2

5

R(s) & +(k,+1)s+(30+5k +k,) s +14.145+100

For a unit-step input,

t®¥ s® o

(e) For zero steady-state error due to a unit-step input,

5
lim y(t) =lim sY (s) =——=10.05

100

30 +5k +k_ =5 Thus 5k +k =-25
1 2 1 2
Parameter Plane k versus k :
i} Fa
I L = 0,707
- Iy 20 Kb = 59 + 10k,
= I s :
1l W 10 sad e
I — -
URSTABLE — -":' LE H__w_""“*—h-_______‘_‘_ k
-1 = 3
; - 1 I : L 1 L. 1 1 -
-kl -0 -m— 10 I'f/ 10 L] 0 ] 50 60 1
Wl
- H‘“——___\_ £en 2 P
Far stable
B i3 . ] 7‘{_\__&__&
L B Tl [L-z0 My *ky = RS ——
[ e
l|
7-25 (a) Closed-Loop Transfer Function (b) Characteristic Equation:
Y(s)  100(K,+K_s) ,
= > s +100 KDS+100 KP:O
R(s) s +100K_s+100K,
The system is stable for KP >0 and KD >0.

(b) For z =1, 2ZW =100 K .
w :lO,"K T hus 2W =100 K
n P n D
(c) See parameter plane in part (g).

(d) see parameter plane in part (g).
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(e) Parabolic error constant K, =1000 sec ?

K, =1lims’G(s) = 1im100(K, + K_s) =100K, =1000 ~ Thus K, =10
s®0 s®0

(f) Natural undamped frequency W | =50 radisec.
W =10./K_ =50 Th us K_=25
n VYop P

(9) When K, =0,

100 K s 100 K
D~ — D

G(s)= . = (pole-zero cancellation)
s S
kp
% /L L - Fad/gno
1] _— £
Wi
UMSTABLE [ %3 Lo |
| K, = 1040
10 =
(gl Ep = @
-=1 = =1 0 1 z K,
7-26 (a [METABLE UNETABLE
Y(s) KK, 10K
G(S) = = =
E(s) s[Is(1+Ts)+KK] s(0.001€+0.015+10K )
K 1 Kt
When r(t) =tu (t), K =1lim sG (s) =— e E—m=—
S v s® 0 Kt SS Kv K
(b) whenr(t)=0
Y(s) 1+Ts _ 1+ 0.1s
T,(9 s[Is(1+T9 +KK]+KK (0001 +0.01s+10K ) +10K
1 1
For Td (s) =— lim y(t) = lim sY (s) = —— if the system is stable.
s t® ¥ s®o0 10 K

(C) The characteristic equation of the closed-loop system is

0.001 s° +0.01s> +01s+10K =0

The system is unstable for K > 0.1. So we can set K to just less than 0.1. Then, the minimum value of
the steady-state value of y(t) is

1
— = 1
10 K lk =01~
However, with this value of K, the system response will be very oscillatory. The maximum overshoot
will be nearly 100%.

+

(d) For K = 0.1, the characteristic equation is

0.001 s° +O.0132+10Kts+120 or 53+1052+104Kts+1000 =9

For the two complex roots to have real parts of - 2/5. we let the characteristic equation be written as

99



(s+ a)(sz+53+b):o or s +(s+5)s" +(5a+ b)st ab=0

Then, a+5 =10 a=>5 ab =1000 b = 200 5a+tb :104Kt Kt:0.0225

The three roots are: s =-a = -5 s=-a=-5 s =-2.5% j13.92

7-27 (a) K, =10000 oz -in / rad
The Forward-Path Transfer Function:
9" 10%°K

G(s) =
s(s’ +5000s° +1.067° 10's* +505" 10°s+5.724" 10°)

_ 9" 10”K
S(s+116)(s+ 4883)(s+ 41.68 + |3178.3)(s+ 41.68- |3178.3)

Routh Tabulation:

s 1 1067 “10' 5724 107
s! 500 0 505 " 10° 9 107k
s 57 10° 5727107 - 18" 10°K 0

s 2.895 ~10° +1579 “ 10 'K 9 107K

L 1667 10" +8473 “10% K - 2.8422 “10°k?

29 +1.579 K

s 9 10"k

From the s1 row, the condition of stability is 165710 +8473 K - 2.8422 K 2> 0
or K- 2981 14 K - 58303 .427 <0 or (K +19 .43)( K - 3000 .57) <0

Stability Condition: 0 < K < 3000.56

The critical value of K for stability is 3000.56. With this value of K, the roots of the characteristic
equation are: -4916.9, -4157+j3113.3, -41.57 +j3113.3, -j752.68, and j752.68

(b) « _ =1000 ozin/rad. The forward-path transfer function is
9" 10" K
s(s*+5000s° +1.582" 10°s* +5.05" 10°s+5.724" 10"

G(9)

9° 10K
s(1+116.06)(s +4882.8)(s +56.248 + j1005)(s + 56.248 - j1005)

(c) Characteristic Equation of the Closed-Loop System:

s”+5000 s' +1582 “10°s° +5.05 " 10°s’ +5724 “ 10 s+9 107K =0

Routh Tabulation:

s 1 1582 “10° 5724 10"
4 -, 9 , 11

s 500 0 5.05 10 9710 K
s 572 " 10° 5724 107 -18" 10°k 0

s 46503 ~ 10 +15734 ~10°K 9710 'k
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. 26618 ~ 10" +377 43 10" Kk - 2832 “10" K’

S
46503 ~ 10 +15734 10 °K

s 9 10"k

Fromthe s row, the condition of stability is 26.618 ~ 10 ' +3774. 3K - 2832 K > >0
o, K’-1332 73K -93990 <0 or (K - 1400 )(K +67.14) <0

Stability Condition: 0 < K < 1400
The critical value of K for stability is 1400. With this value of K, the characteristic equation root are:

-4885.1, -57.465 + j676, -57.465 - j676, j748.44, and -j748.44

(c) K, = ¥,
Forward-Path Transfer Function:
nK K K

Sé‘a‘]TS2 + ( Ra‘]T + Rml‘a) S+ RaBm + KIK bg
) 891100K _ 891100K
s(s? +5000s +566700)  s(s +116)(s + 4884)

Characteristic Equation of the Closed-Loop System:

G(9) = J,=J_+n’J,

s® +5000 s’ +566700 s +891100 K =0

Routh Tabulation:

s 1 5667 00
2

s 5000 89 1100 K
s 566700 - 178 22 K

0

s 89 91100 K

From the s1 row, the condition of K for stability is 566700 - 178.22K > 0.
Stability Condition: 0<K<3179.78
The critical value of K for stability is 3179.78. With K = 3179.78, the characteristic equation roots are

- 5000, j752.79, and -j752.79.

When the motor shaft is flexible, K L is finite, two of the open-loop poles are complex. As the shaft
becomes stiffer, K L increases, and the imaginary parts of the open-loop poles also increase. When
K L =¥ | the shaft is rigid, the poles of the forward-path transfer function are all real. Similar effects

are observed for the roots of the characteristic equation with respect to the value of K i

7-28 (a)
_100( s +2)

Gc(s)zl G(s) . K =lim G(s) = - 200

s -1 P s® 0
When d(t) = 0, the steady-state error due to a unit-step input is

1
e =—=———=- ——="-0.005025
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®)

s+a 100(s+ 2)(s+a)
G,(s) = GS)=—F—"~— K =¥ e.=0
2 p s
S s(s - 1)
(©
a=>5 m aximum overs hoot = 5.6%
a =50 ma ximum oversh oot = 22%
a = 500 max imum o versho ot = 54.6%

As the value of @ increases, the maximum overshoot increases because the damping effect of the
zeroat S =-a becomes less effective.

Unit-Step Responses:

Tinit-Siep Respanses:
(X L e ! e eeos fowr o o dah
171 1 1 ‘ - ]
o ! : | ! | |
i — . — 4 1 < ————
EREEEEEN
| ¢ i i i
) I SR T SR N P 4
n_; .!i. J'_\‘ ;I____i 8 | 1 H |
I 1 | 1 1
t.nlll,".{'l_! I Ly - = _.!._ = i s _J!. .i } —
qnil I I !___!_ I.___ P !.__'___E
¥ AR S
| | . . -
o L | | 1 | o] ) S Y
2,83 €8 L#a L b (&) (P L) R e LR
Seetnds a 40
(d) r(t)y=0 and G,

System Transfer Function: (r = 0)

Y(s)| _ 100( s+2)

D(s)| _ s®+100 s* +(199 +100 a)s +200 a
r =0

Output Due to Unit-Step Input:

00 +2
Y (s) = 100C = )

s[s3 +100 s + (199 +100 @)s + 200 a]

200 1

y =lim y(t) =lim sY (s) = =—

® ev s® 0 200a a

(€) r(ty=0, d(t)=u_(t)
_sta
G (s)=
S
System Transfer Function [r(t) = 0]

Y(s)| 100 s(s +20 1
= 3 2 D(s) = —
D(s)|,, S +100s" +(199 +100 a)s+200 & s
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Ve = lim y(t) =1lim sY (s) =0
t® ¥ s® 0
Y (s) 100 s(s +2)
a=s»s - 3 2
D(s)|, s +100 s" +699 s+1000
Y (s) 100 s(s +2)
a =50 =— -
D(s)|,,, s *+100s° +5199 s +10000
Y () 100 s(s +2)
a = 5000 =— -
D(s)|o, s *+100 s +50199 s +100000

Unit-Step Responses:

2 :
(9) A P LIRS - NI Y e e S e e}
goTT g Ld ™ ™ PAN 7
becomes smaller and more oscillatory.
7-29 (a) Forward-Path Transfer function: Characteristic Equation:
H (s) 10 N N )
G(s)= = @ s"+s+N =0
E(s) s(s +1)(s+10) s(s+1)
N=1: Characteristic Equation: s+s+1=0 Z =05 W =1 radfsec.
-pz
;}1—22 P
Maximu mover shoot = e =0.163 (16.3%) Peak time tmax = = 3.628 sec.
W y1-2°
n
N=10: Characteristic Equation: s°+s=10 =0 Z =0.158 W =10 rad/sec.

-pz
2

1-z
Maximum overshoot = e = 0.605

(b) Unit-Step Response: N=1

(60.5%)

Peak time t = L =1.006 sec.
max 2
Wn 1'1 -Z

L0 . | . |
| | i |
] * 1 |
i _ ! [
1 I TR M . L |
[ 1 : ! | !
t ; | Third-srder ystem i
i [ o
LI .—,' | _J. i
% f i
|
| ! 1
] [ |
[-B. - E— -
{ ol |
i e ]
% & |




Second-order System
Maximum overshoot 0.163
Peak time 3.628 sec.

Unit-Step Response: N =10

Third-order System
0.206
3.628 sec.

T T T
Third=order system ]I

Second-order systen

§.00 e . L 5]

T.0E LA B0 £0.00

Maxim TIME [SEC)

Peak timme T.UU6 Sec.

7-30 Unit-Step Responses:

113 Sec.

- e o

!
TIME

q

10.00 iz.ca 14,09 is.00 ik.00

(SEC)

derivative control or a high-pass filter.
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7-31 Unit-Step Responses

£.00
i.80 [
.80 |
G0 L
.80 | |
[ i
[ | !
8.08 1 ] I
Q.00 E.00 4.2 H.00 B.00 10.00 1R.00 14,00 15.00 18.00 B.00
TIME (SEC)
T
P
less stable. When Tp > 0.707 , the closed-loop system is stable.
7-32 (a) N=1 Closed-loop Transfer Function:
Y (s) 10 B 1
My, ()= T3 2 - 2 3
R(s) s +11s +10s+10 1+s+11s +0.1s
Second-Order Approximating system:
M (s) e —
- 1+d s+d s’
1 2
M (s) 1+d s+d s’ 1+m s+m s’
H - 1 2 - 1 2
ML(s) 1+s+11s° +01s° 1+Ils +I252+I353
d =m d =m 1 =1 I =11 I =01
1 1 2 2 1 2 3
2 2 2 2
e =f =2m_-m =2d_-d e =f =Z2m -2mm_+m_ =m_ =d
2 2 2 1 2 1 4 4 4 1 3 2 2 2
f =21 -1°=2" 11-1=12 f =21 -211 +1°=-2"1"01+(1)° =101
2 2 1 4 4 13 2
f =2l -211 +211 -12=-1"=-0.01
6 6 15 2 4 3 3
Thus, f =12 e =12=2d -d’ f =101 e =101=d’  Thus d_ =1005
2 2 2 1 4 4 2 2
f =-0.01 d’=2d -12=081 Thus d_ = 0.9
6 1 2 1
1 0.995 0.995
M (s)= Pl G (s) =
1+0.9s +1.005 s s +0.8955 s+ 0.995 s(s +0.895)
Roots of Characteristic Equation:
Third-order System Second-order System
-10.11 -0.4457 +j0.8892 - 0.4457 - j0.8892 -0.4478 +j0.8914 - 0.4478 - j0.8914
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The real root at - 10.11 is dropped by the second-order approximating system, and the two complex
roots are slightly preturbed.

Unit-Step Responses:

R.0O T T
! | -
L L i : I —
imm | | S =
: ; |
gm0 | | el
: !
| | |
[ N, 1) E— : = “fr = __:
| ! = ; ! i i I
] 1 i 1 :
5 . I N S I N A |
[N i.00 M= =.00 09 .09 [ 1% 7.00 A.0a 200 19,00
(b) N1
TIME [SEC)
20 T
M (S) = =
H 3 2 2 3
s +11s +10s+20 1+0.5s+0.55s +0.05s
I =05 I =055 I =0.05 e =2d -d°=f =21 -1°=2"055- (05 =085
1 2 3 2 2 1 2 2 1
e =d’ = f =-211 +I° =-0.05+0.3025 =0.2525 Thus d>=f =0.2525 d_ =0.5025
4 2 4 13 2 2 4 2
d12 = 2d2 - e2 =27 0.5025 - 0.85 =0.155 d1 = 0.3937
1 1.99 1.99
M (s)= Pl G (s)=
1+0.3937 s +0.5025 s s +0.7834 s+1.99 s(s +0.7835)
Roots of Characteristic Equations:
Third-order System Second-order System
- 10.213  -0.3937 +j1.343 -0.3937 - j1.343 -0.3917 +j1.3552 -0.3917 - j1.3552

The real root at - 10.213 is dropped by the second-order approximating system, and the two complex
roots are slightly preturbed.

Unit-Step Responses:

.00
| : | i | . ]|
| 1 1 1 i H
| : . ; ! i
.80 e . S S RN, S
=1~ KE=1 Second-order system i T ! : 1
| i | | | | |
| H i i I '
; | | |
i.00 L | i -
i | i
| | i
I
i | | |
[ ) . i | . . i .
Third-order systes ] i i
i | ! = : | .
LI I } i .| H v -
i ! | | ! i |
I | : i . [ |
0.00 I | i i £ i 1




(c) N=3 Closed-Loop Transfer Function:

30 1
M H (S) = 3 2 = 2 3
s +11s° +10s+30 1+0.333 s +0.3667 s° +0.0333 s
1. =0.3333 1, =0.3667 I, =0.0333
e =2d -d =f =21 -1°=0.7333 - 01111 =0.6222 e =d’=f =-211 +1° =012
2 2 1 2 2 1 4 2 4 13 2
Thus, d22 =f, =0.1122 df =24 - f =27 033 - 06222 =0.0477
d =0.2186 d =0.335
1 2
1 2.985 2.985
M (s)= rallia G ()=
1+0.2186 s+0.335 s s +0.6524 s+2.985 s(s +0.6525)

Roots of Characteristic Equation:

Third-order System Second-order System
-10.312 -0.3438 +j1.6707 -0.3438 - j1.6707 -0.3262 + j1.6966 - 0.3262 - j1.6966

The real root at - 10.312 is dropped by the second-order approximating system, and the complex roots
are slightly preturbed.

Unit-Step Responses:

H =3 BSecond-order system ! | : :
; i ’ : | : e DS e
H ) S i | o | '. . ; i
Third-order system i
i i
el i
o.m | 5 !
.| | 1% !
' i | ' i ! !
.00 | l | = ] | |
8,00 1.00 £.00 5.00 ] 500 LK 1.00 B.00 8,00 0.0
(d) N1 TIME [(SEC)

107



40 1

M H (s) = 3 2 = 2 3
s +11s +10s +40 1+0.25s5+0.275 s +0.025 s
| =0.25 I =0.275 I =0.025
1 2 3
2 2 4 2
e =2d_-d =f_ =21 -1 =0.4875 e =d_=f =-211 +I_ =0.06313
2 2 1 2 2 1 4 2 4 13 2
Thus, dz2 = f4 =0.06313 d2 =0.2513 d12 = 2d2 - f2 =0.5025 - 0.4875 =0.015 d1 =0.1225
1 3.98 3.98
M (s)= PRl G &)=
1+0.1225 s +0.2513 s s +0.4874 s+398 s(s+0.4874 )

Roots of Characteristic Equation:
Third-order System Second-order System
- 10.408 -0.2958 +j1.9379 - /2958 - j1.9379 -0.2437 +j1.98 -0.2437 - j1.98

The real root at - 10.408 is dropped by the second-order approximating system, but the complex roots

are preturbed. As the value of N increases, the gain of the system is increased, and the roots are more
preturbed.

Unit-Step Responses:

.00 T T T T | ] T
H =& BSecond-order systen | | i .
i | i | { ! ]
o S [ : T I IS Y (N R
; Thied-srder system i . I
. !
el e . |
i i
o= L. E
W S ) : SN OUON| SR, SR, RS
: - | | | i
| 1 | 1 i h
| | . - - l - =
.00 | i l ] l | |
#.00 508 .00 5.0 d.g 500 £.00 7.08 §.00 ©.00 19,00
TIME (SEC)
(e) N
50 1
M (S) = =
H 3 2 2 3
s +11s +10s +50 1+0.2s+0.22 s +0.02s
| =0.2 I =0.22 I =0.02
1 2 3
e =2d -d>=f =21 -1° =044 - 004 =0.4
2 1 2 2 2 1

e =d = f =-211 +1° =-0.008 +0.0484 =0.0404
2 4 13 2
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Thus,

d>=f =0.0404 d_ =0.201
2 4 2
df =2d_ -e =0402 - 0.4 =0.002 d, =0.04472
1 1 4.975
M (s)= PRl G (s)=
14+0.0447 s+0201 s s  +02225 s +4 975 s(s +0.2225)

Roots of Characteristic Equation:
Third-order System Second-order System

- 10501 -0.2494 +j2.678 -0.2494 - j2.678 -0.1113 +j2.2277 - 0.1113 - j2.2277

The real root at - 10.501 is dropped by the second-order approximating system, and the complex
roots are changed, especially the real parts.

Unit-Step Responses:

I I ! T I T T
[ ! !

,_;j- N =5 Second-order system i
i ; | |

im0 N e i Third-crder system

1.00 (o ] PEPTN STOCR 1 i i, T NI

7-33 (a)

TIME (SEC)

SYLIUU SYI11UU

G(S) = =
s(s”+5000s +566700)  s(s+116)(s+ 4884)
Closed-Loop Transfer Function:
891100 1

M H (S) = 3 2 = -3 2 -6 3

s® +5000 s° +566700 s+891100  1+0.636 s +5611 ~ 10 °s° +11222 ~ 10 °s

I =0.636 |, =5.611 “10°° l, =1122 “10°

e =2d -d’ =f =21 -1°=11222 ~ 10 - 04045 =-0.3933

2 2 1 2 2 1

e, =d22 =t =-211 +|22 =-27 063 " 11222 ~ 10 ° +(5.611 " 10 °)? =0.000030 06
Thus,
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d22 = 0.000030 06 d2 = 0.005482
d12 =2 d2 - f2 =0.01096 +0.3933 =0.4042 d1 = 0.6358
1 182 .4 182 .4
M (s)= P . G (8)y=—"
1+0.6358 s +0.005482 s s +115 .97 s +182 4 s(s +115 .97)

Roots of Characteristic Equations:

Third-order System Second-order System
-1595 -114.4 -4884 -1.5948 -114.38

The real root at - 4884 is dropped by the second-order approximating system. the other two roots are
hardly preturbed.

Unit-Step Responses

& o0 t l — r T
- [ — |
Second-order system
L Third-order aystem — S
|4
_,_,-'-"'"-'__'_.
fiN = 3
L 48 = =
om |
(. -] [N ] H. 20 1. 2. 48 B Ob A B0 i, Z0 4 il 1. &0 =
(b) TIME (SED)
891100 00 1
M H (S) = 3 2 = -5 2 -8 3
s® +5000 s° +566700 +891100 00 1+0.00636 s +5.611 ~ 10 s’ +11222 10 °s
|, =0.00636 |, =5.611 “107° l, =1.1222 10
e =2d -d’ =f =21 -1°=11.222 ~ 10 - 4.045 10 ° =0.000071 8
2 2 1 2 2 1
e =d’=1f =21 -211 +1°=-2"0.00636 ~ 11222 ~ 10 ° +(5.611 ~10 ") =3.0056
4 2 4 4 13 2
Thus,
d22 = t, =3.005 10°° d, =0.000054 8
df =2d_- f =0.000109 6-0.000071 8=0.000054 8 d, =0.007403
1 18248 18248
M (s)= PR G (&)=
1+0.007403 s +0.000054 8s s +135 1s+18248 s(s +135 .1)

Roots of Characteristic Equations:

Third-order System Second-order System
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-4887.8 -56.106 +j122.81 -56.106- j122.81 -67.55+j114.98 -67.55- j114.98

Unit-Step Responses

[
e

] ¥ 1
|
i i i : i
L 1 i | I !
L] 1.00 L2 1.y 1.80 1.80 .00

TIME (BEC) x {iE-1

(c) H

891100 000 1
M H (S) = 3 2 = -6 2 -9
s® +5000 s° +566700 s +891100 000  1+0.000636 s+5611 ~10 ° s’ +11122 10 s

3

I, =0.000636 |, =5.611 “10°° I, =11222 “10°

e, =2d - df =f =2 - |12 =11.222 ~ 10 ° - 0.000000 404 =0.000010 82

e =d’ = £, =-200 +|22 =-27 0000636 ~ 11222 “ 10 ° +(5.611 ~ 10 ")’ =3.0056 10

4 2
Thus,
dz2 = f, =3.005 10 T d = 0.000005 482
df =2d_ - f =0.000010 965 - 0.000010 818 =0.000000 147 d, =0.000382 9
1 182415 177 182415 177
M (5)= = G (s) = ——————
1+0.000382 9s +0.000005 482 s’ s’ +69.8555 s +182415 177 s(s +69 .8555)

Roots of Characteristic Equations:
Third-order System Second-order System

- 49216 -39.178 +j423.7 -39.178 - j423.7 -34.928 +j425.67 -34.928 - j425.67
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Unit-step Responses

B e ey ——— T - | =

Second-order system

i hirvd-order sSystem !
: 1 |

B0 ] | i | _____I,___,_, | ] ] I
0.00 o820 0.8 o.m 0.8a 1,80 180 1,80 1.8 1.80 E.00
734 F TIME (SEC) x 1E-1
K(s-1) -s+1
G(s)=———— M(s) = ———F——
s(s +1)(s+2) s +3s +s+1

Second-order System:
l+cs
|Vl"(S):1+dls+1dzsz
M, (s)  (-s+1)(1+ds+d,s)  1+4(d,-1)s+(d,- d,)s - d,8
M () ($+3"+s+1)(1+cs) 1+(c +1)s+(c,+3)s™+ (&, +1) s’ +cs'

| =1+¢c I =3+c¢ | =1+3c I =c
1 1 2 1 3 1 4 1

m =d -1 m =d -d m =-d
1 1 2 2 1 3 2

e, =f,=2m,- m =2(d,-d,)- (d,- )°=2d- d- 1

=2,-17=2(3+c)- (1+¢)’ =5 ¢
€ = f4 :ZT]4 - Zmlng+m22 :_z(dl_ 1)('d2 +(d - dl)z :dzz' 2dz+d12
3

2'4 b 2|1|3+|22:'2(1+ Cl)(1+3cl)+( 1 1 1
€& = fe :2m6 - 2mlm5 +2m2m4' ms2 :_m32 =- ('dz)2 :'dz2
=2 - Al +2),-12=2],-17=2(3+c)c,- (1+3c) =- 1- 7’
Simultaneous equations to be solved: Solutions:
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2 _ 2 _
2d2-d1—6-c1 cl—-1.0408

d2=1+7¢’ d =0.971
2 1 1
d%-2d +d>=5-¢° d =2.93
2 2 1 1 2
1- 1.0408 s -0.3552( s- 0.9608 ) -0.3552( s- 0.9608 )
M (s)= e G (s)=
1409715 +2.93s s +0.3314 s +0.3413 s( s+ 0.69655)

Roots of Characteristic Equations:

Third-order System Second-order System
-2.7693 -0.1154 +j0.5897 -0.1154 - j0.5897 -0.1657 +j0.5602 -0.1657 - j0.5602

Unit-step Responses

.00 =
Third-order systen
i-80 IJ -
ol || AT -
o .r‘/v \ E El‘-——.—_——::""ﬁ-__: ]
Sacond=-order systen ==
i it ik o
=n.m ,@;}Z/{—i"—h - I
=g &3 p—
=fL 88 U T
1. 20 r— S—
=i. 68 |
— ]
[N -] N i [N ] [N ] i [F i L. 00 18. 03 LR 00 &L on
7-35 (a) k4 : TIME -(SEC)
10 1

\4 (S)
H 4 3 2 2 3 4
S 23's +62 s 40 s 10 1+4s 6.2s 2.3s 0.1s

Second-order System Approximation:

M (s) !
S =
- 1+d s+d s’
1 2
| =4 I =6.2 | =23 I =01
1 2 3 4
e =f =2d -d’ =2l -1°=12.4-16 =-3.6
2 2 2 1 2 1
e =f =d =21 -211 +1°=02-2" 4" 23+(6.2)° =20.24
4 4 2 4 13 2
e =f =2d -2dd +2dd -d =-d =211 -1 =-4.05
6 6 6 1 5 2 4 3 3 2 4 3
Thus,
4% =20.24 d =45
2 2
d’=2d - f =9+36=126 d =3.565
1 2 2 1
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1 0.2222 0.2222
M (s)= —=— G (s)=————
1+355s +4.55 s +0.7888 s +0.2222 s(s+0.7888 )

Roots of Characteristic Equations:
Fourth-order system Second-order system
-221 -20 -0.3957 +j0.264 -0.3957 -j0.264 -0.3944 +j0.258 -0.3944 -j0.258

(b) K=10 Third-order System Approximation:

1 M (s) 1+d s+d s’ +d s°
M (s)= H - 1 2 3
L 2 3 2 3 4
l+dls+dzs +d3s ML(s) 1+4s+6.2s +23s +0.1s
e =f =2d -d  =-36 d>=-f =405 Thus d_=2.0125
2 2 2 1 3 6 3

e =f =2d -2dd +d =-2dd +d =-4025d +d = f =20.24
4 4 1 3 2 1 3 2 1 2 4

d =05d° - 18 d: :0.25d14 - 1.8d12 +324 =20.24 +4.025 d,

1

Solvingfor d , d =39528 , - 3.0422 , - 04553 + 2334, - 04553 - j2334.

1

Selecting the positive and real solution, we have d1 =3.9528 . d2 =0.5 dl2 - 18 =6.0123

1 0.4969
M L(s) = 2 3 = 3 2
1+3.9528 s+6.0123 s +2.0125 s s +2.9875 s +1.964 s +0.4969

0.4969
s(s* +2.98755+1.964)

G (9=

Roots of Characteristic Equations:
Fourth-order System Third-order System

-221 -20 -0.39565 +j0.264 - 0.39565 - j0.264 -2.1963 -0.3956 +j0.264 -2.1963 - j0.264

Unit-step Response

200 ] | -
i .
|
L S RSN r —
' L3 e FI
Second-order sysbem | e
' - . | 7"'u IJF- I ; =
A | |
/ Tz.:j.r:i and Fourth erder systems |
0. 40 | 1 4 2l
L ! | T |




(c) k=40 Closed-loop Transfer Function:

40 1
MH(S): ’ 3 2 = 2 3 4
s +23s +62s +40s +40 1+s+155s +0.575 s +0.025s

| =1 I =155 I =0.575 I =0.025
1 2 3 4

Second-order System Approximation:

ML(S): 5
1+dls+dzs

e =f =2d -d’ =2l -1°=31-1=21
2 2 2 1 2 1

e =f =d =21 -211 +1°=0.05- 115 +2.4025 =1.3025
2 4 13 2

4 4
Thus,
d22 =1.3025 d =11413
df =2d - f =2 11413 - 21501825 d =0.4273
1 0.8762 0.8762
M, (s)= Pl G (s)=—T"T"T—"—""
1404273 s +11413 s~ s +0.3744 s +0.8762 s(s +0.3744 )

Roots of Characteristic Equations:

Fourth-order System Second-order System

-25692 -19.994 -0.2183 +j0.855 ~-0.2183 - j0.855 -0.1872 +j0.9172 -0.1872 - j0.9172

Third-order system Approximation:
1

ML(S): 2 3
1+d s+d s +d_s
1 2 3

- — 2 _ 2 _ —
e, = f2_2d2_d1 —2|2-|1 =31-1=21

2 2 2
e =f =-2dd. +d. =-10062 d +d_ =21 - 201 +1 =13025
4 4 13 2 1 2 4 13 2
e =f =-d =211 -1°=-02531
6 6 3 2 4 3

Equations to be Solved Simultaneously:
2d2-d12:2.1 d: =-1.00623 d =13025 Thus  d :0.5d12+1.05

dz2 =0.25 d14 +1.05d12 +11025 Th us d14 +42 df - 4.0249 d - 0.8=0
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The roots of the last equation are: d1 =-0.1688 , 0.9525, -0.392 + j2196, - 0.392 - j2.196

Selecting the positive real solution, we have d L =0.9525 .

d22 =1.00623 d +13025 =2.261 Thus d  =15087
d32 =0.2531 Thus d_ =0.5031

1 1.9876
M L ( 5) = =

1+0.9525 s+15037 s~ +0.5031 s° s +2.9886 s +1.8932 s +19876

1.9876 1.9876

s(s? +2.98865+1.8932)  s(s+2.0772)(s+0.9114)

G (9=

Roots of Characteristic Equations:
Fourth-order System Third-order System

-25692 -19.994 -0.2183 +j0.855 -0.2183 - j0.855 -2552 -0.2183 * j0.8551

Unit-step Responses

%00

F 1 l |

Second-order system
| |
!

Third and Fourth Order systens

1

1 =
= N e S
e ]
t
' !
L ;
! |
I

TIME (SECY
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Chapter 8 ROOT LOCUS TECHNIQUE

8-1 (@) P(s)=s' +4s° +4s” +8s Q(s) =s+1

Finite zeros of P(s): 0, -3.5098, -0.24512 * j1.4897
Finite zeros of Q(s): -1
Asymptotes: K>0: 60° 180 °, 300° K<0: 0° 120° 240°

Intersect of Asymptotes:
_-3.5-0.24512 - 0.24512 - (-1)

1 - =1
4-1
(b) P(s)=s’+5s° +s Q(s) =s +1
Finite zeros of P(s) : 0, -4.7912, -0.20871
Finite zeros of Q(s): -1
Asymptotes: K>0: 90°, 270° K<0: 0° 180°
Intersect of Asymptotes:
_ -4.7913 - 0.2087 - (-1) _
' 3-1
— .2 _ 3 2
() P(s)=s Q(s)=s +3s” +2s+8
Finite zeros of P(s): 0,0
Finite zeros of Q(s): - 3156 , 0.083156 = j1.5874
Asymptotes: K>0: 180 ° K <0: 0°
_ 3 2 Y
d) P(s)=s®+2s” +3s Q(s)—(s-l)(s+3)
Finite zeros of P(s): 0, -1z%j1414
Finite zeros of Q(s): 1,-1,-3
Asymptotes: There are no asymptotes, since the number of zeros of P(s) and Q(s) are
equal.
©)] P(s)=s’ +2s" +3s° Q(s) =s’ +3s+5
Finite zeros of P(s): 0, 0, 0, -1%xj1414
Finite zeros of Q(s): -15 % j1.6583
Asymptotes: K>0: 60° 18 °, 300° K<0: 0° 120°, 240°
Intersect of Asymptotes:
_-1-1-(-15 -(-15 _1
! 5-2 3
_ 4 2 —
(f) P(s)=s" +2s" +10 Q(s) =s+5
Finite zeros of P(s): - 10398 + j1.4426 , 1.0398 * j1.4426
Finite zeros of Q(s): -5
Asymptotes: K>0: 60°, 180 °, 300° K<0: 0° 120° 240°

Intersect of Asymptotes:

120



_-10398 -1.0398 +1.0398 +1.0398 - (-5 _ -5

1

8-2 (a) Angles of departure and arrival.

_ 0
K>0: -q -q -Q, +Q, =-180
-q. -90°-45°+90° =-180 °
1
q1:135°
K < 0: -q1-90°-45°+90°:0°

_ s}
q, =-45

(b) Angles of departure and arrival.

[o]
K>0: -q -q,-0q,+0, =-180

K<0: -q -135°-90°+90°=0"

_ o
q, =-13%

(c) Angle of departure:

-q,-0,-q,+q, =-180"°

-q,-135°-90°-45° =-180 °

K>0:

q,=-%°

(d) Angle of departure

_ 0
K>0: -q -q, -, -q, =-180
-q - 135°-135 " - 90° =-180 °

- 0
q, =-180

4-1

&-plang

F-plane

K<
CEL
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() Angle of arrival

4l
K<0: g +q_-q,-q -q -q_ =-360"
ql+900-1350-1350-450-26.5650:-3600 4
() j
[0]
g =-108 .435 Sl i
' ‘)"f@ 4
i N
-3 f -2 -Illl o] pem
(% |
—t b
8-3 (a) ()
S-plane 4 f s-plane )
1
k=0 =D K40 gep 5 k20 ko Ko | ge=mo
— OO TS . T s
-4 -3 =2 -1 kD a ¥ 2 e e o
(C) )]
5-plane J:"-"-% S=plane i
K=l |,
¥ oOpjLs
e K K
B0 k=tm  k=d Sy Koo, [=a mdas sD =0
X SO Rl o A
-io -5 ~25-0 ) -4 -3 -2 = 4 L
o
k=0 |




8-4 (a) Breakaway-point Equation: 2s° +20s’ +74s° +110 s° +48s =0

Breakaway Points: -0.7275 , - 2.3887

(b) Breakaway-point Equation: 3s® +22 s° +655" +100 s° +86s° +445s+12 =0

Breakaway Points: -1, - 25

(c) Breakaway-point Equation: 3s® +54 s° +347 55" +925 s° +867 .25” - 781 .25 s- 1953 =0

Breakaway Points: - 25, 109

(d) Breakaway-point Equation: - s° - 8s° - 195" +8s° +94 s° +120 s+48 =0

Breakaway Points: -0.6428 , 2.1208
8-5 (a)
K (s +8)
G(s)H(s) =
s(s+5)(s+6)

Asymptotes: K > 0: 90° and 270 ° K<0: 0° and 180 °

Intersect of Asymptotes:

Breakaway-point Equation:
2s° +355° +176 5 +240 =0

Breakaway Points: -2.2178 , - 55724, - 9.7098
Root Locus Diagram:

=gl mme J

e
e

et e i

8-5 (b)
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K

G (s)H (s) =
s(s+1)(s+3)(s+4)
o] 0 0] [o] 0]
Asymptotes: K> 0: 457, 135 7, 225 , 315 K <0: 0 90
Intersect of Asymptotes:
_0-1-3-4 _
! 4
Breakaway-point Equation: 4s°+24 57 +38s+12 =0
Breakaway Points: -0.4189 , -2, - 3.5811
Root Locus Diagram:
==plane F B Gl
t &
aL el
i e
o,
h“"r
¥ i.Z218
% Vd jpvmzz
- K K<9 H:il."_ M=0 oo w<o KEB C MER ean le-w -3
dpim T kS .\'-'3’."a : \ T .o
S ase I T
| k |
e
2 e
' - |
i - |
i I
L d.@ |
8-5 (¢)
K(s+4)
G(s)H(s) =——
s (s+2)
Asymptotes: K>0: 60° 180 °, 300° K<0: 0°, 120

Intersect of Asymptotes:

Breakaway-point Equation:
Breakaway Points:

Root Locus Diagram:

0+0-2-2-(-4)
= =0

! 4-1

3s' +24 5" +52 57 +325 =0
0, -108, -2, - 40915

124
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s—plane \q}\ ™ Lo 15_,:'9
-1;-\.
y
Y ‘.r"'
(=T ¥ [
TR g :
o b K== Kea K=@ K< K=0 K<no R
R T -a"e = i - i ‘t\ =it c o it e 5.4
/ 220 © ~LOBS
-4.915 »
.-J. i
i -““\'.ﬁ'_-.
(]
|
g
6’{ f‘i—\l
g 6.9 i
8-5 (d)
K(s+2)
G(s)H(s) =—F——
s(s +2s+2)
o] o] 0 o]
Asymptotes: K>0: 90 , 270 K <0: 0, 180

Intersect of Asymptotes:
0-1-j-1-j-(-2) _

1

3-1
Breakaway-point Equation: 2s° +8s° +8s+4 =0

Breakaway Points: - 2.8393 The other two solutions are not breakaway points.

Root Locus Diagram
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-2 - I
s—plane o
B
t
o
e
A
!
K pog
B e .
- Kea _/""I;t‘_-- ;-r,a H:%'n ] iz
-2.9 = L EENE eLLe Y TR - 8. d
\“""\--.h......:-r- . =1.8
w0 R:B-___
L]
Ll
o
K
¥
f|-8.a
8-5 (e)
K(s+5)
G(OH(9 =75 — 3
s(s +2s+ 2)
0] 0] 0 o]
Asymptotes: K>0: 90 , 270 K <0: 0, 180
Intersect of Asymptotes:
0-1-j-1-j-(-5
= i-1-§-C9 _
3-1
Breakaway-point Equation:
25 +17s2 +205+10 =0
Breakaway Points: - 7.2091 The other two solutions are not breakaway points.
[F - )
z-plane i
£
i
y
-
)
£
k=o
g o | A F-‘E.3rf3
—n e Koo K= Exo f e | - | jl‘az = =t
. P paal= T 16.8
i n":"“:'lr'
K<z
=T2o91i
i
o
-
¥
u
i
8
: 4i6.@
8-5 (f)
G(9H(9 =
s(s+4)(s2 +2$+2)

126



o]

Asymptotes: K >0: 45 7,
Intersect of Asymptotes:

Breakaway-point Equation:
Breakaway Point:

315 °

0-1-j-1+j-4

4

4s° +18s° +205+8 =0
The other solutons are not breakaway points.

=-15

270 °

t

LIS, K=133

cL.E

1.8
=J1I5, K=[3.3
T,

-~ Lt
o X
T
8
i 5.8
8-5 (9)
K(s+4)°
G(s)H(s) =—F—
s (s+8)
Asymptotes: K>0: 90 0, K <0: °

Intesect of Asymptotes:

Breakaway-point Equation:

Breakaway Points: 0, -4,

_0+0-8-8-(-4)-(-4)

4-2

-4+j4
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7 ~ ELI.&
s-plane i
1
ul
t
R
=
& ¥
e = e K
z'"f i W‘ .,
s | R
4 b
—pa K s ﬁ;a e keo (TR
LB, L ..._.ﬂ‘ r P " . - - i‘i,ﬂ'
k=D 3 el
5, [ i
~dj4
a;
L
¥y
sl
ér‘:
1
-pi.@
8-5 (h)
G(s)H (s) =—; 2
s (s+8)
[0] [o] [o] [o] 0
Asymptotes: K>0: 45, 135 , 225 315 K<0: 180 , 270
Intersect of Asymptotes:
-8-8
s, = =-4
4
Breakaway-point Equation: sP+12s°+32s =0
Breakaway Point: 0, -4, -8
5 =—plans E

o

—emE k<o 2 =] )
big.d i T " 2.4
"
4
1
g
8-5 (i)
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G(9H(9 =

Asymptotes: K>0:

Intersect of Asymptotes:

Breakaway-point Equation:

K (32 +8s+ 20)

s’(s+8)°

o]

2710 ° K<0: 0°,

_-8-8-(-4)-(-4) _

o]

180

-4

1

s +20st +128 s° +736 s° +1280 s =0

4-2

Breakaway Points: -4, -8, -4+j49, -4-j4o
—TIT-0
z=plans g i
L]
W
o
~
¥i ;
| —4414.‘?
o :
T g __-"-TJ-
" J ey,
-~ e T
~m ] K=8 keo | k<o K= K
Lgm H.__-_.--._......:',............. A "-*B.i.ﬂ v & wnanydli r—_—‘i-1:n-——-----..... i 0 B e kgt e e e . e - 5.4
K=0n e A-z.@
l‘x, ‘e ‘9_.:"
Lo SR R
7 —i!'-"'"lﬂ.?
of:
¥
X
¥
8 +17.@

0)

Ks?

G(9 H(9 :m

Since the number of finite poles and zeros of G (s)H ('s) are the same, there are no asymptotes.

Breakaway-point Equation: 8s =0

Breakaway Points:

s=0
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=-plane o ?3"“
3
s ]
¥
ol
o O s R Hza Era pLEY =) ] K= [+ i~ e
M. s & & S ..—a_._ . % P A R e JF R ~ | M i1 L =il LY
i 30 - oPE=m Z.@ 3.4
vl
¥
al
¥
E -3.@
8-5 (k)
K(s* - 4)
COOH =Ty 7
(s +1)(s +4)
o] 0 0 0
Asymptotes: K>0: 9 , 270 K <0: 0, 180
-2+2
Intersect of Asymptotes: s1 = =0
4-2
Breakaway-point Equation: s*-8s'-245" =0
Breakaway Points: 0, 32132, - 32132, j1.5246 , - j1.5246
s—-plane o ?g+'
X
R
LR |

K=o R0
- PR RN s T

K =4

o

8-5 (I)
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K(s*- 1)

G(OH(S =75—F=77
(s +Q(s +4)
Asymptotes: K > 0: 90°, 270° K<0: 0° 180°
Intersect of Asymptotes:
-1+1
S . = =0
4-2
Breakaway-point Equation: s°-25°-9s=0
Breakaway Points: -2.07, 2.07, - jl47, jl47

s-plane *%"Jlm =
7]

o =

=40 1

(m)

K (s +1)(s+2)(s+3

G (s)H (s)= -
s (s-1)
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Asymptotes: K >0: 180 ° K <0: 0

Breakaway-point Equation: st +12s° +27s" +25° -18s° =0

Breakaway Points: - 121, -24, -9.07, 0683 0, O

E-PIGF'IE K0 o . [Im =.

-j,'cxsﬂ
E=—0,03

iﬂ -
-11,0 -0.0
(n)
K(s+5)(s+40)
G(s)H (s) =—
s (s +250 )(s +1000 )
Asymptotes: K>0: 60°, 180 °, 300° K <0: 0% 120° 240°

132



Intersect of asymptotes:

0+0+0- 250 - 1000 - (-5) - (-40)
L = - 401 .67
5-2
. . 6 5 - 8 4 I 10 3 ,
Breakaway-point Equation: 3750 s +335000 s +5.247 10 s +2.9375 10 s +1.875
Breakaway Points: -7.288, -7122, 0, O
s=plang J\jl‘ﬂ ’:T'
4
Jhisd 8
F=2. 425510
P
j16  EK=l.4325x10°
E <0
KED K_’:‘:"K“:U R - FE=0 K
= —at T K20 SKEs0 e
~7.288
K <o
i 1
E=1.4375x10°
%
Not drawn to scale
_'_'ih-hﬂ a
F=2.425x10
8-5 (0)
K(s-1)
G(s)H (s) =
s(s+1)(s+2)
o] 0 0 0
Asymptotes: K>0: 9 , 270 K <0: 0, 180

Intersect of Asymptotes:
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Breakaway-point Equation: sP-3s5-1=0

Breakaway Points; -0.3473, -1532, 1.879

s—plnne

Aslmthf'i R ivida

-l ken

‘:!
£

B - — e — = — — A

86 (@) Q(s)=s+5  P(s)= 3(32 +35+2) =5(s +1)(s +2)

Asymptotes:  K>0: 90°, 270° K<0: 0° 180 °
Intersect of Asymptotes:
_-1-2-(-5 _
! 3-1
Breakaway-point Equation: s°+9s’ +155+5=0
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Breakaway Points: - 0.4475, -1.609, -6.9434
a0 JIm, = |
s—plona g

& |

=8 L |

ol

4ol =
4l

£

o 1 E

]

K'l:ﬂ K= =015 00 K=3 I

| fzas I
|
1
=80 - =5 Ko
= ‘ [T

=20

8-6 (b)) Q(s)=s+3

P(s):se +s+2j

Asymptotes:  K>0: 90°, 270°

Intersect of Asymptotes:

Breakaway-point Equation: s°+5s° +35+3=0

Breakaway Points: - 4.4798

135

180 °

The other solutions are not breakaway points.




8-6 (C) Q(s) =5s P(s)=s’+10

Asymptotes:  K>0: 180 ° K<0: 0°
Breakaway-point Equation: 5s°-50 =0
Breakaway Points: - 3.162, 3.162
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9—p1une

ock  Kro

Lo . jIm =

{32, ¥=0

B.l62 S ke Ko-m

-0 Lo -Lib

4.0

86 () QO =s(+s+2)  P(9=5"+3¢ +5" +55+10

Asymptotes: K> 0: 180

Breakaway-point Equation:

Breakaway Points:

0

[¢]

K <0: 0

s"+2s5° +8s" +25°-3357 - 205- 20 =0

-2, 1.784. The other solutions are not breakaway points.
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zo — jIm =.

9—p15ne

I“E:'l:l:n:" (A

-0.54j.323

=0
+0.64TH{ LT

k<o

K=o

6.e47-jlL4z

8-6 (e) Q(S) =(s2 - 1) (s+2) P(s) = s(s2 +2s+ 2)

Since Q (s) and P (s) are of the same order, there are no asymptotes.

Breakaway-point Equation: 65’ +12s° +8s+4 =0

Breakaway Points: -1.3848
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E_PlﬂﬁE E o . JIm =
*
A
ipn 1
v
W 0 L
i
2.0 L
k=0 1.0 4
ﬂ:"’: E<O k=0 k=t Kco kK=o
: i i - o T > -
-a8.p o] 1.0 =0
-1.0 1
-0 L
g -2.0 |
X
=L0 |
A
t
‘? K= -0.BE
=5.0 Ll
86 () Q) =(s+l(s+4)  P(s)=s(s - 2)
Asymptotes: K> 0: 180 ° K<0: 0’
Breakaway-point equations: s +10s°+14s°-8=0

Breakaway Points: - 8.334, 0.623
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s-plane -

l.20

a.623

" .JK-I:L Kaa
—— -
Lo 20
.20

-0 L
8-6 (g) Q(s) =S +4s+5  P(g) =< (s2 +85+16)

Asymptotes:  K>0: 90°, 270° K <0: 0°, 180 °
Intersect of Asymptotes:

-8- (-4

SIS Do,
4 -2

Breakaway-point Equation: s°+10s" +425° +92s° +80s =0
Breakaway Points: 0, -2, -4, =-2+j245, -2-j245
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s-plane

[t 1=+

-2442.45

&b L

=0 1

_iIm =,

e =0

ok

—5.4

8-6 (h) Q(S) =(sz- 2)(s+4)

Since Q (s) and P (s) are of the same order, there are no asymptotes.

Breakaway Points:

P(s) = s(s2 +2s +2)

-2,

6.95
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o - JIm =,

s—plana

.8 L
8-6 (i) Q(s) = (s +2)(s +0.5) P(s)=se-1j
Asymptotes: K >0: 180 ° K <0: 0’
Breakaway-point Equation: s“ +55° +4s’-1=0
Breakaway Points: -4.0205, 0.40245 The other solutions are not breakaway points.
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g—plane A

=0, KO E-=o2

]

*l" -
i - _ 22 _ 2 2
8-6 (j) Q(s) =2s+5 P(s) =s (s +2$+1) =s (s+1)
Asymptotes:  K>0: 60°, 180 °, 300 ° K<0: 0° 120° 240°
Intersect of Asymptotes;
0+0-1-1-(-25 0.5
. = = —=0.167
4 -1 3
Breakaway-point Equation: 6s'+28s° +32s°+10s =0
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Breakaway Points: 0, -05316, -1, -3.135

8-7 (a) Asymptotes: K>0: 45° 135° 225° 315°

Intersect of Asymptotes:
_-2-2-5-6-(-4) _

. =-2.75
5-1
Breakaway-point Equation: 4s° +655" +306 s° +1100 s° +1312 s +480 =0
Breakaway Points: -0.6325, - 5511 (on the RL)

When Z =0.707 , K =13.07

144



] .0 5.0 -4.0 -a.0
x
¥
4
0 [} 9] 0
8-7 (b) Asymptotes: K>0: 45, 135 , 225 , 315
Intersect of Asymptotes:
0-2-5-10
T =-425
4
Breakaway-point Equation: 4s° +51s° +160 s +100 =0

Whenz =0.707, K=615
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40 __3Im s
s—plane &
£
i
4
!
*M' :-Q‘.LET e i ur‘-ﬂ'
-20,8 C ' S 8.8 s ) A
)
¥
#
&
8-7 (c) Asymptotes: K>0: 180 °

Breakaway-point Equation:

- 1727
K =9.65

Breakaway Points:
When Z =0.707 ,

s' +45° +10s° +300 s +500

(on the RL)
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s-plane ot LA
E=oo
ﬂ' 3.8 L
fwo T

0 4

{ =G
H te d

oA, o - - : Wi
‘-III.! “III.I o =ia.0 -';.l —.l.l -I!..l 4.0 :;.# -4 3.8 =E.0 = =1.0 Jp.ﬂ Ij.u

ke L
=20 L
=5.0 4

Keoa
=0 A

o] 0]
8-7 (d) k>0: 90, 270
Intersect of Asymptotes:
-2-2-5-6
 T—————=-15
4-2
When Z =0.707 , K=8.4
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s—plane

=

=0,707

-

K=§4

7.8 _ JIm B.

2.0 ch_:l.a;

i.0 L

=£.0 L

=T.0 L

8-8 (a) Asymptotes: K>0: 60°,

Intersect of Asymptotes:

Breakaway-point Equation: 3s° +60s+200 =0

148

Breakaway Point: (RL)

- 4.2265,

K =384.9




==plane o o B—l
gl
[ e e
oo — K z_xn:a K=@ . H=0
F3gLE i “Zd. 8 -1@.@ " * ’/‘r‘ S 1 3.4
—4.2Z3 -
K=354.9
- Jid.id £,
‘:‘-iﬁmﬂ\qh
1i8%8
(b) Asymptotes: K>0: 45°, 135°, 225°, 315°
Intersect of Asymptotes:
0-1-3-5
. = =-2.25
4
Breakaway-point Equation: 4 s*+275° +465+15 =0
Breakaway Points: (RL) - 0.4258 K =2.879, - 4.2537 K =12.95
oF o
sE—pl ane ol xd,'-i
& +
.-"I_
XqLaas
A k=355
&
3 ‘
=8 E H=@ K=& pe=a
-6.m -zTETT 3\""""-‘35 e R it o 2.51
-4.2537 / %
' o E2. TS ~0. 4258 |l .
E=2BT? N-11.290, K=3556
’_1’-
@ 2
)
F3.@
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8-9 (a) m=1 (b) n=2
) i i
5-plane N s-plane
1
o<~k 2 K=o o
-.:a‘.‘ g o —4% k=0 I:;"

ot

)ﬁ
2.906
K=2954.7

-

e
\b

=j2.906, K=2954.7
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8-10 P(s)=s +25s° +2s+100
Asymptotes: Kt >0:
Intersect of Asymptotes:

Breakaway-point Equation:

Q (s) =100 s
90°, 270°
-25-0
 E——=-125
3-1

s®+12 557 - 50 =0

Breakaway Points: (RL) -2.2037, -12.162
| 4
c—plane we_}Im B
] T o
o
e 4
8.8 L
o_F L
'y
5.0 4
Kpn2
Bkt 8 B0+ | Ak
i ""ii, LT )
e £ S
=lz.se -
k=0 k=0 " k=0 \i
— - - - - - Aa ®
=% &7 = =i =1k T =1 =18 =B ¥ =& i i {4 .
-15.e8 7
~§%. Kgmiol
o A
=50 4
1 e L S
e
=243 L
Tl
; =T 4
-_a L

8-11 Characteristic equation:

53+532+Kts+K =0
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@ K, =0: P(s)=s(s+5) Q(s)=1
o] 0 0
Asymptotes: K> 0: 60 , 180 , 300
Intersect of Asymptotes:
-5-0
S . = = -1.667
3
Breakaway-point Equation: 3s° +10s=0 Breakaway Points: 0, -3333
g =y Im =g
s—plane
#
SH
%
"r
al
2.0 4
o
A
¥
K= =30.00.
.:l'
a 1.0 __!{
-32.3533%
a0 2 %ﬂb K<a k=) koo pae-m
+ - t ; i V=0 - +
.0 B0 -0 2.0 ~4.0 o 1.0
-1.0 _._'-E
x
~50.00. 19
oL
2.0 4
b 5
y
3
-3.0 L
8-11 (b) P(s)=s’ +5s° +10 =0  Q(s)=s
Asymptotes: K>0: 90°, 270°

Intersect of Asymptotes:
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S . = =0
2-1
Breakaway-point Equation: 25’ +55-10 =0
There are no breakaway points on RL.
4 3 Im =
s—plane | &
| 3.0 L
|
-1 I LY
EI ‘.“_ {t E
% 2.0 1L Ha=
P; ., A jLa|
£ . 0
£ é -—-..______E Ee=0
Ll
‘ll Lo |P1TA]L356
Klsﬂ Kt-?"n : l g = 8 r_‘j"ftm:lll:[fl
e : + - t U - t W
-5 35 -o.0 4.0 =3.0 ,“ 2.0 =1.0 o
-2¢ |
I -0 1
| ot
____________-ll"" '
e ¥ ou747-j1ase
| ‘-FL 'K—‘T’O =0 | =2
I el
] & Zain: L,
i
| &
-0 L

8-12

P(s)=s’ +116 .84 s +1843

Asymptotes: J

=0:

Q(s)=2.05s (s+5)
0

180

Breakaway-point Equation: - 2.05s" - 479 s° - 12532 s® - 37782 s =0

Breakaway Points:

(RL) 0, -204.18
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s-plane

[

-230 -8 —Ba

e

=fid

=ja

L4 o AT
=80 - 4 —m/ -5 8

LiIm ®

l_-_____,.-'-"'"

5
§

!

2
i

8-13 (a) P(s)= s( s - 1) Q(s) = (s+5)(s+3)

Asymptotes: K>0:
Breakaway-point Equ

Breakaway Points:

ation:

(RL)

180 °

st +165° +46s° -15 =0

0.5239,

-12.254
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s-glans g0 . jIm 8.

1.0 -

o ] E=eo K=o Ero b=n (K= K=D
ot

K H?o & b Fara il il N
e e e e —t : i " et ——t
—14.0 -18,0 49,0 ~12.0 —40.0 9.0 -8.0 -7.0 8.0 8.0 -4.0 -5.0 -R.0 o Lo oEe 26 4.0
Lo

8-13 () P(9)=s(s'+10s+29)  Q(59)=10(s+3)

Asymptotes: K> 0: 90 °, 270 °
Intersect of Asymptotes:
0-10 - (-3) _

-3.5

! 3-1

Breakaway-point Equation: 20s° +190 s° +600 s+870 =0
There are no breakaway points on the RL.
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s—-plane

el o

it S - e - i

Asympiate RL

[
1]
8

e i W i I e, m—

7.0 L JIm

6.0 L

B.0 4

4.0 L

e |

1.0 L

SCALE x 2

=0

;.Ja
-]

5
L
[
o
n

i | T T L e it | s

i =+

8-14 (a) P(s) =s(s+12.5)( s+1) Q(s) =83.333

0 [o]

Asymptotes: N> 0: 60 , 180 , 300 °
Intersect of Asymptotes:

Breakaway-point Equation: 35’ +27 s 125 =0

Breakaway Point: (RL) -0.4896
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s—plange

ool HN=O
R : -0 - 4 o1 - - S o o
=|25
8-14 (b) P(s) =s” +12.55 +833 333 Q(s) =002 s’ (s+12 .5
A>0: 180 °

Breakaway-point Equation: 0.02s* +0.5s° +53.125 s + 416 .67 s =0
Breakaway Points:  (RL) 0
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A=D PO 6, -

s—plane
‘&M i26, A=04z3

25

o+A A=o

L + T ] PN |
A7 - - -4 =13 -1P -4 =40 =@ 8@ -7 & % -4 -3 g =i @

125

=20

~25 -

=i =b.
H{,.E.M ; jib, A=6.923
20

A=0

8-14 (C) P(s) =s° +12.55 +1666 .67 = (s+17.78 )(s- 2.64 + j9.3)( s- 2.64 - j9.3)
Q(s) =0.02 s(s +12.5)

Asymptotes: K >0: 180 °

0

Breakaway-point Equation: 0.02s* +0.5s° +3.125 s - 66 .67 5- 416 .67 =0
Breakaway Point: (RL) -5.797
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Asymptotes:

N>0:

Intersect of Asymptotes:

Breakaway-point Equation:

Breakaway Points:

(RL)

60 180 300

3s° +27s+12.5 =0

- 0.4896

159

70 _‘|.'[rn =
I8 +
R
(-39.27)
i 141
e-plane K =34k
12+
o/ € 2.62+59.3}
| Enrﬂ
K. =0 g_ i = o
00 &= K Kbrﬂ'_‘ ; b= o0 Esr k= 2
' N - 125 [ 5 io 5
e
(=5.8)
- KD‘ Q
Ky=344 W
Go.zy 1T ¢ 2.66-9.3)
-lz t
1--{4 4
=16+
=[8 +
8-15 (a) A=K, =100: P(s) =s(s+12.5)( s +1) Q(s) =41.67




s=plane

ol =0
[ P B - 4 4- + + ¥ + + +
=i =11 =18 -4 - =7 = = =r, =a =3
=5

8-15 (b) P(s)=s” +12.5+1666 .67 = (s+6.25 + j40.34 )(s+6.25 - j40.34)
Q(s) =0.025° (s +12 .5

Asymptotes: A >0: 180 °
Breakaway-point Equation: 0.02s* +0.55> +103 135 +833 .335 =0

Breakaway Points: (RL) 0
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— 1Im =
s=plane S0+

-6.25+j40.34])
J
= j3E|+"J A= 0.413

A=0

A >0

207

L O+A A0 A=

"

~30  -25 -2 -5 -z5 -I0 -5 ot g

A=0

+138.9 A=0.413
——=75

(=6.25-j40.34)

-gol

8-15 (C) P(s) =s’ +12.5s +833 .33 = (s+15.83)( s- 1.663 + j7.063)( s- 1.663 - j7.063)

Q(s) =0.01s(s +12.5)

Asymptotes: K0 >0: 180 °

Breakaway-point Equation: 0.01s* +015s° +1.5625 s° - 16.67 s - 104. 17 =0

Breakaway Point: (RL) -5.37
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s-plane

ey v (=0 Yo= £o ¥ Te) ; KarD K=
- L o — I F
-I.‘I -:!.I' '-!.I’L—!.I =is —l.lu—:l.l: =il =i = =f =T =4 |=ffj =4 =3 = = I|Iqil 4 E 2 L] B B 7
=] A

Ka=

m-j 7063
.8 1L

=71, Ko=4eb

=8 L
8-16 (a) P(s) =s” (s+1)(s +5) Q(s)=1
Asymptotes: K > 0: 45° 135° 225° 315°
Intersect of Asymptotes:
0+0-1-5
. = =-15
4
Breakaway-point Equation: 4 s°+18s° +10s =0 Breakaway point: (RL) 0, -3.851
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8-17

Intersection of Asymptotes:

= | aa
s=planw N ,f"P -|
o +
"
.nli.
H-@ l' E:B é:ﬂ
e e e - 5 i - i
-&.@ ~-5.8 " T -REE - -1.4@ - z.@
zd
d:'{
F
%
=N
(b) P(s)=s’(s+1)(s+5) Q(s)=5s+1
Asymptotes: K >0: 60°, 180 °, 300°
Intersect of Asymptotes:
0+0-1-5-(-0.2) 5.8
. = =-—=-103
4-1 3
Breakaway-point Equation: 15 st +64 s’ +43s°+10s5=0
Breakaway Points:  (RL) -3.5026
s=plane e EPB//_LF
’r'
5
_.-'"‘“—H-..:n.q5
‘ K= d.56
oK DI - Bt L=
s — - 85N -I.E—_-_'Eé.r;a x.
/1.
-, o} dles
I
%
Ty
\\+
'Y
6.8
P(s)=s’ (s+1)(s+5) +10 =(s +4.893)( s +1896 )(s- 0.394 + j0.96)(s - 0.394 + j0.96)
Q(s) =10s
Asymptotes: T, o 60°, 180 °, 300 °

_-4.893 - 1.896 +0.3944 +0.3944

1
4-1
There are no breakaway points on the RL.
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Bk s S qA. W ﬁa

wa-Tg Ti=@ Ty =e
-7.4 = 4.9 = e

8-18 (@) K=1: P(s) =s (s +117 23)( s+ 4882 8) Q(s) =1010( s+1.5948 )( s +114.41 )(s+ 4884 )

[o] 0o

Asymptotes: KL >0: 90 ", 270

Intersect of Asymptotes:
_-117 23 - 4882 8 +1.5048 +114.41 +4884

= =-0.126
5-3
Breakaway Point: (RL) 0
ke w
- 26
S-plane
i34

Ke=18

K f-o k=0 K K=z e TS

i {4 i} - il

~4867 -4p228 ~IT23 lig4] -1.595 GIN\FL=0

{34

k=18

{H-nr'dmum b scade )
8-18 (b) K = 1000: P(s) =s°(s+117 23)( s +4882 .8)
Q(s) =1010( s’ +5000 s’ +5.6673 ~ 10" s +891089 110 )
=1010( s+4921 .6)( s+39.18 + j423 .7)(s+39 .18 - 423 .7)
Asymptotes: K. >0: 90° 270°
Intersect of Asymptotes:

_ 117 .23 - 4882 8 +4921 6+39 .18 +39.18 _ 003

! 5-3
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Breakaway-point Equation:

2020 s’ +202 " 10" s* +5279 " 10" s° +15077 °

105" +18655 ~ 10" s® +154455 10 s? =0
Breakaway points: (RL) 0, -87.576

g
[
2L

E—Plﬂ-l‘l'& 8.833

-3%.18+]413.7

K = ?

= K.=0 Ki=0

“_F_
-4921.6 48828 =713 /

—B7548

b =00
-30.18—j423.]

-{H5.5
/ Ki=810

Q:-‘-""'R:L

8-19  Characteristic Equation: s +5000 s° +572 ,400 s+900 000 +J @ s” +50 000 szj =0

P(s) = s° +5000 s +572 ,400 s+900 ,000 = (s+1.5945)( s+115.6)(s +4882 .8)
Since the pole at - 5000 is very close to the zero at - 4882.8, P (s) and Q ('s) can be approximated as:
P(s) @s +1.5945)( s +115 .6) Q(s) @0 .24 s°

Q(s) =10s° (s +5000 )

Breakaway-point Equation: 1200 s 243775 s=0 Breakaway Points: (RL): 0, -3.146
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I-."}=D g J =0 L= @ -
P T A
-115.6 -3146 ~.5945  Oofd== T
Mot drawn 4o seale
8-20 (@) a =12: P(s)=s’(s+12)  Q(s)=s+1
Asymptotes: K> 0: 90°, 270 ° K <0: 0% 180 °
Intersect of Asymptotes:
0+0-12 - (-1)
 T————————=-55
3-1
Breakaway-point Equation: 2s° +15s° +24 5= 0 Breakaway Points: 0, -2314, -5.186
.g BO “511‘!'5-
ax
[ M-S
.
L]
LA -
‘\"'.
geo K=0 k= K Ero Kase  lp.p Keo pes
—;_ﬂ -_LE e - —1l.- bl -FIJ =78 -0 -=.0 -0 a;- wr . F
=186
¥
==.0 J
x
*
ﬂ =58 L
8-20 (b) a = 4: P(s)=s’(s+4)  Q(s)=s+1
Asymptotes: K>0: 90 °, 270° Kk<0: 0°, 180 °

Intersect of Asymptotes:
0+0-4-(-10
T =-15
3-1

Breakaway-point Equation: 2 s*+7s° +8s=0
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Breakaway Points: K >0 0. None for K < 0.




s-planes
- KeQ
_13'*_.un.u.mun.......u... o ane

[

Lo
oy ot —

K=8 Kk K==
. e O

—a.8 i.@

k=0
—elm

==l

e

=8 [P =
-#K-uﬂu "o |lrl---!||l|ql|-|-|||-||'|-'||||||-|l||l|'-||.|'||_|lsl“
riL.@

IX.

(c) Breakaway-point Equation: 2 st + (a+3)s+2s=0

_ a+3+\/(a +3° -16a

Solutions: s =
4 4

For one nonzero breakaway point, the quantity under the square-root sign must equal zero.

Thus, a’-10a +9 =0,

a =lor @ =9. Thea nswer

is @ =9. The @ =1 solution represents pole-zero

cancellation in the equivalent G (s). When @ =9, the nonzero breakaway pointisat s = - 3. S . =-4
1"
==plane B o el
i
!E y
A
[ ]
Y -
—C — e xk“_"ﬂ D E o= ﬁi K= o3 2]
'-.1.E—:i--_--m"_“_-“"“-“"":-"!-.,ﬂ-“ T . _q.. -.3 ._.lla_...}ik.qh............._-,........ _..,........__a‘E
e
1
i
_ 8!
~1@.@8

8-21 (@) P(s) =s’(s+3)

Breakaway-point Equation:

Q(s) =s+a

The roots of the breakaway-point equation are:

-31+a) +o1+a)’ - 4a
s = *

2s° +3(1+a)s+6a =0

4

4
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For no breakaway point other than at s =0, set

9(1+a)’ - 48a <0 or -0.333 <a <3

Root Locus Diagram with No Breakaway Point other than at s = 0.

- _JIm

0

s—plane
e E=0 K >0
-3

8-21 (b) One breakaway point other than ats=0: a =0.333,

168

Breaka way po

int at

s =-1




s~plana

K=0

- i

=3

+K

(¢) Two breakaway points: o <0.33%

8-21 (d) Two breakaway points:
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1 i
+
B
s—plane ol
| 1.8
=00 - K= E =0 k=0 e L | e
Z iu ] -4.0 K=2 a
=&
Feol ! P :
= ﬂ%—}*:{‘f?rrﬂ} —486,
T T elca,333
oy
+
E
a>3:




s-plone

=0 1

A - K< 0 K< 0 Lk
K<
Y
F g e Al+el) - 45t
8-22 Let the angle of the vector drawn from the zero at s = j12 to a point s, on the root locuss near the zero
be . Let
ql = angle ofth evect ordra wnfro mthe polea t j10 to S,
q, = angle ofth evect ordra wnfro mthe polea tOto s,
= angle ofth evect ordra wnfro mthe polea t - j10 to s .
s | f th d fr h | j10 )
q4 = angle ofth evect ordra wnfro mthe zeroa t - j12 to s,
Then the angle conditions on the root loci are: i A
G-plane I s
. K= 4
= - - + = i
q (:11 C{2 q3 q4 odd m ultipl esof 180 Fa
|
g =q.=q.=q =90° Thus, Qq=0° Il &
1 2 3 4 e =4

The root loci shown in (b) are the correct ones.
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Chapter 9 FREQUENCY DOMAIN ANALYSIS

6.54
9-1 (a) k=5 Wn:«/;:224 rad /sec Z=——=146 Mo=1 W =0rad /sec
4.48
6.54 1
(b) k=21.39 W =421.39 =462 rad /sec Z=—=0.707 M =——=1
9.24 2z41-2°

Wr :Wnﬂl-\/z =3.27 rad /sec

6.54
(c) k=100 W =10 rad /sec Z=——=0327 M _=1618 W _=0945ra d/sec

20
9-2 (a) M =244 (9.38 dB) W =3rad /sec BW = 4.495 rad /sec
(b) M _=15.34 (23.71 dB) W =4 rad /sec BW = 6.223 rad / sec
(c) M =417 (12 4 dB) W =6.25ra d/sec BW = 9.18r ad /sec
(d) M _=1(0 dB) W =0 rad /sec BW = 0.46r ad /sec
O] M =157 (3.918 dB) W =082 rad /sec BW =1.12r ad / sec
™ . =¥ (unstab le) W =15rad /sec BW = 2.44r ad / sec
(9) M =3.09 (9.8 dB) W =125ra d/sec BW = 2.07r ad / sec
(h) M =412 (12 .3dB) W =3.5rad /sec BW =516r ad /sec
9-3
Maximu mover shoot = 0.1 T hus, Z = 0.59
1 1- 0416 Z +2.917 2°
M =——==105 t = =0.1 sec
221/1- z° w
Thus, minimum Wn =17 .7 rad /sec Maxi mum M , =1.05
) 3 p 1/2
Minimum BW = W _ ((1 2z )+\/4z -4z + 2) = 20.56 rad/sec
9-4
-pz
1-Zz
Maximu mover shoot = 0.2 Thus, 0.2 =e Z =0.456
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Maximum M , =1232

1- 04162 +2.9172°
t = =0.2

Thus, minimum Wn =14.168 rad/sec
w

n

12
Minimum BW = ((l- 2z 2)+ \/4z o4z + 2) =18.7 rad/sec

9-5
-pz
;}1- z 2
Maximum overshoot = 0.3 Thus, 0.3 =e Z =0.358
1 1- 04162 +2.917 2 °
M . = ———=1496 . = =0.2 Thus, minimum W N = 6.1246 rad/sec
2z 1/1- z° w
2 4 2 vz
Maximum M = 1.496 Minimum BW = ((l- 2z )+—\'4Z - 4z +2) =1.4106 rad/sec
9-6
-pz
1 ) 1-2°
M . =14 = Thus, Z = 0.387 Maximum overshoot = e = 0.2675 (26.75%)
2Z41- Z
Wr =3rad / sec =Wn1’1— 222 =0.8367 Wn rad/sec Wn = =3.586 r ad/sec
0.8367
t = b = P =095 sec Atw =0, |M|=009.
max 2 2
Wn \/1- z 3.586 \/1- (0.387)
This indicates that the steady-state value of the unit-step response is 0.9.
Unit-step Response:
s L
|
. "o " r; 1
I Y “"—‘—I—f:-.'s
|
| -RS_ =" 0.1
|
. !- —ha
0.95 [ge=c) £
9-7
T BW (rad/sec) M,
0 1.14 1.54
0.5 1.17 1.09
1.0 1.26 1.00
2.0 1.63 1.09
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9-8

9-9 (a)

3.0 1.96 1.29

4.0 2.26 1.46
5.0 2.52 1.63
T BW (rad/sec) M,
0 1.14 1.54
0.5 1.00 2.32
1.0 0.90 2.65
2.0 0.74 291
3.0 0.63 3.18
4.0 0.55 3.37
5.0 0.50 3.62
20
L(s) = P, =1 P =0

s(1+0.1s)(1+0.55s)
whenW =0 BL(jw) =-90° |L(jw)|=¥ When W =¥: DL(jw)=-270" |L(jw)|=0

20 _20@06w’- jw(1- 0.050°)f
-06w” + jw(1-0.050°)  0.36w* +w (1- 0.05w?)

L(jw) = Setting Im [L( jW)] =0

1-005W> =0 Thus , W = 4447 rad / sec L(j4.47 )=-1.667
. . ) 360°
F,=270°=(Z-05P,- P)180°=(Z- 05)180° Thus, Z=—->=2
180

The closed-loop system is unstable. The characteristic equation has two roots in the right-half
s-plane.

Nyquist Plot of L( jw):
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boiamn
L=plane
ﬂ fyien L,
~1.667 o
(b)
10
L(s) = Based on the analysis conducted in part (a), the intersect of the negative
s(1+0.1s)(1+0.55)
real axis by the L( jwW) plot is at - 0.8333, and the corresponding W is 4.47 rad/sec.
F,=-%0°"= d -05pP, - Pl8o® =180z - 90° Thus, Z =0. The closed-loop system is stable.
Nyquist Plot of L( jw):
| jIniL
Lrplame
= s Rel
©
100( 1+ s)
L(s) = W:1, P =0.

s(1+0.1s)(1+0.2s)(1+0.55)

When W=0: DL(jO)=-90° |L(jO)|=¥ whenw=¥: BL(j¥)=-270° |L(j¥)|=0

When W =¥: DL(jw)=-270" |L(jw)|=0
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L) = 100(1+ jw) 2001+ jw) @ 0.01w" - 0.8w*) - jw (1- 0.17w’)
M loow' —0sw?) + w (1 017w?) (0.0m* - 08w?) +w? (1- 0.2m?)’
setting Im[L(jw)]=0  0.01w* - 0.8W® - 1+017W* =0 w’ - 63w’ -100 =0

Thus, W’ =64.55 W =+8.03 radisec

803 - g_oog(o.mw - 0.8w°) +w(1- 0.17w )g:

(0.0m” - 0.8v* ) +w? (1- 0.17w?)°

F,=270" = (Z - 0.5P, - P) 180° = (Z - 0.5)1800 Thus, Z =2 The closed-loop system is
unstable.

The characteristic equation has two roots in the right-half s-plane.

Nyquist Plot of L( jw):

b jImL
L-plane
= Rel,
)
10
L(s) = — P, =2 P=0
s (1+0.2s)(1+0.55)
when W=0: DL(jw) =-180°  |L(jw)|=¥ when W=¥: BL(jw)=-360°  |L(jw)| =0
10 10(0.w" - w’ + jo.7w’)

L(jw) =

4 2 . 3 2
(0w~ w?)- jo.7w (0.w* - w?)" +0.49w°
Setting Im [L( jW)] =0, W =¥. The Nyquist plot of L( jW) does not intersect the real axis except at the
origin where W = ¥,
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F,=(Z- 05F - P)180° =(Z- 1)180° Thus, Z =2.

The closed-loop system is unstable. The characteristic equation has two roots in the right-half s-plane.

Nyquist Plot of L( jw):

J_-;].mL
'[,—1_1].:3.:1&
el /’—-//@l/—;_lﬂﬂT\
, -,\ 1 L
9-9 (e)
3(s+2)
L) =—7%— P =1 pP=2
s(s +3$+1)
When W=0: DL(j0)=-90° |L(jo)|=¥ when W=¥: BL(j¥)=-270° |L(j¥)|=0
_ w+2)  jw+2)gw-3w)- jwg
Liiw)=7——"—F——= - setting Im [L(jw)] =0,
(W - 3w )+JW (44-3N2) +w?
wh-3w’-2=0 o w’ =3.56 W =+189 radisec. L(j189)=3

F,.=(z-05P - P)180°" =(Z- 25)180°=-90°"  Thus, Z=2

The closed-loop system is unstable. The characteristic equation has two roots in the right-half s-plane.

Nyquist Plot of L( jw):
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A jImL
L-plane
_:Lr/ 0 3 w=1.89
“'n"wc
w
!
0
9-9 (f)
0.1
P =1 P=0

L =
(s) s(s+1)(sz+s+1)
When W =¥: DL(j¥)=-360" |L(j¥)|=0

-90°  |L(jo)| =¥

A 4 2 . AP
_ 0'1dw - 2w )_ Jw(l- w )H Settiing Im[L(J'W)]:O

When W =0: BL(j0) =

01
L(jw) = : =
(WA' 2Wz)+JW(1' ZWZ) (W4- 2\/V2)2+W2(1- 2W2)2
L(j0.707 ) =-0.1333
Thus, Z=0 The closed-loop system is stable

W=¥ oo W =05 W=2%0707 rad /sec
F,=(z-05P - P)180°" =(Z- 0.5)180° = - 90°

Nyquist Plot of L( jw):

jImL

L-plane

e ReL

9-9 (9)
100

L) = s(s+1)(s2 +2)

S-U
1
w
o
1
o
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when W=0: DL(jo)=-90° [L(jo)|=¥ when W =¥: DL(j¥)=-360" |L(j¥)=0
The phase of L( jwW) is discontinuous at W = 1.414 rad/sec.
360 °

F,=3527"+(270°- 21527°)=90° F =(Z- 15)180° =90’ Ths, P =22 =
11 180 o]
The closed-loop system is unstable. The characteristic equation has two roots in the right-half s-plane.
Nyquist Plot of L( jw):
k JImL
' Gy l-hih
L-plane JoH = 3s.27°
= pal,
e = 215.27°
9-9 (h)
10( s +10)

L(s)=———————— P =1 P=0

s(s+1)(s+100) "
When W=0: DL(j0)=-90° |L(jo)|=¥ when W =¥: DL(j¥)=-180" |L(j¥)|=0

(i) 10(jw +10) 10(jw +10) @ 10w - jw (100- w?)g
L jW = - =
-101w” + jw(100- w?) 10201 * +w? (100- w?)°

Setting Im [L( jW)] =0, W =0 isthe only solution. Thus, the Nyquist plot of L( jW) does not intersect

the real axis, except at the origin.
F,.=(z-05P - P)180° =(Z- 05)180° =-90°  Thus, Z =0.

The closed-loop system is stable.

Nyquist Plot of L( jw):
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b jInl
L-plans
i y-oa
= w Eol
-1/ 0
oy o
"'11. & v)
L1}
i
¥
0
9-10 (a)
K
L(s)=————— P, =1 P =0
s(s+2)(s+10)
For stability, Z = 0. F11 =-05 PW “180° =-90° This means that the (- 1, jO) point must not be
enclosed by the Nyquist plot, or
0<0.004167 K <1. Thus, 0 <K <240
Nyquist Plot of L( jw):
3 I
Leplans A jImbL
i =h 47 s
_A/ =0.004167K |0 ReL
Epy (o]
¢ 11=%0
o}
¥
0
9-10 (b)
K (s +1)

L(s) =

s(s+2) s+5)( s+15)

by the Nyquist plot, or
0 <0.000517 9K <1

Nyquist Plot of L( jw):

For stability, Z=0. F " =-05"18 ° =-90° This means that the (- 1, jO) must not be enclosed

Thus, 0<K<1930.9
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FImL
L-plane
w =875 o -
&} ReL
=0 000518K
[
a
9-10 (c)
K
L(W)S—————— P, =2 P =0
s (s+2)(s+10)
For stability, Z=0. F_=-0.5P " 180 ®=-180 ° Forallk>0 F =180 ° not - 180 °.
Thus, the system is unstable for all K > 0. For K < 0, the critical point is (, j0), F11 =0° for
all K < 0. Thus, the system is unstable for all values of K.
Nyquist Plot of L( jw):
p JImL
L-plane
e
p——Y
-1 0 ju+= pel,
g
¢'11—13'3
9-11 (a)
K
G(s)=— P, =0 P=0
(s +5)
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9-11 (b)

9-11 (c)

K
ba (joy=0° (K >0) DG (0)=180° (K <0) |6 (jo)|=—
25
G(j¥)=-18 ° (K>0) DG (j¥)=0° k<0 |e(i¥)|=0
For stability, Z = 0.
F,.=-(05P +P)180° =0’ J1nG
o<k <¥ F_ =0 stable G -plane
K <-25 F_ =180 ° Unstable
o] 4 = P
-25 <K <0 F11 =0 Stable 7 1 "eG
o 0> K >-25
The system is stable for - 25< K < ¥ . #1,°0 $ 0%
1
K
G(s)=—— P, =0 P=0
(s +5)
0 o] K
PG (jo)y=0 (K >0) DG (0) =180 (K <0) [e(jo)|=—

G(j¥)=-270° (K>0)

For stability, Z = 0.
F,=-(05P, +P)180° =0

0 < K < 1000 F11 =0 Stable
K >1000 F =360 ° Unstable
K <-125 F_ =180 ° Unstable
-125 <k <0 F =o¢° Stable

The system is stable for - 125< K <0.

K
G(s)=— P, =P =0
(s +5)
PG (joy=o0° (K >0)
G(j¥)=0° (K > 0)

DG (j¥)=270"°

125

K<0) |o(i¥)|=0

G =plane

L §ImG

Rel

+1
K >=125

11

PG (0) =180 °
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(K <0)

DG (j¥) =180 ° (K<0)

K
lo (io)|=—
625

|G(j¥)|:o




For stability, Z = 0.

& )
F,=-(05P, +P)180° =0° Jist
o G -plane

0 < K <2500 F11 =0 Stable
K > 2500 F ., =360 °  Unstable -4x1074K
K < - 625 F =180 ° Unstable

1 -1 w=5
-625 <k <0 F_ =0’ Stable }

K < 2250

The system is stable for - 625 < K < 2500. § 11=|:r'J

9-12
s(ss+252+s+l)+K(sz+s+1):0
— K(SZ+S+1) _ _ . — o . _ 0
Leq(s)_s(s3+2sz+s+1) P=1 P=0 Leq(JO)—¥D-90 Leq(J¥)—0E)18O
_ Kél-w2)+ng K& (W6 +W4)- jw(w“- 2w’ +1)g
Leq(JW) = 4 2 . _ 2 = 2 2\2 2 2\2
(W W)+]W(l Z\N) (w-w)+w(1-2w)

Setting Im [Leq ( jW)] =0

e |
,,.'[rr...Eq
L _-plane
4 2 P
W' - 2W" +1=0 eq
Thus, W = *1 rad/sec are the real solutions. 5 & & o
*11—-90 11-.1‘.”3

L, (1) =-K o -
For stability, i} o e RELEq

F_=-(05P +pP)i80 "=-90°
11 w
When K = 1 the system is marginally stable.

K >0 F. =-90° Stable

K <0 F L= +90 ° Unstable

o L

Routh Tabulation
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s 2 K +1
2 K +1
s K K>-1
2

, o K 2K+l (K-1)f

K +1 K +1
S K K>0

When K = 1 the coefficients of the s1 row are all zero. The auxiliary equation is 52 +1 =0 The solutions
are W = %1 rad/sec. Thus the Nyquist plot of Leq ( jW) intersects the - 1 point when K = 1, when W = *1

rad/sec. The system is stable for 0 < K< ¥, exceptat K =1.

9-13
Parabolic error constant K _ = lim S'G(s) = Iim10( K, + KDS) =10K, =100 Thus K, =10
500 0

Characteristic Equation: s’ +10 K 5S +100 =0
10K _s
G, (5)=——=> P,=2 P=0
e s” +100
For stability, s JImG
eq
- _ 0 - _ 0 i
F1l =-(05P, +P)180 ~ =-180 G.gq_Pla‘nE o
The system is stable for 0 < Ky <¥.
-1 wen
0
,,=-180° chinlihics™
[45]
¢
10
9-14 (@) The characteristic equation is
2 2
1+G(s)- G(s)- Z[G(s)] =1- Z[G(s)] =0
. -2k’
6 (9=-2[es)] =—— p,=0 P=0
(s+4) (st5)
o (i _2K? -2K* g 400 - 120n° +w?) - jw (360 - 188°) §
jw) = =
: (400- 120" +w*) + jw (360 - 18w°) (400 - 120w% +w?) +w? (360 - 1807 )’
2
K
G,, (i0) =——D1s0 ° G, (1¥) =0D1s0 ° Setting Im [Geq (jW)]:O

200
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W =0 and W= %447r ad / sec

For stability,
F,=-(05P +P)180° =0’

The system is stable for K ? <200

or |K|<m

Characteristic Equation:
s' 185  +121s° +360 s +400 - 2K > =0

Routh Tabulation

s 1 121
s 18 360
s 101 400 - 2K °

. 20160 -36 K’

101

s 400 - 2K°

Thus for stability, |K | <4/200

9-15 (a)
83.33 N

G(s)=
s(s +2)(s +11.767 )

For stability, N < 3.89

Thus N <3 since N must be an integer.

®

2500

) K
G, (1447 )=—

2

800

G -pli
oq Plane

G (s)=
$(0.06 s +0.706 )( As +100 )

Characteristic Equation: 0.06 As ° + (6 +0.706 A)s’ +70 .6 s + 2500

-‘1 (o) =0 AT
7 E T
K< 200 K200 -1 0 K Res,,
o K™ > 200
b i ¢, . =180
11 ,
400 - 2K °
20160 + 36 K’ >0
K? <200
Nyquist Plot
F jImG
G(jw )-plane
ILI‘ _I‘-Er W 2
=0.257TN Q =
L]
0

=0
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_ As”(0.06's+0.706 )
NOE

6s° +70.65 +2500

plot of 1/ Geq ('s) for stability study.

Since G eq ('s) has more zeros than poles, we should sketch the Nyquist

1 (2500 - 6w*) + j70.6w ) 6 2500- 6w?) + j70.6w fj(- 0.706w + j0.08v° )

G, (jw) A(-0.706w’- j0.06w°)

l/Geq(jO):¥D-180 ° l/Geq(j¥):OD-90°

100 156 - 0.36W> =0
For stability,
F,.=- (05P, +P)180° =-180°

For A>423 F_ =180 ®  Unstable

For 0<A<4238 F =-18°

The system is stable for 0 < A <4.23.

(©

2500

G(s)=
$(0.06 5 +0.706 )(50 s +K )

Characteristic Equation:

K, 5(0.06 5 +0.706 )

Geq(s)— 3 2
3s +35.3s +2500

W = *16 .68 rad/sec

Stable

A(0.498\N4 + 0.0036w6)

€ 1 U

Setting Im &——— (=0
&G, (iw)

1 _-423
G, (16.68) A
4 j.'srr'.fl.-'GEq]
l'ff'eq -plane

n-lr'—LIJ

—-———*-——\\ﬂ -'-16.?? P

2 mE, y o Re(I7S,,

= e A 0% A <4.23

b
.= 180° < o
=-180
11
$(0.06's +0.706 )(50 s+ K )+2500 =0

P=0 Geq(jO):OD90° Geq(j¥):OD-90°

K,(-0.06w° +0.706jw) K, (- 0.08" + 0.706jw ) & 2500- 35.5v° )+ jan°

G, (iw) =(

Setting Im [G eq(jW)]:o w* +138 45w’ - 9805 55 =0 W’

G (i7.18) =-0.004 K

2500- 35.3w°)- jaw’

(2500 - 35.30%)" + ow*

=51.6

185
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For stability, F_ =- (O'SR\, + P)1800 =0

For stability, 0 < K0 <217 4

9-16 (a) K, =0

G(9 =

Y(s)

The (- 1, jO) point is enclosed for all

values of K. The system is unstable

for all values of K.

(b) Kk =o0.01:

10000K
s(s2 +10s+ 100)

G(s) = G(jw) =

[ 7%
Geq—plana
; w=7.18 ; =] -
-1 0.00L6K -1 ReGeg
K, > 217.4
8,,=-36
o ‘:Ko T2LT.4
b0
10000 K B 10000K
E(s) s(s’+10s+10000K, ) s'(s+10)
4 jInG
G-plan=
ey ||
0
wee
2 ] REG

10000K @

T0v—~ jW\J.UU-W )g

100w* +w” (100- w?)’
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setting Im[G (jw)]=0 w* =100
W =410 rad /sec G(jl0)=-10K Gntiie } jImG
The system is stable for 0 < K< 0.1
w =10 _
- 10K 0f Rel
1]
4
Q0
(c) k, =ox
10000K 10000K @& 10w” - jw(1000- w*)gy
G(9) = G(jw) =
s(s”+10s+1000) 100w* +w? (1000 - w*)’
Setting Im[G (jW)] =0 W’ =100 W = #31.6 radisec G(j31.6) =-K
Y J T
G=plan=s
For stability, 0 < K<1
w=31.6 e
K b Re
Ll
F
9-17 The characteristic equation for K = 10 is: o
s° +10s° +10,000 K s +100 000 =0
10,000 K,s
G_(s)= P =0 P=2
€q 3 2 w
s> +10 s +100 ,000
10,000K  jw 10,000K, & w* + jw (10,000~ 10w° )
G, (jw) =
&

= P Setting Im[G (jW)]:O
100,000- 10w* - jw &

(10,000 - 1007)° +w*
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w =0, w’ =10,000
W = +100 rad /sec Geq(jloo ) =-K,

For stability,

F,=-(05P, +P)180" =-360°

The system is stable for K, >0. !‘-{n_-_GEq
<1
g |
¢11-D
9-18 (a)
Let G(s)=G (s)e * Then
G.(9) 100
s) =
27 5(57 +10s+100)
| 100 | 100
- |-10N2+ jw(1oo-w2)|:1 o 4,2 o
€loow* +w? (100- w*)
4 2 2\2 6 4 2
Thes  200w* +w’ (100- w®) 10,000  w"- 100" +10,000w" - 10,000 = 0
The real solution for W are W = 1 rad/sec.
. , €100- w* U .
DG, (j)=-tan' g———] =264.23 —
€ -10w ({4, _JI”"’1
G, =pi
(264.23°- 180°)p EF
Equating WT, |W1 =
b 180
84.23 p
= =147 rad
180 \ Ref3
Thus the maximum time delay for stability T =Bl .. 237
is
T, =147 sec. ‘\L/;
(b) T, =1 sec.
100Ke * , 100Ke ™
G(9) =— G(jw) = - ;
s(s® +10s+100) - 10w° + jw (100- w?)

At the intersect on the negative real axis, W = 1.42 rad/sec.
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G(jl42) =-0.7107 K. 1
The system is stable for G-plane
0<K < 1.407
-0.7107K 0N ReG
¥
9-19 (a) K=0.1 k;:_
c9=—C __gepe
9 = =G @) "
s(s2 +10s+100) '
10 | 10
Let F— . =1 or - T =1
|- 10w" + jw (100 w?)| Goow* +w” (100- w?)"U
Thus w® - 100 w* +10,000 W? - 100 =0  The real solutions for W is W = 0.1 radisec.
. L €100 - w* U .
PG, (jo.]) =- tan” é—ﬁ =269.43
é -10w w=0.1
(269.43 - 180 ) p
Equate WT, |W:01 = . =1.56 rad  We have T, =15.6 sec.
’ 180
We have the maximum time delay b simc
JImG

for stability is 15.6 sec. Gy-plane

\ -1||| /1 Reﬂl
wT ,=89.43°
w =0.1

9-19 (b) T, =01 sec.

100Ke **° _ 100Ke ™"
G(s) =— G(jw) = P >
s(s® +10s+100) - 10w° + jw (100- w*)

At the intersect on the negative real axis,

W =6.76 radfsec. G(j6.76) =-0.1706 K
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The system is stable for

0<K<5.86

G-planes

msa.m/”:

i TmG

9-20 (@) The transfer function (gain) for the sensor-amplifier
combination is 10 V/0.1 in = 100 V/in. The velocity

=0.1706K

o

Rel

of flow of the solution is

10 in3 / sec
vV =— =100

0.1in

in/sec

The time delay between the valve and the sensor is Td =D /v sec. The loop transfer function is

- Tys
100 Ke
G(s)=

s +10 s +100
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(b) K=10:

~jal,

1000e
(100-2%)+ 100

Gs)= GI{_c]e_Tf’ G(jm)=

‘ 1000 ‘ 2
Setting =1 (lﬂﬂ—mi] +1002® =10°

‘{m-m‘)um‘

Thus, @' 100w -990000=0  Real solutions: @ = 1046.2

4G,(f3225}=—tan'][ lﬂﬂr]] =-—]|5'|n‘
100=a" /4005

@ = 3235 rad’scc

Thus,

19%x
32.35T‘, = T 033 rad
I
Thus,
Tp, = {0103 sec

Maximum D=vT, =100=0.0103 =103 in

TG

i
g% S
1‘}’ e
(c) P=10in,
D 100K
T,===01sec G($) = ———
¥ § +105+100

The Nyquist plot of G{ fe) intersects the negative real axis at @ = 121 rad/sec.

(i ImG

G-plans
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9-21 (a) The transfer function (gain) for the sensor-amplifier combination is 1 V/0.1 in = 10 V/in. The velocity

of flow of the solutions is

=100 in /sec

100¢e "

(100- w?) + jrow

_10in : / sec
0.1in
The time delay between the valve and sensor is Td =D /v sec. The loop transfer function is
-Tys
10 Ke
G ( s) = 2—
s +10s+100
(b) K = 10:
— o TS P —
G(s) =G,(s)e G(jw) =
w0 |
Setting =

|(100- w?) + j1ow|
Thus, W' - 100 w’ =0

PG,(j10) =- tan’

Thus,
o]
90
10 Td = E) = B rad
180 2
Thus,
Td = i = 0.157 sec
20

Maximum D = de =100 ~ 0.157 =15.7 in

(c) b=10in.

9-22 (a)

v 100

Real s olutio ns:

T, =—=——=01sec G (s)=

(100- w*)" +100w° = 10,000

W=0, W= *10rad /sec
JImiG
G=plane
| b \I o= _
_1 u‘ 1 REG
=10
10 Ke -0.1s

s® +10 s +100
The Nyquist plot of G ( jW) intersects the negative real axis at W =12 .09 rad/sec. G (j) =-0.0773 K
For stability, the maximum value of K is 12.94

1jImG
G-plane
\ m:D
" ;a4 5 -
LE ©.1K ReG
-0.0773K 2
w=1Z.0
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2.31

G()=—F5—T G, (s) =——
" s(s2 +6s +12) t s(s +2.936 )
Mr =1, Wr =0rad /secc, BW =1.02r ad /sec Mr =1, Wr =0rad /sec, BW =1.03r ad /sec
()
0.909 0.995
G, (9 = - G ()= ————
s(1+0.5455s +0.0455s" ) S(1+0.4975 5)
Mr =1, Wr =0rad /sec, BW =14ra d/sec Mr =1, Wr =0rad /sec, BW =1.41r ad /sec
(c)
0.5 0.707
G, (9 = - 6 ()=———
s(1+ 0.75s+ 0.25s ) s(1+0.3536 s)
Mr =1, Wr =0rad /sec, BW = 0.87r ad /sec Mr =1, Wr =0rad /sec, BW = 0.91r ad /sec
(@)
90.3 92 .94
G (9 = R G (8) =
s(l+0.002835+8.3056 10 s) s(1+0.002594 s)
Mr =1, Wr =0rad /sec, BW =119.74 rad /sec Mr =1, Wr =0Orad /sec B W =118.76 rad /sec
(e)
180.6 189 .54
G, (9 = — G (8=
s(1+0.00283s+8.3056" 107°) S(1+0.002644 )
Mr =1, Wr =0rad /sec, BW = 27055 rad /sec Mr =1, Wr =O0rad /sec, BW = 268.11 rad /sec
®
1245.52 2617 .56
G, (9 = e G ()= ————
s(1+0.00283s+8.3056" 107s’) S(1+0.0053 5)
Mr =296, Wr =666 .67 rad /sec Mr = 3.74, Wr =700 rad /sec
BW = 1054.4 1lrad /sec BW = 1128.7 4rad /sec

9-23 (a) M =206, W =0933rad /sec, BW =152r ad /sec

()
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1
M . = =2.06 z* - Z2 +0.0589 =0 The solution for Z <0.707 is Z = 0.25.
221/1- z’
[ 5 9.33
Wr 1-2Z =9.33rad /sec Thus Wn = =9.974 rad /sec
0.9354
w’ 99.48 19.94
G (s) = = = BW = 15.21 rad/sec
s(s+2zw ) §(s+4.987) S(1+0.20055)
9-24 (a) M =296, W _ =666.67 rad /sec, BW =1054.4 Lrad /sec
_ 1 _ 4 2 _ ) .
(b) m T ——=29% Z -Z°+0.0285 =0  Thesolution for Z < 0.707 is Z = 0.1715
221/1- z’
[ 5 666 .67
Wr 1- 2Z =666 .67 rad /sec Thus Wn = =687 .19 rad /sec
0.97
W: 472227.43 2003.5
G (s) = = = BW = 1079.28 rad/sec
s(s+2zw ) §(s+235.7) s(1+0.004249)
9-25 (a)
5
G (s)=
s(1+0.5s)(1+0.1s)
N I | |
48 callt MARCIN = 7.68 4B
& 28 i L} eAll C.0 = 2.8083 rad/=oc
" e =l
[ —78 Tt
a8 —48 = ey
] B
- 1pEa 1 18 Fad- e |
[+ ) 111 B 0 I
B PHASE MWARGIM = 19.91 deg._| |
P —3m FASE C.0, = 447238 rad/soc ||
H 8
L
: =128 e —
-158
-108 e ] B
deg -2iR =
-248 |
_z-'?iﬂ 1 1 i LTS
9-25 (b)
10
G(s)=

s(1+0.5s)(1+0.1s)
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(c)
500
G(s)=
(s+1.2)(s+4)s+10)
(@)
10( s +1)
G(s) =
s(s +2)(s +10)
9-25 (e)

- caih' mancrn = ' 1.50 dn | |
g ] CAIN C.0 = 4, 8788 rad tec
e |
A P
¥ o T
_m .
e
4B —8 g
-8 o W
. Lt | 18 ' Pad nes
g 1 | LIILII i | _I_.I_LJ.t,._
:: i 1 FteAGE MARGEIH = 3.95 deg._|
F  .m 1 1 FM#SE C.0. = A 47Z0 redrmac ||
H & ! |
A -op I
E =ima |
E _igm 1 !
—1B8
des -8 =
248 ||
_z.“-.l.ﬂ 1 s Pad -] | |
18 TTTTTT | T
a AN MARCIN = 24 .25 4B |
[ -] —1@ wAIN C.0 = B.3317 rad mocT ]|
n .
s -3 =
c =@ -
B ] e
4B — G
=78 H"'-..
) ™
P 18 Fad- ket
& e ] BN I T ¥ 11
B PHASE RARGIN = 157.91 deg. [ |
F — PHASE C.0, = 7.537T2 radfmec ||
H o e =
A -om
£ -129
E -is8 el
=188
deg -7i@ e [
= ==L
« 1S 1] el
P RN b o R |
- GATH BARGIN = inlinita | |
(-3 2 GAIN C.0. = B.5493 rad/mec |
" 1) —
a n E— 18
‘8 Saa
48  -3m e
—48
]
-S|
L ipea 18 Fad L]
g -3a LI1L11] 1 | I 0 D
—5 PHASE MARCIN = 1.B8E+8Z deg. ||
P o_ca PHASE €.0. = infinits
H =
A o = -
B -aps
E -imm -
_m .
deg ~1G@ e
165 e
AR i | Ead”
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R

& ""1ME__

I
] < s
|
I

S L

[

~3.72 4]

1.8088 rad =nc | |
2.97 4AR[

1

T
]

1.95941 rad/secT ||
]

1.9865 red soc

]

| :I
1.80% red secT T

M=
N
L
i

C.0
|

HERE

18
I
MARC |
|
AR
C.0.
GATH BARGTM =

TAIN C.0
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] £ E mﬂ BESIERAS"
FURTTRE SRERET | SSRET CHRERRET

' v rco =
N u axewu § ¢ Ecu 8 U mMEEHeE .—.
L
. (=)
o) S
. ® =
o | F
— ” =+ © »
+ ®
o S
n| S = 3|
of + Sl + | +
~N ~
w ZS »
(7] (S %)
I 0 I
w D »w
~ R —_ )
© e o = o

9-25 (h)



10(s+5)
G(9) =
s(s +55+5)
9-26 (a)
K
G (s)=

s(1+0.1s)(1+0.5s)

The Bode plot is done with K = 1.

GM =21.58 dB For GM = 20 dB,

K must be reduced by - 1.58 dB.
Thus K =0.8337

PM = 60 .42 . For PM = 45 °
K should be increased by 5.6 dB.
Or, K=1091

()

K(s+1)

G (s)=
s(1+0.1s)(1+0.2s)(1+0.55)

The Bode plot is done with K = 1.

GM = 19.98 dB. For GM = 20 dB,

K @.

PM =86.9". For PM = 45 °
K should be increased by 8.9 dB.

Or, K =2.79.
9-26 (c)
G(s) = -
(s+3)

The Bode plot is done with K = 1.

GM = 46.69 dB
PM = infinity.

TTTIT | K e | J H
- AN BARCTH = Inlinite 41
[~ ] CalH C.0. = 33618 rad sn
F T e~
n
L |
a
& B
an | -H"""--...___
—4f —-
. 1po8 1 T radrvo |
£ -m [ EEE T 1T 1171
s PHASE MARGIN = 1.7E*BL dog. ||
P R FHASE C.0. = iInfinite
H 111
A —on 114 ]
H 1 S — 111 1
E 178 i o S 11i
—-i3= I e ] |
dod 158 B ]
-165 -l L
_IFIE_ 1 ] i8 rad-wec) ||
o Ghll RARGIN = 2180 48] |
€ i e, S GAIN €.0 = 8,971 redisec
b e
i T
-48 =
]
48 &8 =
-68 -
« Lt 18 bad s pec
[ a8 ENNL ] | I R
8 PHASE WARCIN = 68 .42 dog._| |
F - PHASE C.O. = 4 A7 rad wec | |
H s
A -o§
g e —
=1EA
=108 B
dey —Zip [
—za8
TTTI1I1 I 1 i |
. GATH MARGIN = 19.98 4B | ||
A — ] GAIN C.0 = 1.3385 rad/mec
“ [] —-—-_______-_"_“_
e
A o _"""""-._
c "x_‘__“\‘
B =48
-8 o
=
.1pe8 18 tad-Edal |
[ k- [ EEE ) T R
B PHAST MARGIN = BG.98 el
P -3 PHASE C. 0. = B.8348 radfmoc_| |
H —n
A -
E 178 —
E -15m -
~108 o=y
dog 218 T
~Z48 i "
= L
z?‘iﬂ b1} ad zoe] | |
TIT011 B |
i | FLILESLLL T I ¢ II.L.._I L
€ [ GAIN €.0 = 0,971 redssa |||
- - i i : i
L] | |
‘ —-a =y | 1] |
g |
=il
P ] }
- | |~ I
-1 e | | tedismll]
£ = | J LI 1 1 1T 1111])
e o T
M := | 1} T I S T W G W 1|
L " 1 111 | IBEREI BE
H _g- | 11} e [HEANI | 1]
E -1s8 1 | | 11k | B 1] 11}
| | 1) | | | I
. 1.!- i J|'.. i e 1 T I I




For GM =20 dB K can be

increased by 26.69 dB or K = 21.6.
For PM = 45 deg. K can be
increased by 28.71 dB, or

K =27.26.

@

G(s)= -
(s+3)

The Bode plot is done with K = 1.

GM =50.21 dB

PM = infinity.

For GM =20 dB K can be
increased by 30.21 dB or K = 32.4
For PM = 45 deg. K can be
increased by 38.24 dB, or

K =81.66

(e)

Ke®
s(1+ 0.1s + 0.0152)

G(9) =

The Bode plot is done with K = 1.

GM=2.97 dB
PM = 26.58 deg
For GM = 20 dB K must be

decreased by - 17.03 dB or
K =0.141.
For PM = 45 deg. K must be

decreased by - 2.92 dB or K = 0.71.

9-26 (f)

K (1+0.5s)
s (32 +s+ 1)
The Bode plot is done with K = 1.

G(9) =

GM = 6.26 dB

PM = 22.24 deg

For GM = 20 dB K must be decreased by -
13.74 dB or

K = 0.2055.

For PM = 45 deg K must be decreased by -
3.55dB or

K = 0.665.

9-27 (a)

nE3

HEeIES

deg

T TTETI | FE | | | I
-y GAIN MARGIN = 6.26 4B i
== GAIH €.0 = 1.BS7S rad/=ec
L] |
—= -q“\“‘-._\_“_
—48 ™ L]
=G
=]
1paa 1 18 I-‘-"""'tnnl..(_’:|:||:
128 1 T TT1TI | ) O I P
59 PHASE RARCIN = 22 24 deg._| ||
[ ] FHAEE C.0, = 1.4315 rad-mcc_||
E |
B
==
—&8
el
=128
_1._'-‘ I e e
= 15
A ] ; i | Tp 8 rad-wac| | |
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10 K

0.2213.

G(s)= I I
calN U PHAST oF G(js)
s(1+0.1s)(1+0.55) 48 Hp = 1.18
sl B wp = o PR el e
I[. N = 19 radSsoc
The gain-phase plot is done with -
K=1. c H=1.1
8
GM =1.58 dB H e — \ ,_/’"'-F [ /
— A =1 -
PM = 3.95 deg. a —:;H__Hm i j fﬂ,.--—-—g—
For GM = 10 dB, K must be decreased by - & g R ""‘-:-ik — ____I.-f’*iW T
8.42 dB or K = 0.38. ———r |
For PM = 45 deg, K must be decreased by - 14 -18 /
dB, or K =0.2. R
For M =1.2, K must be decreased to 0.16. /
r GAlH MARSIN =  1.58 4B
-8 l‘." GAIN C.O,. = 4.0 padsumc
A PHASE MARCIN = 3.95 deg
(b) =48 / FHASE cf, = 447 rad/wec—]
5K (s+1)
G (s)= I I
s(1+01s)(1+0.2s)(1+0.55) GATN US PHASE OF GCjul
Mp = .Ba -!-—------—
® [.:1_5 wp = |G.B8 rademsc
The Gain-phase plot is done with = B = |8.79 radcsec
K=1.
= | e ]
GM =6 dB ¥ \ P e /{U
PM = 22.31 deg. A Py
# ia LE:F =I.H
For GM = 10 dB, K must be decreased by - 4 £ ";:_-5"_""“--._,‘_“‘_ ﬁ\ j fﬁ
dBor K =0.631. a8 ] _-—%'"""-—-—_ __._.--—-"'"'_W_
For PM = 45 deg, K must be e ——
decrease by - 5 dB. st /
For M . =1.2, K must be decreased to 0.48. -8
e / CATH WARSIN = 6.B8 4B
= i = -
9-27 (C) —— ml o
GAlN US PHASE OF GCju)
48 Hp iz infinlts, unstablo—
10K r=1-5 wp = 18,98 rad sec
G(S) = " - M = 14.81 rad sec
s(1+0.15+0.015°) | beits . 1o B
i .
The gain-phase plot is done for o ‘l\ \\;‘
K=1. o ;/fr ;
GM=0dB M =¥ e “__""—-El_:h ~ ;;’//f.f"’f_ PHASE
H=8_5
=0 g N =
For GM = 10 dB, K must be decreased by - 10 AR
dB or K = 0.316. /
For PM = 45 deg, K must be decreased by - -z8
5.3 dB, or ] GAIN HARGIN = —8.84 48
K =0.543. ~38 Ku' | WAIN C.0. = =126 .44 rad seoc
— | |  PHASE WARCIN = —70.65 dog
For M . 1.2, K must be decreased to | | mwmECo. = 1

@

B.B8 rad mec—

=l
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oS T I
G(9 = Ke IN s £ OF G{ jud
(9= 2 < s
s(1+0.15+0.015%) = (125 radvmec
= _EZ BT radfzoc
The gain-phase plot is done for JI
K=1. .
GM=297dB M _=3.09 /fy
]
PM = 26.58 deg a ":‘r E——
For GM = 10 dB, K must be decreased by - & _!'r_lﬁﬂ
7.03 dB, K = 0.445. 4B %__._.-ur
For PM = 45 deg, K must be decreased by -
2.92 dB, or
K =0.71. -Z8 !
ForM =12, K =0.61. GAlH WaRSIN = 2.97 4B
r a8 @IN C.0. =  1.81 rad sec
PHASE MARGIM = 26.58 dey
—a g PWHEE C.0. = 1.43 rad/zpc—]
9-28 (@) Gain crossover frequency = 2.09
rad/sec PM = 115.85 deg
Phase crossover frequency = 20.31 rad/sec GM =21.13dB
(b) Gain crossover frequency = 6.63 rad/sec PM = 72.08 deg
Phase crossover frequency = 20.31 rad/sec GM =15.11dB
(C) Gain crossover frequency = 19.1 rad/sec PM = 4.07 deg
Phase crossover frequency = 20.31 rad/sec GM =1.13dB

(d) For GM = 40 dB, reduce gain by (40 - 21.13) dB = 18.7 dB, or gain = 0.116  nominal value.

(e) For PM = 45 deg, the magntude curve reads - 10 dB. This means that the loop gain can be increased by
10 dB from the nominal value. Or gain = 3.16 nominal value.

(f) The system is type 1, since the slope of |G ( jW)| is - 20 dB/decade as W ® 0.

(9) GM =12.7 dB. PM =109.85 deg.

(h) The gain crossover frequency is 2.09 rad/sec. The phase margin is 115.85 deg.
Set

115 85°p

WT =2.09T =2.022 rad

180 °

Thus, the maximum time delay is Td =0.9674 sec.

9-29 (@) The gain is increased to four times its nominal value. The magnitude curve is raised by 12.04 dB.

Gain crossover frequency = 10 rad/sec PM = 46 deg
Phase crossover frequency = 20.31 rad/sec GM = 9.09 dB

(b) The GM that corresponds to the nominal gain is 21.13 dB. To change the GM to 20 dB we need to
increase the gain by 1.13 dB, or 1.139 times the nominal gain.

(C) The GM is 21.13 dB. The forward-path gain for stability is 21.13 dB, or 11.39.
(d) The PM for the nominal gain is 115.85 deg. For PM = 60 deg, the gain crossover frequency must be
moved to approximately 8.5 rad/sec, at which point the gain is - 10 dB. Thus, the gain must be increased

by 10 dB, or by a factor of 3.162.

(e) With the gain at twice its nominal value, the system is stable. Since the system is type 1, the steady-state
error due to a step input is 0.
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(f) With the gain at 20 times its nominal value, the system is unstable. Thus the steady-state error would be
infinite.

(g) With a pure time delay of 0.1 sec, the magnitude curve is not changed, but the the phase curve is subject
to a negative phase of - 0.1W rad. The PM is

PM =115 85 - 01~ gainc rossov erfre quency = 115.85 - 0.209 =115 .64 deg

The new phase crossover frequency is approximately 9 rad/sec, where the original phase curve is

reduced by - 0.9 rad or - 51.5 deg. The magnitude of the gain curve at this frequency is - 10 dB.
Thus, the gain margin is 10 dB.

(h) When the gain is set at 10 times its nominal value, the magnitude curve is raised by 20 dB. The new

gain crossover frequency is approximately 17 rad/sec. The phase at this frequency is - 30 deg.
Thus, setting

Wr =177 = = 0.5236 Thus Td =0.0308 sec.

9-30 (@) Bode Plot:
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db)

CMAC

GPHASE (dag)

I i I _|_____-f

i

| 1 1

| : 1

o 1o -nn

B B -EY

Omego (rod/sec

0 SO0

B amgeny

- 1L B

R

o s

=140 0

TR

B V-

A i+

T
Omage (road/sec)

For stability: 166 (44.4 dB) < K <7079 (77 dB) Phase crossover frequencies: 7 rad/sec and 85 rad/sec

Nyquist Plot:

9-30 (b) Root Loci.

T

G{jw })/K-plane

§ JImG/K

Hot drawn to scale

~ReG/K
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s-plane
jB5 K=7079
j7 E=leh
mek K0 i Re e gy =0 -
K20 -10 - -1 Ok K=0 a
-100 )
-j7 E=166
-jB5 E=7079
Not drawn to scale \&
9-31 (a) Nquist Plot
in G
1
w=l, 4185
-0. 748
£ A Re G
:E_,..-f"—i#:f 8 1 2
a—]
F1
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9-31 Bode Plot
T TTTII L= | |
48 CAIN MARGIN = 2 52 48] |
[ eAlIN C.0 = 1.2198 rad-/=ec
z8 L !
T e ma '
— i
[ -78 |'
™
4B 48 =1
-G h‘-‘""*—a.___ |
. 1p88 1 1 {]]1e i)
G 128 HEEE] | [ T LLIT
oa PHASE MARGIN = 2.88 deg. | |
P &8 PHASE C.0. = 1.4185 rad/zec | |
H 38
A B
5 -3m
E g8
-50 L
deg -178
-158
) . 158 i 1 rad Eo
9-31 (b) Root Loci
=—plane o e ?
X
’u"
.-'K‘
k=@ L 1AHRS, K=1ae
x, 1.@
K=-‘ f’-"*:- =
-3.8 = T Tmite — 1.4
o' ‘=1.0
=0 {1485
i K= 13286
%
N
¥
-6,

9-32 Bode Diagram
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(db?
;r

=30, I

[t
L,
=70, B2

=8g, oo
—10D. 0D
-110. 00

MAG

=120. 00
8

=130. 00
=140. B0
0. 1DE+DD 0. 10E+01 0. 10E=02 0. 10E+03 0. 10E+D4 0. 10E+D3

Omega (rad/sac)

=12, 00 “‘"‘\_

-18d. 00 =

GPHASE

=815. 00

0. 10E+DD O, 1DE+01 0 10E+a2 0. 10E+03 0. 10E+04 0. 10E+05

Omego (rad/sec)

When K =1, GM = 68.75 dB, PM = 90 deg. The critical value of K for stability is 2738.

9-33 (a) Forward-path transfer function:
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Q. (s)
E(s)

K K. (Bs +K)
G(s)= -

= KaGp(s) =

o]
where

D, = 0.12s(s+ 0.0325) (s* + 2.5675s + 6667 )

=s (0.1253 +0.3125% + 80.05s + 26)

43.33(s+ 500)
s(s’ +2.65 +667.125+216.67)

G(9 =

(b) Bode Diagram:

(b
i
B

=

14
-

MAG
B
B
e

.
e o e e B B

1 ] i L
1 1 1 ] T |
[] ] ] ]
1 i 11

|
i d IR N
] 1 ] AT |
O 1DE=00 [N T -1 b IBE -0 [ F- 10 ] [=9 Bt =T

i
B
.

1mE-a3

Umega (rad/sec)

L
d
8

FHASE
i
B

=g m 1118 -

M| WA

—N

il
i it }] [0 B e L= E. 1588 L iCE=Dd L i8f=03

Dmugn (rad/eas)

Gain crossover frequency = 5.85 rad/sec PM = 2.65 deg.

Phase crossover frequency = 11.81 rad/sec GM =10.51 dB
9-33 (c) Closed-loop Frequency Response:
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oA

[EN- ]

-

MMAC
¥
]

oL oo

a0, oo

o, igE=00 [ 1= i} ] |8

=17 oo

SN ] -

MPHASE

=% 0

]

=

0, 10 s0n B. 12E=01 [ s L) 0, 108+ O 108 =0

Omaga (rad/ sec)

B 1CE=GS

Mr =17.72, Wr =5.75 rad [/ sec,

9-34 (@) When K = 1, the gain crossover frequency is 8 rad/sec.

(b) When K = 1, the phase crossover frequency is 20 rad/sec.

(C) WhenK =1, GM =10 dB.
(d) whenK =1, PM = 57 deg.
(€) WhenK =1, M =L

(f) whenk =1, W =3 radisec.
(9) When K =1, BW = 15 rad/sec.

(h) When K = - 10 dB (0.316), GM = 20 dB

(i) when K =10 dB (3.16), the system is marginally stable.

BW = 9.53r ad /sec

The frequency of oscillation is 20 rad/sec.
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(j) The system is type 1, since the gain-phase plot of G ( jW) approaches infinity at - 90 deg. Thus, the
steady-state error due to a unit-step input is zero.

9-35 When K =5 dB, the gain-phase plot of G ( jW) is raised by 5 dB.
(&) The gain crossover frequency is 10 rad/sec.
(b) The phase crossover frequency is 20 rad/sec.
(c) M =54dB.
(d) PM =345 deg.

&) m =2
® W =15 radisec

(g) BW = 30 rad/sec

(h) When K = - 30 dB, the GM is 40 dB.

9-36 (a) The phase margin with K = 1 and Td =0 sec is approximately 57 deg. For a PM of 40 deg, the time delay

produces a phase lag of - 17 deg. The gain crossover frequency is 8 rad/sec.

Thus,
o _17°p
WTd =17 = 5 =0.2967 rad / sec Thus W =8rad /sec
180
0.2967
T =———=0.0371 sec
¢ 8

(b) with K = 1, for marginal stability, the time delay must produce a phase lag of - 57 deg.
Thus, at W =8 rad/sec,

[o]

° 57 P 0.9948
VV'I'd =57 = 5 =0.9948 rad Td =—F=0.1244 sec
180 8
9-37 (&) The phase margin with K = 5 dB and T, =0 is approximately 34.5 deg. For a PM of 30 deg, the time
delay must produce a phase lag of - 4.5 deg. The gain crossover frequency is 10 rad/sec. Thus,
[0]
0 4.5 p 0.0785
WTd =45 = 5 =0.0785 rad Thus Td =———=0.00785 sec
180 10
(b) with K =5 dB, for marginal stability, the time delay must produce a phase lag of - 34.5 deg.
Thus at W =10 rad/sec,
0
° 34.5 P 0.602
WTd =34.5 = — =0.602 rad Thus Td = =0.0602 sec
180 10
9-38 For aGM of 5 dB, the time delay must produce a phase lag of - 34.5 deg at W =10 rad/sec. Thus,
0
° 34.5 P 0.602
WTd =34.5 = — =0.602 rad Thus Td = =0.0602 sec
180 10
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9-39 (a) Forward-path Transfer Function:

Y (s) e>25
G(s): =

E(s) (1+10s)(1+255)

From the Bode diagram, phase crossover frequency = 0.21 rad/sec GM = 21.55 dB
gain crossover frequency = 0 rad/sec PM = infinite
(b)
1
(1+10s)(1+25s)(1+2s+25")

G(s =

From the Bode diagram, phase crossover frequency = 0.26 rad/sec GM = 25 dB
gain crossover frequency = 0 rad/sec PM = infinite
(©
1-s
(1+5s)(1+10s)(1+2s)

G(9 =

From the Bode diagram, phase crossover frequency = 0.26 rad/sec GM = 25.44 dB
gain crossover frequency = 0 rad/sec PM = infinite

9-39 (continued) Bode diagrams for all three parts.
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9-40 (a) Forward-path Transfer Function:
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G(s) =
(1+10s)(1+255)
From the Bode diagram, phase crossover frequency = 0.37 rad/sec GM = 31.08 dB
gain crossover frequency = 0 rad/sec PM = infinite

(b)
1
(1+10s) (1+25s) (1+5+0.55°)

From the Bode diagram, phase crossover frequency = 0.367 rad/sec ~ GM = 30.72 dB
gain crossover frequency = 0 rad/sec PM = infinite

G(9 =

(©

(1- 0.5s)

G(s)=
(1+10s)(1+25s)(1+055)
From the Bode diagram, phase crossover frequency = 0.3731 rad/sec GM =31.18 dB
gain crossover frequency = 0 rad/sec PM = infinite

- -3
) Blgps —— 22—
t L I f1 % log}(l = Ti=)
i O S A ; e e

{1l
(1 + I0sH{L + T4E)(1 + 0,5¢)
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9-41 Sensitivity Plot:
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Chapter 10 DESIGN OF CONTROL SYSTEMS

10-1 Forward-path Transfer Function:

M (s) K
G(s)= ) 2
1-M(s) s *+(20 +a)s +(200 +20a)s+200 a- K
For type 1 system, 200 a- K =0 Thus K =200a
Ramp-error constant:
. 200 a
KV =lim sG (s) = = =5 Thus a=10 K = 2000
s®o 200 +20a 200 +20a
The forward-path transfer function is The controller transfer function is
2000 G(9 20(82 +105+100)
G(s) = G.(s) = =

s(s? +30s+400) " G,(s9) (s?+30s+400)

The maximum overshoot of the unit-step response is 0 percent.

10-2 Forward-path Transfer Function:

M (s) K
G(s)= =7 5
1-M(s) s +(20 +a)s +(200 +20a)s+200 a- K
For type 1 system, 200 a- K =0 Thus K = 200a
Ramp-error constant:
_ K 200 a
KV =lim sG (s) = = =9 Thus a=90 K = 18000
s®o0 200 +20a 200 +20a
The forward-path transfer function is The controller transfer function is
18000 G(y 180 (52 +10s +100)
G.(s) = =

G(9) :s(

s +110s +2000 ) G,(s) (s +110s+2000)

The maximum overshoot of the unit-step response is 4.3 percent.

From the expression for the ramp-error constant, we see that as a or K goes to infinity, K v approaches 10.

Thus the maximum value of K v that can be realized is 10. The difficulties with very large values of K and

a are that a high-gain amplifier is needed and unrealistic circuit parameters are needed for the controller.

10-3 (a) Ramp-error Constant:

. 1000(K, +K_s) _1000K,
K,=lims = =100K, = 1000 Thus K, =10
s®0 s(s+10) 10

Characteristic Equation: S’ +(1O+1OOOKD ) s+1000K, =0

Wn 2\/1000 KP :1/10000 =100 rad/sec ZZWn =10 +1000 KD =27 05" 100 =100
90

Thus KD = =0.09
1000
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10-3 (b) For K, =1000 and Z =0.707 , and from part (a), W =100 rad/sec,

. . 131 .4

2ZW =10 +1000 K _ =27 0.707 " 100 =141 .4 Thus Ky = =0.1314
1000
(c) For K, =1000 and Z = 1.0, and from part (a), W =100 rad/sec,

;. 190

2ZW =10 +1000 K =27 1" 100 =200 Thus Ky = =0.19
1000
10-4 The ramp-error constant:
. 1000(K, +K,s)
K, = lims———————==100K_, =10,000 Thus K, =100
s®0 s(s+10)
o 1000(100+K s)
The forward-path transfer function is: G(§) = ———*
S(s+10)

Kp PM (deg) GM M, BW (rad/sec) Max overshoot (%)
0 1.814 ¥ 13.5 493 46.6
0.2 36.58 ¥ 1.817 525 41.1
0.4 62.52 ¥ 1.291 615 22
0.6 75.9 ¥ 1.226 753 13.3
0.8 81.92 ¥ 1.092 916 8.8
1.0 84.88 ¥ 1.06 1090 6.2

The phase margin increases and the maximum overshoot decreases monotonically as K b increases.
10-5 (a) Forward-path Transfer Function:

4500K (K, +K,s)

G(s) =G.(5)G,(9) =

s(s+361.2)
4500 KK
Ramp Error Constant: K =1lim sG (s) = P =12 .458 KK b
Y s®o 361.2
1 0.0802
e =—=—Ff0.001 Thus KK 380.2 Let K, =1and K =80.2
K KK
v P
Attributes of Unit-step Response:
Kp t (sec) t, (sec) Max Overshoot (%)
0 0.00221 0.0166 37.1
0.0005 0.00242 0.00812 215
0.0010 0.00245 0.00775 12.2
0.0015 0.0024 0.0065 6.4
0.0016 0.00239 0.00597 5.6
0.0017 0.00238 0.00287 4.8
0.0018 0.00236 0.0029 4.0
0.0020 0.00233 0.00283 2.8

Select Ky 3 0.0017

(b) BW must be less than 850 rad/sec.
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Kp GM PM (deg) M, BW (rad/sec)
0.0005 4 48.45 1.276 827
0.0010 ¥ 62.04 1.105 812
0.0015 4 73.5 1.033 827
0.0016 "4 75.46 1.025 834
0.0017 ¥ 77.33 1.018 842
0.00175 ¥ 78.22 1.015 847
0.0018 "4 79.07 1.012 852

Select K @0.00175

10-6

. Alarger K b would yield a BW larger than 850 rad/sec.

G(9)

The forward-path Transfer Function: N =20
_200(K, +K_s)
s(s+1)(s+10)

To stabilize the system, we can reduce the forward-path gain. Since the system is type 1, reducing the
gain does not affect the steady-state liquid level to a step input. Let K b =0.05

Unit-step Response Attributes:

200(0.05+ K s)

G(9)
s(s+1)(s+10)
Ko t, (sec) Max Overshoot (%)
0.01 5.159 12.7
0.02 457 7.1
0.03 2.35 3.2
0.04 2.526 0.8
0.05 2.721 0
0.06 3.039 0
0.10 4317 0

When K b =0.05 the rise time is 2.721 sec, and the step response has no overshoot.

10-7 (@) For e =1L

K, =limsG(s) =lims

s®0

Forward-path Transfer Function:

s® 0

200 (K, +K,s)
s(s+1)(s+10)

= 20K, =1

~200(0.05+ K,s)

Thus KP =0.05

G(9)
s(s+1)(s+10)
Attributes of Frequency Response:

Kp PM (deg) GM (deg) M, BW (rad/sec)

0 47.4 20.83 1.24 1.32
0.01 56.11 ¥ 1.09 1.24
0.02 64.25 ¥ 1.02 1.18
0.05 84.32 ¥ 1.00 1.12
0.09 93.80 ¥ 1.00 1.42
0.10 93.49 ¥ 1.00 1.59
0.11 92.71 ¥ 1.00 1.80
0.20 81.49 ¥ 1.00 4.66
0.30 71.42 ¥ 1.00 7.79
0.50 58.55 ¥ 1.03 12.36

For maximum phase margin, the value of K b is 0.09. PM =93.80 deg. GM = ¥ M ; =1,
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and BW = 1.42 rad/sec.

4.

l
4. L’f”
.'l

Uncompenzated system

f
il | |
s

SMAG

i.80 L Compensated system with FD contreller J \

1.00 ! \ fll - \l"‘"
oo A
L

-

0. 108+00 LS o 0, 10=+0E 0. A0Ee0E

Omega (rad/sec)

(b) sensitivity Plots:

I . M
The PD control reduces the peak value of the sensitivity function |S G ( jW)|

10-8 (a) Forward-path Transfer Function:
K &
100?@, 9

S @
s’ +10s+100

=K, =10

_ _100(K,s+K,)
G(9 = For K, =10, K, =1limsG(s) =lims |
s®0

=0 s(s? +10s+100)
Thus K | =10.

(b) Let the complex roots of the characteristic equation be writtenas s =-S + jl5 an d s =-S - j15.
The quadratic portion of the characteristic equation is 52 +25 s+ (S 2+ 225) =0

The characteristic equation of the system is S° +10s° + (100 +100K, ) s+1000=0

The quadratic equation must satisfy the characteristic equation. Using long division and solve for zero
remainder condition.

s+ (10- 2s)

s +2s s+s ’ +225|s’ +10s” +(100+100K ) s +1000

S+255 +(s2 +225)s

(10- 25)s” +(100K, - s * - 125) s+1000

(10- 25)s’+ (20s - 45 *)s+(10- 25 (5° +225)

216



(100K, +3s * - 205 - 125)s+25 *- 105 * +450s - 1250

For zero remainder, 25 ° - 10S > +450S - 1250 =0 )
and 100 KP+3SZ- 20S - 125 =0 @
The real solution of Eq. (1) is S = 2.8555 . From Eq. (2),

125 +20S - 3S°

b =1.5765
100
The characteristic equation roots are: s = - 2.8555 + j15, - 2.8555 - j15, and s =-10 +2S =-4.289
(c) Root Contours:
100K s 100K, s

G (s)= =
o0 5 107 + 1005+ 1000 (s+10)(s" +100)

Root Contours:
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Jw
g |
II.'ri-c
o |
" -2.855+j15 — 115
g i R 31,5765
P
I
| jio K=o
I
| ]
K,=0 | !
= = O
, % i S}KT .
“10 -5 0
|
|
| L= §10 Kp=0
I
-2.855-j15 — -j15
KP=1.5?65
ol
-
10-9 (a) Forward-path Transfer Function:
K, 6
100&_ +—L9
NPy | 100(K,s+K,)
G(9=——— For K, =10, K, =limsG(s) =lims—— =
s’ +10s+100 20 =0 s(s” +10s+100)
Thus the forward-path transfer function becomes
10(1+0.1K,s)
G(s) = ;
s(1+0.15+0.015’)
Attributes of the Frequency Response:
Kp PM (deg) GM (dB) M, BW (rad/sec)
0.1 5.51 1.21 10.05 14.19
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0.5 22.59 6.38 2.24 15.81
0.6 25.44 8.25 1.94 16.11
0.7 27.70 10.77 1.74 16.38
0.8 29.40 14.15 1.88 16.62
0.9 30.56 20.10 1.97 17.33
1.0 31.25 ¥ 2.00 18.01
1.5 31.19 ¥ 1.81 20.43
1.1 31.51 ¥ 2.00 18.59
1.2 31.40 ¥ 1.97 19.08

When K b =1land K | =10, K v =10, the phase margin is 31.51 deg., and is maximum.

The corresponding roots of the characteristic equation roots are:

-5.4, -2.3+j13.41, and

-2.3- j13.41

Referring these roots to the root contours in Problem 10-8(c), the complex roots corresponds to
a relative damping ratio that is near optimal.

(b) Sensitivity Function:

200
870
|
E.40
.40 /ﬂl H
- [\ |
Lo |
O 1m0
= AN
tn iW !7/ \\.‘"“'-:u.__ r
2., Uncompensated system - "'__H-.},- . 1
0.m0 & [
11— Compensated system with Il controller
0.m0 _..-"'""‘_ S :
| =gt |
o.00 4Tl ]
0. L0EH00 0. 108401 0. 40E+02 0.106+03 0. ABEHDA
Omena (rad/sec)
In the present case, the system with the PI controller has a higher maximum value for the sensitivity
function.
10-10 (a) Forward-path Transfer Function:
100(K, s+K, )
G(9) =—7
s(s? +10s +100)
For K =100,
v
_ _100(K,s+K,)
K, =1limsG(s) =lims =K, =100 =100 .

(b) The characteristic equation is

Routh Tabulation:

s®0 s®0

s(s* +10s+100)
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s 1 100 +100 K

s 10 10,000
For stability, 100 K o " 900 >0 Thus K b >9
1
s 100 K, - 900 0
s 10000
Root Contours:
100 K _s 100 K _'s
G eq (s) = 3 2 - = -
s +10s =100 s +10,000 (s +23.65)( s- 6.825 +j19.4)(s- 6.825 - j19.4)
T
g
L
:.Chl
£-plana
| e Ky
|
|
| 5.B15%]19.5
I < o
|
r I »
k=0 Ky
I T D! o
=23.65 | ]
|
I
¥ 5.B25-419.4
(© K, =100
100 (K ,s +100)
G(9) =—
s(s? +10s +100)
The following maximum overshoots of the system are computed for various values of K .
Ko 15 20 22 24 25 26 30 40 100 1000
Yimax 1.794 1.779 1.7788 1.7785 1.7756 1.779 1.782 1.795 1.844 1.859

When K, = 25, minimumy__ = 1.7756

max

10-11 (a) Forward-path Transfer Function:
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100(K,s+K,) 100 K,

G(9 = . For K =————=10, K, =10
s(s +10s +100) 100
- i 3
(b) Characteristic Equation: S +10$2 +100 KP +1)s+1000=0
Routh Tabulation:
s 1 100 +100 K
2
S 10 1000
) For stability, K,>0
S 100 K 0
P
s’ 1000
Root Contours:
100 K b S
G (s)=
eq 3 2
s +10s +100 s +1000
§ i
gl
x I
jlo K,=0
s-plane | 4 B
|
=0 E. =%
A - C} E "= g
-10 =3 Q
|
]
|
1 L-§10 Ky=0
s |
o
i
|
(C) The maximum overshoots of the system for different values of K b ranging from 0.5 to 20 are
computed and tabulated below.
KP 0.5 1.0 1.6 1.7 1.8 1.9 2.0 3.0 5.0 10 20
Yimax 1.393 1.275 1.2317 1.2416 1.2424 1.2441 1.246 1.28 1.372 1514 1.642

When Kp=1.7, maximumy = 1.2416

max

10-12
2+ + .
G,(s) = KP+KDS+£:M:(1+ KD:lS)?(Pz-F K|zg
S S S @
where
KP:KP2+KD1KI2 KD:KDlKPz K|:K

Forward-path Transfer Function:
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100(1+ K_s)(K _ s+ K
G(s) =G,()G,(9) = ( 29) (K, 2) K, =lim G (s) =K, =100

s(s* +10s+100) " e

Thus
K =K =100
I 12

Consider only the PI controller, (with K b1 =0)

Forward-path Transfer Function: Characteristic Equation:

100 (K,,s+100)
s(s* +10s +100)

G(9 = s’ +10s” +(100+100K,, ) s +10,000 = 0

For stability, KPz > 9. Select sz =10 for fast rise time.

J - 1000(1+K, s) (s +10)
s(s? +10s+100)

When KDl = 0.2, the rise time and overshoot requirements are satisfied. K _ = KDlK - =027 10 =2
, L
K_ =K +K K =10 +0.2 100 =30 ¥(t)
P P2 D1 I2
100 7
G (s)=30 +2s +—— 1
c s 1.0 I
Unit-step R '
nit-step Response dii
o i | |
o 0.2 0.4 0.6 0.8 1.0
TIM=Z (SELCY}
10-13 Process Transfer Function:
Y(9 g0 1
G,(s) = = @ 2
U(s) 1+0.25s (1+0.25s)(1+0.2s+0.025°)
(@) PI Controller:
K
K, +—+
’ S ZOO(KPS+ K|)
G(s) =G, (s)G (9 @ =

(1+0.255) (1+0.25 +0.025°)  s(s+4)(s’ +10s +50)

200 K
For K =2, K =lim sG (s) = L=k =2
v v s® 0 4» 50 |

Thus KI =2

200(2+K,s)
s(s+4)(s” +10s +50)

The following values of the attributes of the unit-step response are computed for the system with various
values for K o

Thus G(9) =

P Max overshoot t t
(%) (sec) (sec)
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0.1 19.5 0.61 2.08

0.2 13.8 0.617 1.966
0.3 8.8 0.615 1.733
0.4 4.6 0.606 0.898
0.5 1.0 0.5905 0.878
0.6 0 0.568 0.851
0.7 0 0.541 1.464
0.8 0 0.5078 1.603
1.0 0 0.44 1.618

The settling time ¢, is minimum (0.851 sec) when K, =06. Statistically, K, = 0.6 is the best
choice. The unit-step response is shown below. However, a better response is obtained when
K p= 0.5, = .

Unit-step Response: (K, = 0.6, X, =2}

LBt ]

Bk

.7

RS

.S

L

—

Lh

.5

a Timm. mec
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Unit-step Response: (K, =0.5, K =12}

1.F z 2.5

Tima, @de

For stability check we perform the Routh tabulation. The characteristic equation with X, =2 is

5" +145° +905" +(200+200K )5 +400 =0
Routh Tabulation:

s 1 90 400
s 14 200+ 200K,
£ 75.714- 14284 K, 400
o 95428+12285.66K, ~285T.14K,
75714-14.284K,
5" 400

For the coefTicients in the first row to be positive, from the 5 row, K, <53 Fromthe s' row,
95428 +1228566K , - 285714K; >0 or (K, -49718)(K, +06718) <D
Thus K, <4.9718 which is the condition for stability.

10-13 (b) PID Contreller:

200K’ +K,5+K,) 2001+ K, 5K, 5+ K,
s(s+4)(s" +105+50) s +4)s* +105+50)

G(5)=G (s)G, (5) =

where

K =K

| e Kp =KX Kp=Kp + K5 K,

K =limsG(s)=K,=2=K,

r—s0
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- 200(1+ K, 5)(K,,5+2) 200Ky’ +Kps+ K,
Fl= =
s{s+4]|{5:+105+5l}) s|:_~:+-1]{51+1ﬂ5+5l1]

From the results in part (a), we set K, = 0.6, The following attributes of the unit-step response show
that adding derivative control does not provide any further improvement to the systom responsc.

K, Mazx Overshoot i i,
(%) (sec) (sec)
0.1 1.1 0.9563 1.247
0.05 0.1 0.792 L.14
0.0t 0 0.608 0.9075
0.005 0 0.588 0.HR2A
0.001 0 0.372 08753
0.0005 i) 0.570 0.8774

1 0-14 Forward-path Transfer Function:

(K s+K, )™
G5 =G (G (5)=——————— K =limsG(s)=K, =2 Thus K, =32
e P v [ |
s{1+0.255) 540

The attributes of the frequency response for various values of K, am computed and tabulated below.

K, PM GM M BW

{deg) (deg) (rad/sec)
01 49.72 10.51 1.196 35S
0.2 54.5 12.58 1.0%2 3.54
0.3 58.0 13.15 1.027 356
0.5 67.07 11.88 1.000 3.81
0.6 70.50 10.92 1.000 4.20
0.7 7341 9,98 1.0y . 5.09
0.8 75.65 9.10 1.000 .62
0.9 76.93 8.27 1.000 7.99
e e B L R e e R e S e CTILE S
1.1 7581 6.78 1.033 9.90
20 31.08 2.03 4.029 13.64
2.4 8.51 052 12.55 14.52
2.5545 0 0 o0

Maximum phase margin of 77.04 deg is obtained when K, = 10. InProblem 10-13(a), K, =06

is chosen for 0 maximum overshoot and mimmum setthng tims.

The critical value of X, for stability is 2.5545. In Problem 10-13(z2), the critical value of X 1s4.9718.
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10-15 (a)
Zt) 11 _ 000667
Fs) Ms'+K_ 150541 s +0.00667

f-’r',{s}l=

The transfer function G, (s) has poles on the j axis. The natural undamped frequency is
w =00816 radisce.

(b) PID Controlier:

ﬂ.{)ﬂ-ﬁﬁ‘i‘{KDsz +K 5+ K;}
Gis)= G;(S}GF (5)= -
s(.r +um&5‘r}
K_=limsG(s)=K, =100  Thus K, =100
S=pll

Characteristic Equation: 5 +0.00667Ks° +0.00667(1+ K, Js+ 0.00667K =0
For £ =0.707 and @, =1rad/scc, the sccond-order term of the characieristic cquation is
5" +14145+1=0. Divide the characteristic equation by the second-order term.
s+(0.00667K , ~1414)
5 +14145+1 |.;’ +0.00667K ,5° +(0.00667+0.00667K , )s+0.00667 K,
5 +14145 +1

(0.00667K, —1414)s® +(0.00667K , - 0.99333)5+ 0.00667 K,
(0.00667K,, — 1414)s” +(0.00943K , — 2] s+ 000667 K, ~ 1414

(0.00667X , - 0.00943K , +100667)5+0.00667K, —0.00667K , +141

For zero remainder, 0.00667K, -0.00667K, +1414=0 (1)
and 0.00667K, —0.00943K, + 100667 = 0 (2)
2081
From Eq. (1), K,= =312
0.00667
0.00943K, ~ L00667
From Eq. (2), K,= 2 29018
0.00667

The forward-path transfer function becomes,

2081s° + 193555 +0.667

g :(:! +U.ﬂ066?}

Unit-step Response.
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The unit-step response shows a maximum overshoot of 26%. Although the relative damping ratio of the

complex roots is 0.707, the real pole of the third-order system transfer function is at - 0.667 which adds
to the overshoot.

0.00667(1+ K, s) (K, s+ K,,)
s(s? +0.00667)

G(s) =G.(5)G,(9) =

For KV =100 , KIz :K| =100 . Let us select KPz =50. Then

| - 0.00667(1+ K ,s) (50s +100)
) s(s? +0.00667)

For a small overshoot, K b1 must be relatively large. When K b1 =100 , the maximum overshoot is

approximately 4.5%. Thus,

K, =K, *+K K|2:50 +100 100 = 10050

P P2 D1

K_ =K_K_ =100 ~ 50 =5000
D D1 P2

K =100

I
System Characteristic Equation: s’ +33.355° +67.045 +0667 =0

Roots: -0.01, -2138 -31.2

Unit-step Response.
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10-16 (a)
Z(s) 1 1 0.00667
G (5): = = =

P F(s) MsZ+Ks 150 s> +1  s° +0.00667

The transfer function G b ('s) has poles on the jW axis. The natural undamped frequency is

w N = 0.0816 rad/sec.

(b) PID Controller:
0.00667(K,s* + K,s+K, )

G(9) =G,(5)G,(9) = s(s* +0.00667)

K =lim sG (s) = K, =100 T hus K, =100
v | |
s®0

Characteristic Equation: s’ +0.00667K s’ +0.00667 (1+ K, ) s+0.00667K, =0

ForZ =land W . =1 rad/sec, the second-order term of the characteristic equation is s 2 +2s+1.

Dividing the characteristic equation by the seond-order term.

s+(0.00667K _ - 2)

s”+2s+1|s’ +0.00667K ,s* +(0.00667 +0.00667K, ) s + 0.00667 K

s'+25"+s

(0.00667K , - 2) s*+(0.00667 K,, - 0.99333) s+ 0.00667K,
(0.00667K, - 2) s”+(0.01334K, - 4) s+0.00667 K, - 2

(0.00667K , - 0.01334K _ + 3.00667) s +0.00667K, - 0.00667 K +2

For zero remainder,

0.00667 K P~ 0.01334 KD +3.00667 =0 ()

- 0.00667 KD +0.00667 KI +2 =0 )
From Eq. (2),
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0.00667 K b= 0.00667 K | +2 =2.667 Thus K b = 399 .85
From Eq. (1),
0.00667 K b = 0.01334 K . 3.00667 = 2.3273 Thus K b =348 .93

Forward-path Transfer Function:

0.00667 (399.85s2 +348.93s+ 100)
s(s* +0.00667)

G(s =

Characteristic Equation:
S+ 26675 + 2.334s+0.667=(s+1)° (s+0.667) = 0
Roots: -1, -1, - 0.667

Unit-step Response.

Tisa,. &

The maximum overshoot is 20%.

10-17 (a) Process Transfer Function: Forward-path Transfer Function
4 4(K_ +K_s
G _(s)=— G(s) =G, (s)G (S)=—( . +Ky9)
p 2 c p 2
s S
Characteristic Equation: s’ + 4K S +4K o = s’ +1414 s+1=0 for Z =0.707 , W =1 radisec

K_=0.25and K_ =0.3535
P D

Unit-step Response.
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Tima, =

Maximum overshoot = 20.8%

(b) Select a relatively large value for K b and a small value for K p S0 that the closed-loop poles are real.

The closed-loop zeroat s = - K b /I K b is very close to one of the closed-loop poles, and the system

dynamics are governed by the other closed-loop poles. Let K b =10 and use small values of K .

The following results show that the value of K b is not critical as long as it is small.

K, Max overshoot t, £
(%) (sec) (sec)
0.1 0 0.0549 0.0707
0.05 0 0.0549 0.0707
0.2 0 0.0549 0.0707
(c) ForBW £ 40 radisec and M ; =1, we can again select K b =10 and a small value for K .
The following frequency-domain results substantiate the design.
K, PM M, BW
(deg) (rad/sec)
0.1 89.99 1 40
0.05 89.99 1 40
0.2 89.99 1 40

10-18 (a) Forward-path Transfer Function:

Characteristic Equation:

G(s) =G, ()G, (9) =

Routh Tabulation:

10,000(K, +K_s)
sz(s+10)
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S 1 10 ,000 K
D

S 10 10, 000 KP
The system is stable for K, >0 and K o >0.1K o
1
S 10,000 K b - 1000 K P 0
0
S 10,000 K
P

(b) Root Locus Diagram:

10,000K,
Gl =—7——
S (s+10)
.'w o
i
Kp
s-plans
x/
!
/
f
/
[--1 II'II
- KPJ K;-n | Bg=0
C =10 0 K =0 o

Root Contours: 0 £ KD <¥, KP =0.001, 0.002 ,0.005,0.01.

10,000 K _s
D

Ge (S): 3 2
d s°+10s” +10,000 K |
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Kpy=0.0040 Kp=0.01 K =0
Kp=0.002. Kp=0.005
Ep=0.001 =0.002
keo— Kp"0-001
-0 -9 -8 -7 -6 -5 b Kp=0
1
-js
K
P
o \
K -
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(C) The root contours show that for small values of K b the design is insensitive to the variation ofK . This
means that if we choose K b to be between 0.001 and 0.005, the value of K p can be chosen to be 0.005
for a relative damping ratio of 0.707. Let K b =0.001 and K b =0.005 . Gc (s) =0.001 +0.005 s.

The forward-path transfer function becomes

10(1+5s)
G(y) =——r
s’(s+10)

Since the zero of G (s) is ats = - 0.2, which is very close to s = 0, G(s) can be approximated as:

G(S) @L
s(s+10)

For the second-order system, Z = 0.707 . Using Eq. (7-104), the rise time is obtained as

1- 04167 2 +2.9172°
t =

r

= 0.306 sec
w

n

Unit-step Response:
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EMM
0.0 0,50 i. 00 1.5 & 00 =] 3.00 ‘3. 50 4.00 4,50
TIME (SEC3
(d) Frequency-domain Characteristics:
10(1+5s)
G =——7
s’(s+10)
PM GM M, BW
(deg) (dB) (rad/sec)
63 ¥ 1.041 7.156
10-19
é 0 1 0 0g é s -1 0 0y
s 0 o oY . &2:92 s o ol
A=g N (
e o0 0O O 1u e 0 0 s -1uU
€23 0 0 off €23 0 0 siH

0 0 s 236 0 s

é s s 0 o U

(4-n)- igzs.gzsz S 0 0 3
DE-236s -236 <'-2592s s'-2592U

32.3632 -2.36s 0 s’ - 25.9233
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¢ 0 g é -007325 U

é a _é . U

o\ 14007327 1% -007328°
(s-A) B=(s-A7)"€ u==¢€ . u
€ 0 0 DEé0.0976s’- 23570

2 G a

80.0976 H €0.0976s° - 2.357s()

. N\ 0.0976(s” - 24.15
Y(9=D(s-A) ' B=[0 0 1 0](s-A")'B= 32(32(?2592))

Characteristic Equation:  s' +0.0976s’ +(0.0976KP - 25.92) s - 2.357K_ s 2.357K, =0

- . 3 . .
The system cannot be stabilized by the PD controller, since the s and the s1 terms involve K 5 which

require opposite signs for K b

10-20 Let us first attempt to compensate the system with a PI controller.
K, 100 (K, s+ K, )
G (s)=K, +— Then G(s) =G.(s) G(9 = .
: : s(s +10s+100)
Since the system with the PI controller is now a type 1 system, the steady-state error of the system due to a
step input will be zero as long as the values of K b and K , are chosen so that the system is stable.

Let us choose the ramp-error constant Kv =100 . Then, K | =100 . The following frequency-domain
performance characteristics are obtained with K | =100 and various value of K b ranging from 10 to 100.
Kp PM GM M, BW
(deg) (dB) (rad/sec)
10 1.60 ¥ 29.70 50.13
20 6.76 ¥ 7.62 69.90
30 7.15 ¥ 7.41 85.40
40 6.90 ¥ 8.28 98.50
50 6.56 ¥ 8.45 106.56
100 5.18 ¥ 11.04 160.00

The maximum phase margin that can be achieved with the PI controller is only 7.15 deg when K b =30.

Thus, the overshoot requirement cannot be satisfied with the P1 controller alone.
Next, we try a PID controller.
K, (1+K_s)(K,,s+K,) (1+K_s)(K ,s+100)
—_ | — D1 P2 12 _ D1 P2
G.(s) =K, +K s+ —= =
S S S
Based on the Pl-controller design, let us select K - =30 . Then the forward-path transfer function

becomes

100(30s+100)(1+ K,,s)
s(s” +10s+100)

The following attributes of the frequency-domain performance of the system with the PID controller
are obtained for various values of K b1 ranging from 0.05 to 0.4.

G(9) =

Ko PM GM M, BW
(deg) (dB) (rad/sec)
0.05 85.0 ¥ 1.04 164.3
0.10 89.4 "4 1.00 303.8
0.20 90.2 ¥ 1.00 598.6
0.30 90.2 ¥ 1.00 897.0
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| 0.40 [ 90.2 [ ¥ [ 1.00 [ 1201.0

We see that for values of K b1 greater than 0.2, the phase margin no longer increases, but the

bandwidth increases with the increase in K b1’ Thus we choose

K_ =02, K =K =100, K =K_K_ =02 30=6,
D1 | 12 D D1 P2

K =K__ +K K2:30+o.2'1oo =50

P P2 D1 |
_ ) 100
The transfer function of the PID controller is G . (s) =50 +6s+——
s
The unit-step response is show below. The maximum overshoot is zero, and the rise time is 0.0172 sec.
.00
1. 80 1 —
B P el .
| |
. |
|
c.80 | =
|
1 |
0. &0 1| T
i
o, 00
6. 60 0.10 0.20 oaa [ 43 L. 50 o. B0 0.70 0. BO 0.8 1.00
10-21 (a)
4 4|1+ aTs 4aTs
G,(s)=— G(s):Gc(s)Gp(s):—z( ) 6, ()= ————
5 s (1+Ts) Ts +s° +4

Root Contours: (T is fixed and a varies)
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Select a
value for a. Let T =0.02

1+2s
GC(S) e
1+0.02 s

The characteristic equation is

The roots are:
The system transfer function is

400 (s +0.5)
(9 =—7———~+
S (s+ 50)

s> +50 s> +400 s +200 =0

-0.5355, -9.3, -40.17

Y(s) _ 400(s +0.5)
R(s) (s+0.5355)(s+9.3)(s+40.17)

Since the zero at - 0.5 is very close to the pole at - 0.5355, the system can be approximated by a second-

order system,

Y(s) 373.48
R(s) (s+93)(s+40.17)

The unit-step response is shown below. The attributes of the response are:

Maximum overshoot = 5% ts =0.6225 sec tr =0.2173 sec

Unit-step Response.

236

small value for T and a large
and a = 100.



— |
i I e -—
f
|
|
E.Elil
|
a.r:-;] 1
B.4 =
]
B.2t A
|
E[; £ il 1] 2 ig
Time

The following attributes of the frequency-domain performance are obtained for the system with the
phase-lead controller.
PM = 77.4 deg GM =infinitt M, _=1.05 BW = 9.976 rad/sec

10-21 (b) The Bode plot of the uncompensated forward-path transfer function is shown below. The diagram
shows that the uncompensated system is marginally stable. The phase of G ( jW) is - 180 deg at all
frequencies. For the phase-lead controller we need to place Wm at the new gain crossover frequency

to realize the desired phase margin which has a theoretical maximum of 90 deg.
For a desired phase margin of 80 deg,

1+sin 80°
az=— — =130

1- sin 80°
The gain of the controller is 20 log 02 = 42 dB. The new gain crossover frequency is at

42
|G(jW)|:-—:-21 dB
2

4
or o (iw)|= — =0.0877 Thus W’ = 45.61 W =6.75 radisec
w
1
—= ﬁwm =4/130 " 6.75 = 77 Thus T =0.013
T
1
— =059  Thus aT =169
aT
1+aTs 1+1702s 4(1+1.702s)
G (s) = = G()=—F——~
1+Ts  1+0.013ls s’ (1+0.0131s)

Bode Plot.
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10-22 (a) Forward-path Transfer Function:

1000a§+ 10

6(9 =6, (96, (9 = —20LraTS) s
s(s+10)(1+T8)  g(4,10)R, 10
Tg
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Set 1/aT = 10 so that the pole of G (s) ats = - 10 is cancelled. The characteristic equation of the system
becomes

2 1
s +—s+1000 a =0
T

1
Wn =4/1000 a ZZWn = — =24/1000 a Thus a=40 and T =0.0025
T

Controller Transfer Function: Forward-path Transfer Function:
1+0.01s 40,000
G (5)= ———— G(9 =———
1+0.0025 s s(s+400)

The attributes of the unit-step response of the compensated system are:

Maximum overshoot = 0 tr = 0.0168 sec tS = 0.02367 sec

(b) Frequency-domain Design

The Bode plot of the uncompensated forward-path transfer function is made below.

G(g)=——— The attributes of the system are PM = 17.96 deg, GM = infinite.
s(s+10)
M, = 3.117, and BW = 48.53 rad/sec.

To realize a phase margin of 75 deg, we need more than 57 deg of additional phase. Let us add an
additional 10 deg for safety. Thus, the value of f " for the phase-lead controller is chosen to be

67 deg. The value of a is calculated from

1+sin67°
a=—=24.16

1- sin67°

The gain of the controller is 20 log 02 =20 log 10 24.16 =27 .66 dB. The new gain crossover frequency
is at
K 27 .66
|G(JWm)|: - ——=-13.83 dB
From the Bode plot W'm is found to be 70 rad/sec. Thus,

1 .
—=4aT =+/24.16 ~ 70 =344 or T =0.0029 aT =0.0702
T

1+aTs _1+0.0702 s

Thus G . (s)=
1+Ts 1+0.0029 s
The compensated system has the following frequency-domain attributes:
PM = 75.19 deg GM = infinite M, = 1.024 BW = 91.85 rad/sec

The attributes of the unit-step response are:

Rise time t = 0.02278 sec Settling time t = 0.02828 sec Maximum overshoot = 3.3%
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10-23 (a) Forward-path Transfer Function: (N = 10)

200(1+aTs)
s(s+1) (s+10) (1+ Ts)

G(s) =G.(5)G,(9) =

Starting with a = 1000, we vary T first to stabilize the system. The following time-domain attributes
are obtained by varying the value of T.
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The maximum overshoot is at a minimum when T = 0.0007 or T = 0.0008. The maximum overshoot

is 15.4%.

T

Max Overshoot

t

S

(%0)

0.0001 59.4 0.370 5.205
0.0002 41.5 0.293 2.911
0.0003 29.9 0.315 1.83

0.0004 22.7 0.282 1.178
0.0005 18.5 0.254 1.013
0.0006 16.3 0.230 0.844
0.0007 15.4 0.210 0.699
0.0008 15.4 0.192 0.620
0.0009 155 0.182 0.533
0.0010 16.7 0.163 0.525

Unit-step Response. (T =0.0008 sec a = 1000)

1.2 T T T
1+
B.8B - 4
B.6 | -
B.4} ) -
B.2:; || a3
|
I
F' Time, soc
B i L i
8 i 2 3 g
10-23 (b) Frequency-domain Design.
Similar to the design in part (a), we set a = 1000, and vary the value of T between 0.0001 and 0.001.
The attributes of the frequency-domain characteristics are given below.
T PM GM M, BW
(deg) (dB) (rad/sec)
0.0001 17.95 60.00 3.194 4.849
0.0002 31.99 63.53 1.854 5.285
0.0003 42.77 58.62 1.448 5.941
0.0004 49.78 54.53 1.272 6.821
0.0005 53.39 51.16 1.183 7.817
0.0006 54.69 48.32 1.138 8.869
0.0007 54.62 45.87 1.121 9.913
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0.0008 53.83 43.72 1.125 10.92
0.0009 52.68 41.81 1.140 11.88
0.0010 51.38 40.09 1.162 12.79

The phase margin is at a maximum of 54.69 deg when T = 0.0006. The performance worsens
if the value of a is less than 1000.

10-24 (a) Bode P
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The attributes of the frequency response are:

PM =4.07deg GM=1.34dB

M, = 23.24

10-24 (b) Single-stage Phase-lead Controller.

6 (1 + aTs)

G(s =

s(1+0.2s)(1+05s) (1+Ts)

BW = 4.4 rad/sec

We first set a = 1000, and vary T. The following attributes of the frequency-domain characteristics
are obtained.

T PM M,
(deg)

0.0050 17.77 3.21

0.0010 43.70 1.34

0.0007 47.53 1.24

0.0006 48.27 1.22
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0.0005 48.06 1.23
0.0004 46.01 1.29
0.0002 32.08 1.81
0.0001 19.57 2.97

The phase margin is maximum at 48.27 deg when T = 0.0006.

Next, we set T =0.0006 and reduce a from 1000. We can show that the phase margin is not very
sensitive to the variation of a when a is near 1000. The optimal value of a is around 980, and the
corresponding phase margin is 48.34 deg.

With a =980 and T = 0.0006, the attributes of the unit-step response are:

Maximum overshoot = 18.8% t. = 0.262 sec t, = 0.851 sec

(c) Two-stage Phase-lead Controller. (a =980, T =0.0006)

6(1+ 0.583s)(1+bT 3|

G(s) =

5(1+0.25)(1+05s) (1+0.0006s) (1+T,s)

Again, let b = 1000, and vary T2 . The Pllowing results are obtained in the frequency domain.

T2 PM Mr
(deg)

0.0010 93.81 1.00
0.0009 94.89 1.00
0.0008 96.02 1.00
0.0007 97.21 1.00
0.0006 98.43 1.00
0.0005 99.61 1.00
0.0004 100.40 1.00
0.0003 99.34 1.00
0.0002 91.98 1.00
0.0001 73.86 1.00

Reducing the value of b from 1000 reduces the phase margin. Thus, the maximum phase margin of
100.4 deg is obtained with b = 1000 and T, = 0.0004. The transfer function of the two-stage phase-
lead controller is

(1+0.588s) (1+ 0.4s)
(1+0.0006s) (1+ 0.0004s)

G.(s) =

() Unit-step Responses.
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10-25 (@) The loop transfer function of the system is

1K KK, 1+RCs__ 6876 1+R"10°s
Ns(1+0.05s) RCs  s(1+0.05) 2s

G(9H(9 =

The characteristic equation is  s° +20s° +6.876 ~ 10 R,s +687 .6 =0

For root locus plot with R , 8 the variable parameter, we have

6.876° 10°Rs 6.876" 10°Rs

§'+205° +687.6 (s+215)(s- 0.745+ j5.61)(s- 0.745- j5:61)
Root Locus Plot.

G, (s) =
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When R2 =265 10 ° , the roots are at - 6.02 % j7.08 , and the relative damping ratio is 0.65 which is

maximum. The unit-step response is plotted at the end together with those of parts (b) and (c).

(b) Phase-lead Controller.

68.76 (1+aTs)
s(1+0.05s) (1+Ts)

G(9H(9 =

Characteristic Equation: Ts’ +(1+ 20T) s’ +(20+1375.2aT ) s+1375.2=0

With T =0.01, the characteristic equation becomes

&3 +1205° +(2000+1375.2a) s+137520 = 0

The last equation is conditioned for a root contour plot with a as the variable parameter.
Thus

1375 .2as

G (s)~=
e s° +120 s° + 2000 s +137 520

From the root contour plot on the next page we see that when a = 3.4 the characteristic equation roots
areat - 39.2,- 40.4 +j43.3, and - 40.4 - j43.3, and the relative damping ratio is maximum and is
0.682.

Root Contour Plot (avaries).
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Unit-step Responses.
T I
Uncompensated
i 1.ea 5
g RE=2.65:{10 ohms
2 ol
= 1.20 ///f hhﬁ_‘""-m
=
S S A i B e
—~ | /)"
: T 'llllfl 7
) I / \
BE N With phase-lead comtroller
oan | | .r"J I
/ |
/
1( o.oo /
oo 610 o.ao [ £ 4D [ 0. B 0.7 £ 8O 0. 80
= TIME  {SEC)
1+aTs 1+0.04036 s
Gc(s) = =
1+Ts 1+0.00923 s
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10-26 (a) Time-domain Design of Phase-lag Controller.

Process Transfer Function:

G (s) 200
s) =
p
s(s+1)(s+10)
For the uncompensated system, the two complex characteristic equation roots are at s = - 0.475 + j0.471

and - 0.475 - j0.471 which correspond to a relative damping ratio of 0.707, when the forward path gain
is 4.5 (as against 200). Thus, the value of a of the phase-lag controller is chosen to be

4.5
a = ——=10.0225 Select T = 1000 which is a large number.
200
Then
1+aTs _ 1+22.5s 4.5(s+ 0.0889))
G (s)= = G(9 =G,(s) G(9 =
1+Ts  1+1000 s s(s+1)(s+10)(s+0.001)
Unit-step Response.
1.2 T T T T
1 - =
8.8 | -
B.6 | -
8.4 5
B.2 -
4
a i g g i ;
B 28 4B 1] BE ig8 1zR

Time, sec

Maximum overshoot = 13.6 t, = 3.238 sec t, = 18.86 sec
Bode Plot (with phase-lag controller, a=0.0225, T = 1000)
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Frequency, Rads=s
PM = 59 deg. GM =27.34 dB M =11 BW = 0.6414 rad/sec
10-26 (b) Frequency-domain Design of Phase-lag Controller.
For PM = 60 deg, we choose a =0.02178 and T = 1130.55. The transfer function of the phase-lag
controller is
1+24.62s
G . (s) = ———— GM = 27.66 dB M, = 1.093 BW = 0.619 rad/sec
1+1130 .55 s
Unit-step Response.  Max overshoot = 12.6%, t =3.297 sec t =18.18 sec

1.2 : T y g T
i |
.8 - 4
8.6 4
o4 [- N

10-27 (a) Time-dq
Forwa . i
X } K =250
a 28 48 =1 as 188 ize Tima,
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With K = 250, the system without compensation is marginally stable. For a > 1, select a small value for
T and a large value for a. Let a =1000. The following results are obtained for various values of T
ranging from 0.0001 to 0.001. When T = 0.0004, the maximum overshoot is near minimum at 23%.

T Max Overshoot t, ty
(%) (sec) (sec)
0.0010 33.5 0.0905 0.808
0.0005 23.8 0.1295 0.6869
0.0004 23.0 0.1471 0.7711
0.0003 24.4 0.1689 0.8765
0.0002 30.6 0.1981 1.096
0.0001 47.8 0.2326 2.399

As it turns out a = 1000 is near optimal. A higher or lower value for a will give larger overshoot.

Unit-step Response.

1.4 T v T T

Time, =

(b) Frequency-domain Design of Phase-lead Controller

250(1+aTs)
G(9 = .
s’(s+5)" (1+Ts)
Setting a = 1000, and varying T, the following attributes are obtained.
T PM M, BW
(deg) (rad/sec)
0.00050 41.15 1.418 16.05
0.00040 42.85 1.369 14.15
0.00035 43.30 1.355 13.16
0.00030 43.10 1.361 12.12
0.00020 38.60 1.513 10.04

When a = 1000, the best value of T for a maximum phase margin is 0.00035, and PM = 43.3 deg.
As it turns out varying the value of a from 1000 does not improve the phase margin. Thus the
transfer function of the controller is
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1+ aTs 14+0.35s 250( 1+ 0.355)

G (s)= = and G(s = .
¢ 1+Ts  1+0.00035 s s(s+5)" (1+0.00035s)

10-27 (c) Time-domain Design of Phase-lag Controller

Without compensation, the relative damping is critical when K = 18.5. Then, the value of a is
chosen to be

18 .5
a =——=0.074
250
We can use this value of a as a reference, and conduct the design around this point. The value of
T is preferrably to be large. However, if T is too large, rise and settling times will suffer.

The following performance attributes of the unit-step response are obtained for various values of

aandT.
a T Max Overshoot t, t
(%)
0.105 500 2.6 1.272 1.82
0.100 500 2.9 1.348 1.82
0.095 500 2.6 1.422 1.82
0.090 500 2.5 1.522 2.02
0.090 600 2.1 1.532 2.02
0.090 700 1.9 1.538 2.02
0.090 800 1.7 1.543 2.02
0.090 1000 1.4 1.550 2.22
0.090 2000 0.9 1.560 2.22
0.090 3000 0.7 1.566 2.22

As seen from the results, when a = 0.09 and for T 3 2000, the maximum overshoot is less
than 1% and the settling time is less than 2.5 sec. We choose T = 2000 and a = 0.09.
The corresponding frequency-domain characteristics are:

PM = 69.84 deg GM =20.9dB M, = 1.004 BW = 1.363 rad/sec

(d) Frequency-domain Design of Phase-lag Controller

250(1+aTs)
s(s+5)° (1+Ts)

G(s) =

The Bode plot of the uncompensated system is shown below. Let us add a safety factor by
requiring that the desired phase margin is 75 degrees. We see that a phase margin of 75 degrees
can be realized if the gain crossover is moved to 0.64 rad/sec. The magnitude of G ( jW) at this

frequency is 23.7 dB. Thus the phase-lag controller must provide an attenuation of - 23.7 dB at
the new gain crossover frequency. Setting

20 log 08 =-23.7 dB we have a = 0.065

We can set the value of 1/aT to be at least one decade below 0.64 rad/sec, or 0.064 rad/sec. Thus,
we get T = 236. Let us choose T = 300. The transfer function of the phase-lag controller becomes

1+aTs _ 1+19.5s

G (s)=
1+Ts 1+300 s
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Frequency, Rad/=s

184

The attributes of the frequency response of the compensated system are:
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PM =71 deg GM =23.6 dB M, = 1.065 BW = 0.937 rad/sec
The attributes of the unit-step response are:
Maximum overshoot = 6% t, = 2.437 sec t, = 11.11 sec

Comparing with the phase-lag controller designed in part (a) which has a = 0.09 and T = 2000,
the time response attributes are:

Maximum overshoot = 0.9% t = 1.56 sec t, =2.22 sec

The main difference is in the large value of T used in part (c) which resulted in less overshoot,
rise and settling times.

10-28 Forward-path Transfer Function (No compensation)

6.087" 10’
s (53 +423.425° +2.6667 10°s +4.2342" 10° )

G(s) =G,(9) =

The uncompensated system has a maximum overshoot of 14.6%. The unit-step response is shown
below.

(a) Phase-lead Controller

1+ aTs
G (s) =——— @>1)

1+Ts
By selecting a small value for T, the value of a becomes the critical design parameter in this case.
If a is too small, the overshoot will be excessive. If the value of a is too large, the oscillation in
the step response will be objectionable. By trial and error, the best value of a is selected to be 6,
and T = 0.001. The following performance attributes are obtained for the unit-step response.

Maximum overshoot = 0% t. =0.01262 sec t, = 0.1818 sec

However, the step response still has oscillations due to the compliance in the motor shaft. The unit-

step response of the phase-lead compensated system is shown below, together with that of the
uncompensated system.

(b) Phase-lead and Second-order Controller

The poles of the process G b (s) areat-161.3, - 131+ j1614.7 and - 131 - j1614.7. The second-

order term is 52 + 262 s +2,624, 417 1. Let the second-order controller transfer function be

s2+262 s +2,624, 417 1

Gcl(s): 2 2
s +2Z W s+WwW
p n n

The value of Wn is set to «/ 2,624, 417 1 =1620 rad/sec, so that the steady-state error is not affected.
Let the two poles of G Cl(s) beat s =-1620 and - 1620 . Then, Z b =405 .

s2 +262 s+2,624, 417 1

Cu(8) =
s* +3240 s+2,624, 417 1

6.087" 10” (1 +0.006s)

G(9) =G, (9)G,()G,(9) =
"7 s(s+161.3)(s° +3240s+ 2,624,417.1) (1+ 0.001s)

The unit-step response is shown below, and the attributes are:
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Maximum overshoot = 0.2 t =0.01012 sec t, = 0.01414 sec
The step response does not have any ripples.

Unit-step Responses

1.3 T T L] ¥
i‘__ Uncompensated system
/
s :
I With phase-l=ad controller

8.6} d; / .
i [
II
8.4 ll"Li 1
/If] T With phase=-lead and second-order controllers I
H.E‘.-jr/ =
B i I i L
B B.BZ2 8.84 B.BE B.DB 8.1
Tine, =
10-29 (a) System Equations.
o o L dw
e, SRi_+tK W T =K T =3 o +Bw, +K (q,-0)+B (w, -w,)
dw
KL(qm-qL)+BL(Wm-WL):JL -
dt
State Equations in Vector-matrix Form:
eda. u \
€q U € 0 1 0 0 u 40 o
&6 U é Go - €00
adw 1 A KL BL KL BL ~€d U e u
e e — -— — — Ua g a0 ~
édt a e JL ‘]L ‘]L 'JL U%VL’ g lﬁl
e, UT€ 0 0 X Gs gﬂg 0 Ue,
6% & azlny €k U
édt i ek, B K. B,+B KK Uév, g—Rj E
gw, o &9, 3, I, 3 JRrRY an
e dt u

253



State Diagram:

Transfer Functions:

W,(s) K (s"+Bs+K )/R

Ea(s) ) \]m‘JLS2 +( KEJL + BLJL + BLJm) Sz +(JmKL + JLKL + KEBL)S+ KLKe

W(s) _ K. (Bs+K,)/R,

Ea(S) ‘]m‘]LS3 +(KeJL +BJ + BL‘]m)Sz + (‘]mKL +J K + KeBL)S+ K.Ke

w (9  13333(s’+10s+3000) 133.33(s” + 105 + 3000)

E.(s) ¢ +318.155° +60604.135+58240 (s+0.9644) (s+158.50+ j187.71) (s+158.59 - [187.71)
W(s) _ 1333.33('s+300)

E.(s) (s+0.9644)(s+158.59 + j187.71) (s +158.59- j187.71)

(b) Design of PI Controller.

W, (9)

&
1333.33K,, g

S+ ﬁ2(s+ 300)
K., @

G =
(9 Q)

K =lim sG (s) =
v s® 0

s(s+0.9644) (s +317.186s + 60388.23)

1333 33~ 300 K,

0.9644 ~ 60388 .23

=6.87 KI =100

Thus KI

With KI =14.56, we study the effects of varying K p The following results are obtained.

=14.56

K

t

t

Max Overshoot

P r S
(sec) (sec) (%)
20 0.00932 0.02778 4.2
18 0.01041 0.01263 0.7
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17 0.01113 0.01515 0
16 0.01184 0.01515 0
15 0.01303 0.01768 0
10 0.02756 0.04040 0.6

With KI =1456 and K p ranging from 15 to 17, the design specifications are satisfied.

Unit-step Response:

1 L : :
a.al / J
g.8lL ; 4
8.7 &
i
B.6 [ g
B.SH s
B.4 = .
[
8.3+ 1
[
B.2 | 1
8.1 |] ':
g
L T . i
B B.BS | H.315 B8.25
Tine,
(¢) Frequency-domain Design of P1 Controller (K, = 14.56)
&(s 1333.33(K,s +14.56) (s +300)
S) =
s(s° +318.155” + 60694.135 + 58240 )
The following results are obtained by setting K | =14.56 and varying the value of K p
Kp PM GM M, BW Max Overshoot t, t
(deg) (dB) (rad/sec) (%) (sec) (sec)
20 65.93 ¥ 1.000 266.1 4.2 0.00932 0.02778
18 69.76 ¥ 1.000 243 0.7 0.01041 0.01263
17 71.54 ¥ 1.000 229 0 0.01113 0.01515
16 73.26 ¥ 1.000 211.6 0 0.01184 0.01515
15 74.89 ¥ 1.000 190.3 0 0.01313 0.01768
10 81.11 ¥ 1.005 84.92 0.6 0.0294 0.0404
8 82.66 ¥ 1.012 63.33 1.3 0.04848 0.03492
7 83.14 ¥ 1.017 54.19 1.9 0.03952 0.05253
6 83.29 ¥ 1.025 45.81 2.7 0.04697 0.0606
5 82.88 ¥ 1.038 38.12 4.1 0.05457 0.0606
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From these results we see that the phase margin is at a maximum of 83.29 degrees when K P =6.
However, the maximum overshoot of the unit-step response is 2.7%, and M r is slightly greater than
one. In part (b), the optimal value of K p from the standpoint of minimum value of the maximum
overshoot is between 15 and 17. Thus, the phase margin criterion is not a good indicator in the present

case.

10-30 (a) Forward-path Transfer Function

KQ,(s) 100K (s’ +10s+100) 10,000(s” + 105+ 100)

T.(s) s(s°+20s*+2100s+10,000) ~ s(s+4.937) (s* +15.065+ 2025.6)

Gp (s) =

The unit-step response is plotted as shown below. The attributes of the response are:
Maximum overshoot = 57% t, =0.01345 sec t, = 0.4949 sec
(b) Design of the Second-order Notch Controller

The complex zeros of the notch controller are to cancel the complex poles of the process transfer
function. Thus

> +15.06 s +2025 6 10,000( s* +10s+100
G (s)= § S and G(S) :GC(S)Gp(S) = ( - )
‘ s* 4902 s +2025 .6 s(s+4.937) (s* +90z s +2025.6)

The following results are obtained for the unit-step response when various values of Z b are used.

The maximum overshoot is at a minimum of 4.1% when Z b =1.222 . The unit-step response is

plotted below, along with that of the uncompensated system.

z 2ZW Max Overshoot

p n (0/0)
2.444 200 7.3
2.333 210 6.9
2.222 200 6.5
1.667 150 4.9
1.333 120 4.3
1.222 110 4.1
1.111 100 5.8
1.000 90 9.8

Unit-step Response
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Time, szc

10-30 (c) Frequency-domain Design of the Notch Controller

The forward-path transfer function of the uncompensated system is

10000(s* + 10s +100)
s(s+4.937) (s* +15.06s + 2025.6)

G(9 =

The Bode plot of G ( jW) is constructed in the following. We see that the peak value of |G ( jW)| is

approximately 22 dB. Thus, the notch controller should provide an attentuation of - 22 dB or 0.0794
at the resonant frequency of 45 rad/sec. Using Eq. (10-155), we have

Z 0167
|G (j45) | =——=—-=0.079%4 Thus Z =21024
¢ p
4 4
P p
Notch Controller Transfer Function Forward-path Transfer Function
s? +15 06 s +2025 6 10,000(s* +10s +100)
G, (s) == G(s) = -
s” +189 216 5+ 2025 6 s(s+4.937) (s +189.225 + 2025.6)

Bode Plots
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Attributes of the frequency response: PM =80.37 deg GM = infinite M . =1.097 BW =66.4 rad/sec
Attributes of the frequency response of the system designed in part (b):
PM = 59.64 deg GM = infinite M . =1.048 BW =126.5 rad/sec

10-31 (a) Process Transfer Function

500( s+ 10)
s(s* +10s+1000)

G,(s) =

The Bode plot is constructed below. The frequency-domain attributes of the uncompensated
system are:

PM = 30 deg GM = infinite M . =186 and BW =3.95 rad/sec

The unit-step response is oscillatory.

(b) Design of the Notch Controller
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For the uncompensated process, the complex poles have the following constants:
Wn = \/1000 =316 rad /sec 2ZW =10 Thus Z = 0.158
n
The transfer function of the notch controller is

sP+2z W os+w’
G (S): 7 n n

c

s’ 427 s+w’
p n

For the zeros of G . ('s) to cancel the complex poles of G b (s),Z ) =Z =0.158 .

From the Bode plot, we see that to bring down the peak resonance of |G ( jWn )| in order

to smooth out the magnitude curve, the notch controller should provide approximately
- 26 dB of attenuation. Thus, using Eq. (10-155),

-26
z, 0 0.158
=10 % =005 Thus Z = =3.1525

4 0.05
p

The transfer function of the notch controller is

s° +10 s +1000 500(s+10)

G (s)=

G(9) =G, (8)G,(9 =
s’ +199 .08 s +1000 P 5(52 +199.083+1000)

The attributes of the compensated system are:

PM = 72.38 deg GM = infinite M ; =1 BW = 5.44 rad/sec
Maximum overshoot = 3.4% tr =0.3868 sec ts =0.4848 sec
Bode Plots
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With Z ) =0.158 and Wn = 31.6, the forward-path transfer function of the compensated system is

500('s +10)
s(s” +63.2z s+1000)

G(s) =G.(5)G,(9) =

The following attributes of the unit-step response are obtained by varying the value of Z .

z 2ZW Max Overshoot t t

P n (%) (sec) (sec)
1.582 100 0 0.4292 0.5859
1.741 110 0 0.4172 0.5657
1.899 120 0 0.4074 0.5455
2.057 130 0 0.3998 0.5253
2.215 140 0.2 0.3941 0.5152
2.500 158.25 0.9 0.3879 0.4840
3.318 209.7 4.1 0.3884 0.4848

When Z b = 2.5 the maximum overshoot is 0.9%, the rise time is 0.3879 sec and the setting

time is 0.4840 sec. These performance attributes are within the required specifications.

10-32 Let the transfer function of the controller be

20,000(32 +10s+ 50)
(s+1000)°

G.(s) =

Then, the forward-path transfer function becomes

20,000K (sz +10s+ 50)

G(9 =G =
(9 .(s) G(9 S(SZ +10$+100)(S+1000)2

6
K
=50 Thust henom inal K =5000

10
ForGf(s):l, K =1lim sG (s) =
¢ Y o 10

For £ 20% variation in K, K min =4000 and K o = 6000 . To cancel the complex closed-loop poles,

we let

50(s+1)
s’ +10s+50

where the (s + 1) term is added to reduce the rise time.

G, (s) =
Closed-loop Transfer Function:

Y(s) 10°K (s +1)
R(s) s(s* +10s+100) (s+1000° ) + 20,000K (s* +10s+ 50)

Characteristic Equation:

K = 4000: s° +2010 s* +1,020 ,100 s° +9.02 “10 's°+9 10°+4 10° =0
Roots: -97.7, -648.9, -1252 .7, - 535+ j4.6635 , - 5.35- j4.6635
Max overshoot (G 6.7% Rise time < 0.04 sec
K = 5000: s +2010 s* +1,02010 05’ +11" 10°s° +11" 10°s+5" 10° =0
Roots: -132 46, 587 44, - 1279 .6, - 5272 +j4.7353 , - 5.272 - |4.7353
Max overshoot (@4% Rise time < 0.04 sec

261




K = 6000 s° 42010 s* +1,020 ,200 s° +13 10°s* +13 10 s+6" 10° =0

Roots: -176 .77, -519 .37, -1303 4, - 5.223 +j4.7818 , -5.223 - j4.7818

Max overshoot (@2.5% Rise time < 0.04 sec

Thus all the required specifications stay within the required tolerances when the value of K varies by
plus and minus 20%.

Unit-step Responses

Time (sec)

1. 80 il &
|
E = LODO
1.20 /1
Rt -1 K = 6000
K = 5000
0. LD i
0.0
0. Do 0. 10 o, 20 0. 50 0. &0 4 30 0. 5o 0. 70 0. B0 0. B0

10-33 Let the transfer function of the controller be

2oo(s2 +10s+ 50)

G =
& o0y

The forward-path transfer function becomes

200,000K (32 +10s+ 50)

G(s) =G.(5)G,(9) =

2

s(s+a)(s+100)

For a = 10,
107K
K =1lim sG (s) = =100 K =100 Thus K =1
V' s®o 10

Characteristic Equations: (K = 1)
a=10: s 4210 % +212 " 10°s%+21710°%s+10 " =0
Roots: -4.978 +j4.78, - 4.978 - j4.78, - 100 + j447 16 - 100 - 447 16
a=8: s' 4208 s° +2116 “10°s° +2.08 " 10°s+10 =0
Roots: -4.939 + j4.828, - 4.930 - j4.828 , - 99.06 + j446 97, - 99.06 - 446 .97
a=12: s 4212 % +2124 “10°+212 " 10°%s+10" =0
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Roots: -5.017 + j4.73, - 5.017 - j4.73, - 100 .98 + j447 .36, - 100 .98 - 447 .36

Unit-step Responses: All three responses for a=8, a=10, and 12 are similar.

1.80

o 40 .
0.on
noo 0. 10 0. 20 &30 0. 40 0. 5o oes [ o.e £. o0
TIME (SEC)
10-34 Forward-path Transfer Function:
Y(s K . K
G(g =~ - K, =limsG(s) = ———— =1
E(s) s(s+1)(s+10)+KKs ®0 10+ KK,
Characteristic Equation: s’ +11s° + (10+ KK[) st K= +11s" + Kst K=0
K(s+1)
For root loci, G, (8)=—7——
s’ (s+11)
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Root Locus Plot (K varies)

j
'S
~1.87434.87 - 3 K=59.3 Bk
b
.,
b [ Jh
h'\
s-plans \, :
i3
>
N |
2 E=12 j?
Sl.12+31.13
K=0 f -
7‘\{ i A ™ 2 £ = i i - i i -|| e G & #( o
=11 -10 -9 -8 ol =6 =L.61B| =& -2.38 =2 =1 "~ =0
Y
K
+
oD
The root loci show that a relative damping ratio of 0.707 can be realized by two values of K. K =22
and 59.3. As stipulated by the problem, we select K = 59.3.
10-35 Forward-path Transfer Function:
10K ) 10 K K
G(s = K, =lim sG (s) = = =1 Thus K =K -1
s(s+1)(s+10)+10K[s s®o0 10 +10K ~ 1+K,
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Characteristic Equation: S(S+1)(S+10) +10K +10K = s +115° +10Ks+10K =0

When K =5.93 and Kt = K - 1=4.93, the characteristic equation becomes
s +11s° +10.046 s +4.6 =0

The roots are: - 10.046 , - 047723 +j0.47976 - 0.47723 - j0.47976

10-36 Forward-path Transfer Function:

The unit-step responses of the system for K = 20 and 44.6 are shown below.

Unit-step Responses:

265

K (1+aTs) 1
G(9 = . K =lim sG (s) =— =100 Thu's K =0.01
s((L+Ts)(s" +10s+KK, ) " w0 K
t
Let T=0.01 and a=100. The characteristic equation of the system is written:
s +1108’ +1000s + K (0.001s° +101s +100) =0
To construct the root contours as K varies, we form the following equivalent forward-path transfer
function:
0.001K (s* +101,000s+100,000)  0.001K (s+1)(s+50499)
G (S) = =
“ sz(s+10)(s+100) sz(s+10)(s+100)
Boot loci: TJ“'
£ =0. :l:u?\\ |
s-plane -\ |
-,
~4.0957+]6.0957 [\K=44.6 .
'\\- I
k"
%
\\ E=20
=1.158+§1.155 =
K=o H=0 K=0 “Ahe =g
— 00— 4 X — S -
- 50499 ~10 -10 K= *
\
From the root contour diagram we see that two sets of solutions exist for a damping ratio of 0.707.
These are:
K =20: Complex roots: - 1158 + j1.155, - 1158 - j1.155
K = 44.6: Complex roots: -4.0957 + j4.0957 , - 4.0957 - j4.0957




K=4b .6 K=20

TIME (SEC)

— _‘-‘_‘_‘_‘_‘_"'——._
0. 80 7 =
0. 40 /
o.o00
0. 0a L. 50 .60 1. 50 & 0o 2. 50 3. 00 3. 50 4. 040 d. 50

10-37 Forward-path Transfer Function:

&9 KKKKN
S) =
s@lLs +(RJ, +LB +KK,J)s+RB +KK,B +K K +KKKKF
1.5 10'K
G(s) =— A
s(s® +3408.335 +1,204,000 + 1.5" 10°KK )
15 K
Ramp Error Constant: K =lim sG (s) =—— =100
V' s@o 1204 +150 KK
Thus 1204 +150 KK  =015K
The forward-path transfer function becomes
15" 10'K
G(s) =—
s(s* +3408.33 +150,000K
Characteristic Equation: s® +3408 .335 +150 ,000 Ks +157 10 K=o

When K = 38.667 the roots of the characteristic equation are at

- 0.1065 , - 1.651 + j1.65, - 1651 - j1.65 (z @.707 for the complex roots)
The forward-path transfer function becomes

5.8" 10°

G(9) =— P
s(s +3408.335+5.8" 10 )
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Unit-step Response

i ARCRICEEY, &

B .85 B.1 +B8.15 B.2

Iine, =

Unit-step response attributes: ~ Maximum overshoot =0  Rise time = 0.0208 sec ~ Settling time = 0.0283 sec

10-38 (@) Disturburnce-to-Output Transfer Function

Y(s)| 2(1+0.1s) o o=t
== s) =
T(9], s(1+0.015(1+0.1s)+20K ;
For TL(s) =1/s
lim y(t) =lim sy (s) =1 Foor  Thus K310

t® ¥ s®o 10 K
10-38 (b) Performance of Uncompensated System. K = 10, G (s)=1

200
s(1+0.01s) (1+0.1s)

G(9 =

The Bode diagram of G ( jW) is shown below. The system is unstable. The attributes of the
frequency response are:  PM =-9.65deg GM =-5.19 dB.

(c) single-stage Phase-lead Controller Design
To realize a phase margin of 30 degrees, a = 14 and T = 0.00348.
1+ aTs 1+0.0487 s

Gc(s): =
1+Ts 1+0.00348 s
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The Bode diagram of the phase-lead compensated system is shown below. The performance
attributes are:  PM =30 deg GM = 10.66 dB M ; =195 BW = 131.6 rad/sec.

(d) Two-stage Phase-lead Controller Design

200( 1+ 0.0487s)
S (1+ O.ls) (1+ 0.0ls) (1+ 0.003485)

Starting with the forward-path transfer function G(9 =

The problem becomes that of designing a single-stage phase-lead controller. For a phase margin
or 55 degrees, a =7.385 and T =0.00263. The transfer function of the second-stage controller is

1+aTs _1+0.01845 s

Gcl(s) =
1+Ts 1+0.00263 s

200( 1+ 0.0487s) (1+ 0.01845s)
s(1+0.1s) (1+ 0.01s) (1+ 0.00348s) (1+0.00263s)

Thus G(§) =

The Bode diagram is shown on the following page. The following frequency-response attributes
are obtained:

PM = 55 deg GM =12.94 dB M ; =111 BW = 256.57 rad/sec

Bode Plot [parts (b), (c), and (d)]
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10-39 (a) Two-stage Phase-lead Controller Design.

The uncompensated system is unstable. PM =-43.25 deg and GM = - 18.66 dB.
With a single-stage phase-lead controller, the maximum phase margin that can be realized affectively
is 12 degrees. Setting the desired PM at 11 deg, we have the parameters of the single-stage phase-

lead controller as a = 128.2 and T1 =0.00472 . The transfer function of the single-stage controller

1+aT1$ 1+0.6057 s

is G, (8=

1+Tls 1+0.00472 s

Starting with the single-stage-controller compensated system, the second stage of the phase-lead
controller is designed to realize a phase margin of 60 degrees. The parameters of the second-stage

controller are: b =16.1 and T2 = 0.0066 . Thus,

l+bT25 1+0.106 s

Gcz(s)=
G (s)=G_(s)G_,(s)=

Forward-path Transfer Function:

1+Tzs 1+0.0066 s
1+0.6057 s 1+0.106 s

1+0.00472 s 1+0.0066 s
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1,236,598.6 (s +1.651)( s+9.39)
s(s+2)(s+5)(s+211.86) (s+1515)

Attributes of the frequency response of the compensated system are:

G(9) =G ()G, (s)G(9) =

GM =19.1dB PM = 60 deg M . =1.08 BW = 65.11 rad/sec

The unit-step response is plotted below. The time-response attributes are:

Maximum overshoot = 10.2% tS =0.1212 sec tr =0.037 sec

(b) single-stage Phase-lag Controller Design.

With a single-stage phase-lag controller, for a phase margin of 60 degrees, a = 0.0108 and T = 1483.8.
The controller transfer function is

1+16.08 s
G . (S) e —
1+1483 .8s
The forward-path transfer function is

(5126 (516 () = 6.5 [+ 0.0662 g
S)— S S) ——% ' '
¢ P sb+2®+5@+0.000674 g

From the Bode plot, the following frequency-response attributes are obtained:

PM = 60 deg GM =20.27 dB M ; =1.09 BW = 1.07 rad/sec

The unit-step response has a long rise time and settling time. The attributes are:

Maximum overshoot = 12.5% tS =12 .6 sec tr = 2.126 sec

(c) Lead-lag Controller Design.

For the lead-lag controller, we first design the phase-lag portion for a 40-degree phase margin.
The result is a = 0.0238 and T1 = 350 . The transfer function of the controller is

1+8.333 s

G ( 5) e

o 1+350 s

The phase-lead portion is designed to yield a total phase margin of 60 degrees. The result is
b=4.8 and T2 = 0.2245 . The transfer function of the phase-lead controller is

1+1.076 s
G o2 (s) =—m
1+0.2245 s
The forward-path transfer function of the lead-lag compensated system is

a(3 = 68.63(s+ 0.12)(s+ 0.929)

s(s+2)(s+5)(s+0.00286) (s+4.454)
Frequency-response attributes: PM =60deg GM =13.07dB M . =1.05 BW = 3.83 rad/sec

Unit-step response attributes: ~ Maximum overshoot = 5.9% tS =1512 sec tr =0.7882 sec
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Unit-step Responses.

,ﬂfﬂ_-_—‘_‘-_-_’f

20
1. 80
With two-stape phase-lead controller
1.20 / With single-stage phase-lag controller

AT

R ] 5
|"'-..__J#
/ With lag-lead controller

TIME (SEC)

TS I
f
0. 00
oo 1.50 200 Lm 8.00 7.5 oo L. 12.00 1350

1% 00

10-40 (a) The uncompensated system has the following frequency-domain attributes:

PM = 3.87 deg GM =1dB M . =7.73 BW = 4.35 rad/sec

The Bode plot of G . ( jW) shows that the phase curve drops off sharply, so that the phase-lead
controller would not be very effective. Consider a single-stage phase-lag controller. The phase
margin of 60 degrees is realized if the gain crossover is moved from 2.8 rad/sec to 0.8 rad/sec.
The attenuation of the phase-lag controller at high frequencies is approximately - 15 dB.
Choosing an attenuation of - 17.5 dB, we calculate the value of a from

20 log 02 =-17.5 dB Thus a = 0.1334
The upper corner frequency of the phase-lag controller is chosen to be at 1/aT = 0.064 rad/sec.
Thus, 1/T =0.00854 or T =117.13. The transfer function of the phase-lag controller is

1+15 63 s
G . (s) = — —

1+117 13
The forward-path transfer function is

5(1+15.63s) (1- 0.05s)

G(s) =G, (s)G,(9) =
From the Bode plot of G ( jW), the following frequency-domain attributes are obtained:
PM = 60 deg GM =18.2dB M . =1.08 BW = 1.13 rad/sec

The unit-step response attributes are:

maximum overshoot = 10.7% tS =10.1 sec tr =2.186 sec

Bode Plots
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10-40 (b) Using the exact expression of the time delay, the same design holds. The time and frequency domain
attributes are not much affected.
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10-41 (a) Uncompensated System.

10
(1+5s) (1+10s)(1+ 2s) (1+ 55)

Forward-path Transfer Function: G(S) =

The Bode plot of G ( jW) is shown below.

The performance attributes are: PM=-1064deg GM=-226dB
The uncompensated system is unstable.

(b) PI Controller Design.

10(K s+K,)
Forward-path Transfer Function: G(S) = £
s(1+s)(1+10s)(1+ 2s)(1+ 5s)
Ramp-error Constant: KV =lim sG (s) =10 KI =01 Thu s KI =0.01
s®o0
0.1(1+ 100K s

s(1+s)(1+10s)(1+2s) (1+ 5s)

The following frequency-domain attributes are obtained for various values of K .

K, PM GM M, BW
(deg) (dB) (rad/sec)

0.01 24.5 5.92 2.54 0.13
0.02 28.24 7.43 2.15 0.13
0.05 38.84 11.76 1.52 0.14
0.10 50.63 12.80 1.17 0.17
0.12 52.87 12.23 1.13 0.18
0.15 53.28 11.22 1.14 0.21
0.16 52.83 10.88 1.16 0.22
0.17 51.75 10.38 1.18 0.23
0.20 49.08 9.58 1.29 0.25

The phase margin is maximum at 53.28 degrees when K b =015.

The forward-path transfer function of the compensated system is

0.1(1+153)
s(1+s)(1+10s)(1+5s) (1+2s)

G(s =

The attributes of the frequency response are:

PM = 53.28 deg GM =11.22 dB M . =114 BW = 0.21 rad/sec

The attributes of the unit-step response are:

Maximum overshoot = 14.1% tr =10 .68 sec tS = 48 sec

Bode Plots
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Bode Plote
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10-41 (c) Time-domain Design of P1 Controller.
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By setting KI = 0.01 and varying K p e found that the value of K b that minimizes the maximum

overshoot of the unit-step response is also 0.15. Thus, the unit-step response obtained in part (b)
is still applicable for this case.

10-42 Closed-loop System Transfer Function.
Y(s) 1
R(s) s +(4+k,)s +(3+k,+k)s+k

For zero steady-state error to a step input, kl =1. For the complex roots to be located at -1 +j and - 1 - |,

- - . 2 .
we divide the characteristic polynomial by s~ +2 s + 2 and solve br zero remainder.

s+ (2+k)

sz+25+2| S +(4+k)s +(3+k,+k)s+1

s+ 2s

(2+k) 8"+ (1+k, +k)s+1
(2+k,) 8" +(4+2k,)s +4+2k,
(-3+k, - k) s- 3- 2k,

For zero remainder, - 3- 2k 5 =0 Thus k s =-15

3 +2s

-3+k -k =0 Thus k =15
2 3 2

The third root is at - 0.5. Not all the roots can be arbitrarily assigned, due to the requirement on the
steady-state error.

10-43 (a) Open-loop Transfer Function.

E(s) sgs +(4+k,)s+3+k, +k,[

G(9)

Since the system is type 1, the steady-state error due to a step input is zero for all values of k1’ k2 , and k3
that correspond to a stable system. The characteristic equation of the closed-loop system is
3 2 _
s'+(4+k,)s"+(3+k +k,)s +k, =0
For the roots to beat -1 +j, -1- j, and - 10, the equation should be:

sP+12s +25+20 =0
Equating like coefficients of the last two equations, we have

4+k, =12 Thus k=8
3+k tk =22 Thus k. =11

1 2 1
k,=20 Thus k=20

3

(b) Open-loop Transfer Function.
Y(s)  G(s) 20 _20(s+1)(s+3)

= = us G =
E(s) (s+1)(s+3) s(sz+125+22) i () s(sz+125+22)

10-44 (a)
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é o 1 0 Oy é 0 1
. S92 0 0 o . o072
A =€ u B =€ u
e o0 0O O 1u e 0 u
é W e 0
6236 0 0 O 60.0976
The feedback gains, from k , to k 4
- 2.4071E+03 - 4.3631E+02 - 8.4852E+01 - 1.0182E+02
The A” - B K matrix of the closed-loop system
0.0000E+00 1.0000E+00 0.0000E+00 0.0000E+00
- 1.5028E+02 - 3.1938E+01 - 6.2112E+00 - 7.4534E+00
0.0000E+00 0.0000E+00 0.0000E+00 1.0000E+00
2/3258E+02 4.2584E+01 8.2816E+00 9.9379E+00
The B vector
0.0000E+00
- 7.3200E- 02
0.0000E+00
9.7600E- 02
Time Responses:
1.0 II' ']\l 5 J
Xy
wll ¥ i
e I \
r \
e |l '-\
| -}
-‘_-_'_"‘-i-\.._‘_ x}
- Y K
=G, @ 31 e = -‘_‘_'_'__.
E
[ —
| "
i .."/ \_‘_ ]
' R ———— —
| / |
| ]
o 4 - 1
V * |
%y |
- . i = o |
| |
= . —
=88
o - - - n, = iomm F FI 2w e e = CESECY
10-44 (b) The feedback gains, from k. to k.,
- 9.9238E+03 - 1.6872E+03 - 1.3576E+03 - 8.1458E+02

The A" - B K matrix of the closed-loop system
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0.0000E+00 1.0000E+00 0.0000E+00 0.0000E+00
- 7.0051E+02 - 1.2350E+02 - 9.9379E+01 - 5.9627E+01
0.0000E+00 0.0000E+00 0.0000E+00 1.0000E+00
9.6621E+02 1.6467E+02 1.3251E+02 7.9503E+01
The B vector
0.0000E+00
- 7.3200E- 02
0.0000E+00
9.7600E- 02
Time Responses:
L —
|
A
l.m0 L
I ]l
vl L _
IR |
L—f:ﬂ :P
L ': 3
| | |
\ |
o
X, | | |
__'ﬂ
|
SN s _%—:—_ ] |
Ky f A H_H_ﬁ_ﬁ_ﬂ-'—"'d_
BN 1] 1
/ | | i
III !2 I | | |
g " - -
1 |
| | |
[/ |
—loas |l
| |
1 | by
=1.90 L
-
[N~ Bda -] [ ] 1.8 Lm o s am e wEm (SECI

10-45 The solutions are obtained by using the pole-placement design option of the linsys program in
the ACSP software package.

@) The feedback gains, from k, to k.,
- 6.4840E+01 - 5.6067E+00 2.0341E+01 2.2708E+00
The A* -B i K matrix of the closed-loop system
0.0000E+00 1.0000E+00 0.0000E+00 0.0000E+00
- 3.0950E+02 - 3.6774E+01 1.1463E+02 1.4874E+01
0.0000E+00 0.0000E+00 0.0000E+00 1.0000E+00
- 4.6190E+02 - 3.6724E+01 1.7043E+02 1.477eE+01

The B vector

0.0000E+00

- 6.5500E+00
0.0000E+00
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- 6.5500E+00

(b) Time Responses: Dx(O):[O.l 0 o 0]'

40

A.00 1. B

TIME

& i B0 240

CSECY

(¢) Time Responses: Ax(0)=[0 0 01 0]

i.o8

|

X
a.m 2

sl

| .

\\k 1

1

n.&n .20 s

TIME

b, 8o Lo

CSEC>

i, RO

With the initial states Dx(0) = [0.1 0 0 0] , the initial position of D(l or Q/l is preturbed downward

from its stable equilibrium position. The steel ball is initially pulled toward the magnet, so D(3 = Dyz is
negative at first. Finally, the feedback control pulls both bodies back to the equilibrium position.
With the initial states Dx (0) :[O 0 01 0], the initial position of Dk, or Dy, is preturbed

downward from its stable equilibrium. For t > 0, the ball is going to be attracted up by the magnet
toward the equilibrium position. The magnet will initially be attracted toward the fixed iron plate, and
then settles to the stable equilibrium position. Since the steel ball has a small mass, it will move more

actively.

10-46 (a) Block Diagram of System.
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-

-

=

u=-kx +k,J-x+w)d

State Equations of Closed-loop System:

o
X

D> D> D> D~
g o

0
u_ ¢
u:;\
q &
u

(2
=

Characteristic Equation:

|sl - Al =

2.k 10éx0 60 10wy

ko8l & ofiBuf

s+2+k,

. -"‘:52+(2+k1)s+k2:0
s

For s =-10, - 10, |sI—A|:sz+205+200 =0 Thus k1:18 and

k

) = 200

X (s)=X =
) () 1+2s " +18s7"
_1 _W2
Wl(S)—; WZ(S)_T
200 +W,s
X(s) =

200W (s)s 2 +s7'W,(s) 200 W, (s) +sW,(s)

10-46 (b) with PI Controller:
Block Diagram of System:

s(s? +20s +200)

2

+200 s s? 420 s +200

W2 = const ant

limx t) = lim sX(9) =1
t®¥ s®0
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(Kps+K, )W (s) + sW,(5) _ (25 +200)W(s) +SW,(s)

Set K, =2and K, =200. X(s)=

s” +20s + 200 s* +20s + 200
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LE L e PT controller
vl = 1, 1.12 =
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Chapter 11 THE VIRTUAL LAB

Part 1) Solution to Lab questions within Chapter 11
11-5-1 Open L oop Speed

1. Open loop speed response using SIMLab:
a +5V input:

30

apeed (radfsec)

20

1
--------------------------------------------------------------------------

10

--------------------------------------------------------------------------

| | | | | | | | | |
0 0001 000¢ 0003 0004 0005 0006 0007 0003 0009 001
Time (sec)

The form of response is like the one that we expected; a second order system response with overshoot and
oscillation. Considering an amplifier gain of 2 and K, = 0.1, the desired set point should be set to 2.5 and as
seen in the figure, the final value is approximately 50 rad/sec which is armature voltage divided by K, . To find
the above response the systems parameters are extracted from 11-3-1 of the text and B is calculated from 11-3 by
having t  as:

- k. k
t - Rdn , B= Ridw - Kool = 0.000792kg xm* / sec
R.B+k.kK., Rt

b. +15V input:
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2. Study of the effect of viscous friction:
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speed (radfsec)

a
0 0001 000¢ 0003 0004 0005 00068 OOOF O003 0009 001
Time (sec)

The above figure is plotted for three different friction coefficients (0, 0.001, 0.005) for 5 V armature input. As
seen in figure, two important effects are observed as the viscous coefficient is increased. First, the final deady
state velocity is decreased and second the response has less oscillation. Both of these effects could be predicted
from Eqg. (11.1) by increasing damping rétio z.
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3. Additiona load inertia effect:

a0

45

e e

apeed (radfsec)
]
m

20 :
18 F-- ---+-------.-------.-------.-------+-------.-------.-------.-------..-------%
10
. i
" T R R

Time (sec)

As the overdl inerttia of the system is increased by 0.005/5.2°and becomes 1.8493" 10°° kg.n?, the
mechanica time constant is substantially increased and we can assume the first order modd for the motor

(ignoring the electrical sub-system) and as a result of this the response is more like an exponentia form. The
above results are plotted for 5 V armature input.
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4. Reduce the speed by 50% by increasing viscous friction:
a0

45

FTIN SECERES CEPEREY CEEERE oo nee EECEEES EECERERCEEEREE. ECEPERE et BECEEEN

]
=

speed (radfsec)
]
m

wsg
m
i

10

Time (sec)

As seen in above figure, if we set B=0.0075 N.s/mthe output speed drop by half comparing with the case that
B=0 N.s/m. The above results are plotted for 5 V armature input.
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5. Study of the effect of disturbance:

45

40

Lo
im
i

opeed (radfzec)
]
=

10

Time (sec)

Repeating experiment 3 for B=0.001 N.m and T, =0.05 N.m result in above figure. As seen, the effect of

disturbance on the speed of open loop system is like the effect of higher viscous friction and caused to decrease
the steady state value of speed.
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6. Using speed response to estimate motor and load inertia:
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Using first order model we ae able to identify system parameters based on unit step response of the system. In
above plot we repeated the experiments 3 with B=0.001 and set point voltage equal to 1 V. The final value of the
speed can be read from the curve and it is 8.8, using the definition of system time constant and the cursor we read
63.2% of speed final value 5.57 occurs at 0.22 sec, which is the system time constant. Considering Eqg. (11-3), and
using the given value for the rest of parameters, the inertia of the motor and load can be calculated as:

_tn(RB+K,K,) _022(1.35 0.001+0.01)
R 1.35

a

J =1.8496" 10°® kg.nt

We a so can use the open loop speed response to estimate B by letting the speed to coast down when it gets to the
steady state situation and then measuring the required time to get to zero speed. Based on this time and energy
conservation principle and knowing the rest of parameters we are able to calculate B. However, this method of
identification gives us limited information about the system parameters and we need to measure some parameters
directly from motor suchas R,,K ., K, and so on.

So far, no current or voltage saturation limit is considered for al smulations using SIMLab software.
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7. Open loop speed response using Virtua Lab:

a +5V:
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b. +15V:
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Comparing these results with the part 1, the final values are approximately the same but the shape of responsesis
closed to the first order system behavior. Then the system time constant is obvioudy different and it can be
identified from open loop response. The effect of nonlinearities such as saturation can be seen in +15 V input with
appearing a straight line at the beginning of the response and also the effects of noise and friction on the response
can be observed in above curves by reducing input voltage for example, the following response is plotted for a0.1
V step input:

0.9

0.8

=
Ty

Speed (radfsec)
=
m

o
(5]

o
(]

Time (sec)

291



8. Identifying the system based on open loop response:

speed (rad/sec)

Time (sec)

Open loop response of the motor to a unit step input voltage is plotted in above figure. Using the definition of
time constant and final value of the system, afirst order model can be found as:

Gle)=—
0.23s+1

where the time constant (0.23) is found at 5.68 rad/sec (63.2% of the final value).
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11-5-2 Open Loop Sine I nput

9. Sneinput to SIMLab and Virtual Lab (1 V. amplitude, and 0.5, 5, and 50 rad/sec frequencies)
a. 0.5rad/sec (SIMLab):

20
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10 -

Time (sec)
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b. 5rad/sec (SIMLab):
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d. 0.5 rad/sec (Virtua Lab):
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f. 50 rad/sec (Virtual Lab):

___________________________________________

_______________________________________________




b. 5 rad/sec (SIMLab):

300 R R T R R o R i R e T R = B e R R = e T S L R e

200 ﬂn 1 Y 3 SIS, 0 8| B S S, B 38

—

0 FA

mpeed (radfzsec

T} 08 O . X O LA A W

= uhH TITTpE

-300
a

]

A0

a0 f

10 11

o LA L L S LA a0 T LR EL ¢

-10

-40

| I I I I |
o 0.5 1 15 2 2l 3

297



d. 0.5 rad/sec (Virtual Lab):
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f. 5 rad/sec (Virtual Lab):

N e e e e e e e e o sy
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0 : : :

In both experiments 9 and 10, no saturation considered for voltage and current in SIMLab software. If
we use the calculation of phase and magnitude in both SIMLab and Virtual Lab we will find that as
input frequency increases the magnitude of the output decreases and phase lag increases. Because of
existing saturations this phenomenon is more sever in the Virtual Lab experiment (10.f). In this

experiments we observethat M =0.288 and j =-93.82° for w =50.
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11-5-3 Speed Control
11.Apply step inputs (SIMLab)
In this section no saturation is considered either for current or for voltage.

a+5V:

speed (radfzec)

Time (sec) w10
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b. +15V:
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12. Additional load inertia effect:

a+5V:
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c.-10V:
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13. Study of the effect of viscous friction:
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Asseen in above figure, two different values for B are selected, zero and 0.0075. We could change the
final speed by 50% in open loop system. The same values selected for closed loop speed control but as
seen in the figure the final value of speeds stayed the sanme for both cases. It means that closed loop
system is robust against changing in system’'s parameters. For this case, the gain of proportiona
controller and speed set point are 10 and 5 rad/sec, respectively.

14. Study of the effect of disturbance:
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Repeating part 5 in section 11-5-1 for B=0.001 and T, =0.05 N.m result in above figure. As seen, the effect of
disturbance on the speed of closed loop system is not substantial like the one on the open loop system in part 5,
and again t is shown the robustness of closed loop system against disturbance. Also, to study the effects of
conversion factor see below figure, which is plotted for two different C.F. and the set pointis5 V.
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By decreasing the C.F. from 1 to 0.2, the final value of the speed increases by a factor of 5.

15. Apply step inputs (Virtual Lab)
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b. +15V:
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As seen the responses of Virtual Lab software, they are clearly different from the same results of
SIMLab software. The nonlinearities such as friction and saturation cause these differences. For
example, the chattering phenomenon and flatness of the response at the beginning can be considered as
some results of nonlinear elementsin Virtua Lab software.

11-5-4 Position Control
16. 160° step input (SIMLab)
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17. -0.1 N.m step disturbance
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18. Examine the effect of integral control
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In above figure, an integral gain of 1 is considered for al curves. Comparing this plot with the previous
one without intega gain, resultsin less steady state error for the case of controller with integral part.

19. Additiond load inertia effect (3=0.0019, B=0.004):
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20. Set B=0:
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21. Study the effect of saturation
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The above figure is obtained in the same conditions of part 20 but in this case we considered +10V. and
+4A. as the saturation values for voltage and current, respectively. As seen in the figure, for higher
proportional gains the effect of saturations appears by reducing the frequency and damping property of
the system.

22. Commentson Eq. 11-13

After neglecting of electrical time constant, the second order closed loop transfer function of position
control obtained in Eq. 11-13. In experiments 19 through 21 we observe an under damp response of a
second order system. According to the equation, as the proportional gain increases, the damped
frequency must be increased and this fact is verified in experiments 19 through 21. Experimentsl6
through 18 exhibits an over damped second order system responses.

23. In following, we repeat parts 16 and 18 using Virtual Lab:
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Study the effect of integral gain of 5:
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Ch. 11 Problem Solutions

Part 2) Solution to Problemsin Chapter 11

11-1. In order to find the current of the motor, the motor constant has to be separated from the electrical
component of the motor.

——| Curment
Tao WMatspace
1 1
> —
n Ls+R J.stb Dut
Input  Amplifier Electrical Current fdotar Gain Mechanical
Waltage ain Saturation
Saturation
Disturbance {2
Kh}(
hotor feedback
The response of the motor when 5V of step input is applied is:
hotor speed response
5':' T T T T T T T T T
— A0 |
[
@
= d0
=
T2
[ak]
o
L1 10 F -
|:| 1 | | | | | | 1 |
a 0.1 0.z 0.3 0.4 0.5 0.5 0.7 0.8 0.9 1
Motor current response
:25 T T T T T T T T T
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o
s 1 g
L}
05r =
|:| 1 1 | 1 1 | | 1 1
a 0.1 0.z 0.3 0.4 0.5 0GB 0.7 0.8 0.9 1
Time (sec)

a) The steady state speed: 41.67rad/sec

b) It takes 0.0678 second to reach 63% of the steady state speed (26.25rad/sec). Thisis the time
constant of the motor.

¢) The maximum current: 2.228A
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11.2

Motor speed response
5':' T T T T T T

— 40 4

] [SN]
] -
T T

1 |

speediradizsec

| |
o 0.1 0.z 03 04 0s 0B 07 og 0% 1

Moator current response
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Current

|:| 1 1 L L L L 1 1
a 0.1 0.2 03 04 os 0B 07 s 0% 1
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The steady state speed at 5V step input is S0rad/sec.

a) It takes 0.0797 seconds to reach 63% of the steady state speed (31.5rad/sec).
b) The maximum current: 2.226A
¢) 100rad/sec

314



11-3

Moator speed response
EI:I T T T T T T T T T

a0t .

201 .

speedradizsec)

|:| 1 | | | | | | 1 |
1 0.1 0.2 03 04 0s 0B 07 g 0% 1

Moator current response
3 1 T T 1 T T T 1 T

a 0.1 0.z 03 04 05 0B 07 0s 09 1
Time (sec)

a) SOrad/sec

b) 0.0795 seconds

c) 2.5A. The current

d) When J, isincreased by afactor of 2, it takes 0.159 seconds to reach 63% of its steady state

speed, which is exactly twice the original time period . This means that the time constant has
been doubled.
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11-4

Part 1. Repeat problem 11-1 with T, =-0.1Nm

)

=5

Current

Motor speed response

a0

o407 i
]

30t \ :
20+ 1
10 :

1

0 02

1

speed(radise

|:| | | | | | | 1 |
0.4 e 08 1 1:2 1.4 1.6 1.8 2

Moator current response

245
2

1 /o :

| | 1 1 | | 1 |
o 02 04 06 0B 1 1.2 14 16 18 2
Time [sec)

It changes from 41.67 rad/sec to 25 rad/sec.

First, the speed of 63% of the steady state has to be calculated.
41.67-(41.67-25)" 0.63=31.17 rad/sec.

The motor achieves this speed 0.0629 seconds after the load torque is applied
2.228A.. It does not change

0.4

o

Part 2: Repeat problem 11-2 with T, =-0.1Nm

It changes from 50 rad/sec to 30 rad/sec.
The speed of 63% of the steady state becomes
50-(50-30) " 0.63=37.4 rad/sec.

The motor achieves this speed 0.0756 seconds after the load torque is applied
2.226A. It does not change.
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Motor speed response

El:l T T T T T T T T T
o
@
= 40 k 4
&
@ 20t E
por )
]
D 1 1 1 | 1 | 1 1 1
a 0.2 0.4 0.k 0.8 1 1.2 1.4 16 1.8 2
Moator current response
3 1 T T T T T T 1 T
L2 ’\ 4
=
&
=1r
O /’7
D 1 | | 1 | | 1 |
1l 0.2 0.4 0.6 0.g 1 1.2 1.4 1.6 1.8 2

Time [sec)

Part 3: Repeat problem 11-3 with T, =-0.1Nm
Motor speed response

El:l T T T T T T T T T
£
= 40F K i
s
@ 20t -
pr
]

|:| 1 | | | | | | 1 |

o 0.2 0.4 0.5 0.8 1 1.2 1.4 1.6 1.8 2
Motor current response

3 T T T T T T T T T
L .
5
St
=t /

|:| 1 L L L 1 1 1 1

0 0.2 0.4 OB 0.8 1 1.2 1.4 1.6 1.8 2
Tirme (gec)
a) It changes from 50 rad/sec to 30 rad/sec.
b) 50-(50-30)" 0.63=37.4 rad/s
The motor achieves this speed 0.0795 seconds after the load torque is applied. Thisis the same
as problem 11-3.
c) 2.5A. Itdoesnot change
d) As T, increasesin magnitude, the steady state velocity decreases and steady state current
increases however, the time constant does not change inal three cases.
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11-5 The steady state speed is 4.716 rad/sec when the amplifier input voltage is5V:

Moaotor speed response

Br
— input
— - output
]
Gt
ir oy

1 | | | | | | 1 | |
o 0go1 002 003 004 005 005 007 008 009 07
Time(sec)

11-6

Motor speed response
B T T T T T T T T T

I:I 1 | | | | | | 1 |
1] 0.1 0.2 03 04 os 0B 07 s 0% 1

Wlator current response

1 T T T T T T T T T

0.5 -

Current (&)

|:| 1 | | | | | | 1 |
o 0.1 n2 03 04 05 OB 0Y 08 08 1

Time (sec)

a) 6.25 rad/sec.
b) 63% of the steady state speed: 6.25" 0.63 = 3.938 rad/sec

It takes 0.0249 seconds to reach 63% of its steady state speed.
¢) The maximum current drawn by the motor is 1 Ampere.
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a) 9.434 rad/sec.

b) 63% of the steady state speed: 9.434" 0.63=5.943 rad/sec
It takes 0.00375 seconds to reach 63% of its steady state speed.

¢) The maximum current drawn by the motor is 10 Amperes.

d) When there is no saturation, higher K, value reduces the steady state error and decreases the rise
time. If thereis saturation, the rise time does not decrease as much as it without saturation.
Also, if there is saturation and K, value is too high, chattering phenomenon may appear.

11-8

Motor speed response
? T T T T T T T T T

|:| 1 | | | | | 1 1
o 0.1 0.z 03 04 0s 0B 07 og 0% 1

a) The steady state becomes zero. The torque generated by the motor is 0.1 Nm.
b) 6.25-(6.25-0)" 0.63=2.31rad/sec. It takes 0.0249 seconds to reach 63% of its new steady

state speed. It is the same time period to reach 63% of its steady state speed without the load
torque (compare with the answer for the Problem 11-6 b).

11-9 The SIMLab model becomes

FID —-
angular velocity

Step Input PID Controller LC Motor (Spead Output) | output

| L To Motspace

Step
Disturbance

(N.m)
0z }47

Senzor Gain

The sensor gain and the speed input are reduced by afactor of 5. In order to get the same result as
Problem 11-6, the K, value has to increase by afactor of 5. Therefore, K, = 0.5.
The following graphs illustrate the speed and current when the input is 2 rad/sec and K, = 0.5.
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11-10

Fosition(rad)

o
fag]

1.4

1.2

o
]

o
=

0.2

Motor speed response

1 | | | |
oos 01 015 02 025 03 035

Moator current response

|
0.4 045

0.5

| |
0.25 0.35

Time (sec)

1 |
gos 01 015 02 0.3

hlotor Position Response

|
0.4 045

0.4

— input
— - output

0.5 1 1.5 s 25
Time(sec)
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a) lradian.
b) 1.203 radiars.
c) 0.2215 seconds

11-11

Moator Position Response
141

— input
:I'| — - output

1.2

FPosition(rad)
=
0

=
o
L

0.4H

0z

I:I | | | | 1 | | |
a 0.5 1 1.5 2 245 3 3.5 4

Timelsec)

a) The steady state position is very closeto 1 radian.
b) 1.377 radiars.
c) 0.148 seconds
It has less steady state error and a faster rise time than Problem 11-10, but has larger overshoot.
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11-12

Different proportional gains and their corresponding responses are shown on the following graph.

Motor Position Response

141
— input
Kp=0.1
1.2} Kp=0.2
i e K08
; — K=
1 J.J Uf“j;uu _ — — Kp=2_ |
T o6
s ||
= gl
D— II:I
0.4 -|I::
0.2
4
|:| -' | | | | | | 1 |
0 05 1 1.5 2 25 3 35 4

Time(sec)

As the proportional gain gets higher, the motor has a faster response time and lower steady state error,
but if it the gain istoo high, the motor overshoot increases. |If the system requires that there be no
overshoot, K, = 0.2 isthe best value. If the system allows for overshoot, the best proportional gain is
dependant on how much overshoot the system can have. For instance, if the system alows for a 30%
overshoot, K, = 1 is the best value.
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11-13 Let Kp = 1 isthe best value.

Moator Position Response when Kp=1

1.4
— input
— . Ki=0
1oL — Kd=0.02
- - Kd=0.05
Fag Kd=0.1
o . ——— Kd=0.2
.'JIJ."
T oaf Lfl:’
5 |6
2 gLt
T
0.4 f
D.QJ:
|
I:I I 1 1 1 1 1 1 1 ]
0 05 1 15 2 2 3 35

Time(sec)

As the derivative gain increases, overshoot decreases, but rise time increases.
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11-14

Motor Position Response when Kp=1 and disturbance torque is -0.1Mm
0.01

r i W=
oosE oty s k=002
Fy ---- Kd=0.05
il e e Kd=0.1
.[ A kd=0.2
0005 - f’
= 001}/
= |
s 05l !
3 “
o 002 ﬁ
s
-0.025 1|,-'ﬁ
1
|
0.03 J;Jr'
0.035
'DD-"-‘- 1 1 1 1 1 1 1 ]
0 05 1 15 2 25 3 35

Time(sec)

324



11-15

There could be many possible answers for this problem. One possible answer would be
Kp= 100

Ki=10

K14

hlotor Position Response
121

0.9

0.k

T
iy

Fosition(rad)

0.4

T
- —_

0.2

T
- Xa]

1 | | | | | | 1 |
o gos 01 015 02 025 03 03 04 045 05
Time(sec)

0.2

The Percent Overshoot in this caseis 3.8%.
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11-16
0.1Hz

=peed (rad/sec)

Tirme [gec)

0.2Hz

speed (radisec)

Time (sec)
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0.5Hz

speed (rad/zec)

1Hz

speed (rad/sec)

15 i :
0

Time (sec)
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0.9

0.7

0.6

0.5
329

hlotor Position Response

Time(sec)

hlotor Position Response

||||||||

0.4
Time(sec)

0.3

n.z2

10Hz

e L

(pejuaisod

(pejuoiysod

S50Hz

0.1



As frequency increases, the phase shift of the input and output aso increase. Also, the amplitude of the
output starts to decrease when the frequency increases above 0.5Hz.

11-17
Motor Speed Response
2
i f s, P Wt e L e e o P T ke S Bl o A T AP e BB
L _II {,«"a'-""*-i'*“‘“"'"‘*-"‘U"-ﬁ""l-“'#'\'-'!'*ﬂ*r'ﬂﬂ-'»‘“"w‘a-'--',--va--'.‘-raw*ﬁ‘-aHmWM.uwwa.huwr-'mzv.w..-u
|I .
1B _|I ,'r ﬁpﬁ\’lﬂ"“m-“"""ﬂ""" W] e PP e e ) At e A L s e e R s el ey
1afli ¢
16
196 .
%‘ ]: } — Input
5 1/ =
G — ket
Lo I 1 1 |
- e )
0.8 :.' - — Kp=03
06 fj
0.4 b
0.2F
I:I 1 | | | | 1 1 1 | |

0 02 04 0B 0B 1 1.2 14 16 18 2
Time(sec)

As proportional gain increases, the steady state error decreases.
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11-18

Motor Position Response

14
— input
Kp=0.1
§ELT N — Kp=02
A ---- Kp=05
1y =
1 | i’ _.':d_s};k;;" " ey o o T Kp:? L
| -v\* &
[ M
= nahl /
a1
= !
2 III.E—JI i
o ] !
i
04|
02 ff
%
DF 1 1 | 1 1 1 | 1 1 ]
R 15 2 25 3 =35 4 45 &

Time(sec)

Considering fast response time and low overshoot, Kp=1 is considered to be the best value.
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11-19 It was found that the best K, = 1

Mator Position Response

12F 1y

T 08 — input
= kd=0
= —  Kd=0.02
206 -- Kd=0.05
B — Kd=0.1
— Kd=D2
0.4
0.2
|:| 1 1 1 1 1 1 ]
2 25 3 a5 4 45 5

Time(sec)

As K4 value increases, the overshoot decreases and the rise time increases.

332



Appendix H GENERAL NYQUIST CRITERION

H-1 (a8
5(s- 2)
L(s) =——— P, =1 P =1
s(s+1)(s-1)
When w=0: BL(jo)=-90" [L(jo)|=¥
Whenw =¥: DL(j¥)=-180" |L(j¥)|=0
. 5(jw-2) -5Ww+2j)
L(jw) =— N - . When L(jw) =0, w=¥.
- jW(l+W ) W(1+W )
The Nyquist plot of L( jw) does not intersect the real axis except at the origin.
F,.=(z-05P - P)180° =(Z- 15)180° =-90°  Thus, Z=1.
The closedloop system isunstable. The characteristic equation has 1 root in the right-hal f
s-plane.
Nyquist Plot of L( jw):
4 JImL
L-plane
" Rel
50
(b) L(wy=———— P =1  P=1

s(s+5)(s-1)
When w=0: BL(jo)=90° |L(jo)|=¥
When w=¥: DL(j¥)=-270" |L(j¥)|=0
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L) 50 506 4w’ + jw(5+w2)g

]W = =

- 4w - jw(5+w2) 16W4+W2(5+W2)2

For Im [L( jW)] =0, W=¥,

Thus, the Nyquist plot of L(s) intersectsthe real axis only at the origin where w = ¥,
F.=(Z-05P - P)180° =(Z-15)180° =90°  Thus, Z=2

The closed-loop system is unstable. The characteristic equation has two rootsin the right-half

s-plane.

The Nyquist plot of L(jw):

| JImL
L-plane A

D Vo

'|I'

ReL

S+ 2
© Le=—n® _ oo po
s(s +3s+l)
When w=0: BL(jo)=-90° |L(jo)|=¥
When w=¥: DL(j¥)=-270" |L(j¥)[=0

jw+2)  jw+2)gw'-3w’)- jw
w - 3\N2)+ w (44 ] 3,\,2)2 +w?

L(jw) = ( Setting im [L(jw)] = o,

w'-3w’-2=0 or w’ =3.56 W =+189 rad/sec. L(j189)=3

F,.=(z-05P - P)180° =(Z- 25)180° =-90°  Thus, Z =2

The closed-loop system is unstable. The characteristic equation has two rootsin the right-half
s-plane.
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Nyquist Plot of L(jw):

A JInL
L-plane
' e = Rel
-14/ 0 3} w=1.89
__an@

&,,=-90
L}
'
0

100
d L) =—F—F5— P=3 P=0
s(s+1)(s +2)

When w=0: BL(j0)=-90° |L(jo)|=¥
When w=¥: DL(j¥)=-360" |L(j¥)|=0
The phase of L( jw) isdiscontinuousat w =1.414 rad/sec.

F,=3527"+(270°- 21527°)=90" F,=(Z-15)180°=90" Thus, p ==
180
The closed-loop system is unstable. The characteristic equation has two rootsin the right-half
s-plane.
Nyquist Plot of L( jw):
§ JInk
T we1.414
L-plane [Jou = 35277
™= ReL.
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s* - 5s+2
(e) L) =—F—5— P=1 P=2
s(s + 28 + 25+ 10)

When w=0: BL(jo)=-90" [L(jo)|=¥
When w=¥: DL(j¥)=-180" |L(j¥)[=0

i) = (2-w?)- jsw _ g2-w’)- jswggw'- 2w?)- jw(10- 20%)g
(w* - 2w?) + jw(10- 2w?) (w'- 20°)" +w* (10- 207’

Setting L(jw) =0, (2-w)(10- 2w’) +5(w*- *)=0

oo w'-343wWw’+286=0

Thus, W2 =143 or 2.01. W==12rad /sec or *1.42rad/sec
L(j1.2)=-0.7 L(jl42)=-0.34

F,.=(Z-05P - P)180° =(Z- 25)180° =-90°  Thus, Z = 2.

The closed-loop system is unstable. The characteristic equation has two rootsin the right-half
s-plane.

Nyquist Plot of L(jw):

& 3ImL
L-plans w=1i2
VTN e N
Li/ 0.7 In_ Ao Rel
-0. 34
¢1,=—9{J° W= 1.42
[4K]
!
0
-(s-1)(s+2) -01s*- 0.25% 0.1s+ 0.2
) L(s) = ( 2)( ): 0.1s OZS+0 s+ 0 P -1 -
s(s +s+1) s(s +s+1)

When w=0: BL(jo)=-90° |L(jo)|=¥
When w=¥: DL(j¥)=180" ||_(j¥)|:0,1
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Lt (0.2+0aw®)+01jw(1+w?) (1+w?)(02+ jo.w) g w - jw(1-w?)g
(jw) = -W2+jW(1- WZ) - W4+W2(l- Wz)z

Setting Im[L(jw)]=0, W* =2.  Thus, W=#1414 rad/sec L(j1414)=-03

F,.=(z-05P - P)180°" =(Z- 05)180° =-90°  Thus, Z=0
The closed-loop system isstable.

Nyquist Plot of L( jw):

[ J1mL
L=plane
e valia. S
:j/ =0.3 =0.1 |0 ReL
b tw =1.414 (g
¢ll_ =90
L |
¥
- |
K(s- 2
H-2 (a) L(S):¥ F‘)N:]_ P=1
s(s - 1)
For stability, Z=0. F_ =- (0.5P, + P)180° = - 270°
Fork>0, F =-90°. Thesystem isunstable.

ForK<0, F_=+0°% -270°  Thesystemisunstable.

Thusthe system isunstable for all K.

337



Nyquist plot

j it
L-plane
. i
-ij 0 Rel.
i
¢'11— 90
0
;
#]
(b) L(s):; P =1 P=1

s(s+10)(s- 2)

For stability, Z=0. F_ =- (0.5P, + P)180° =-15" 180" = - 270°
ForK>0, F =90 °. Thesystem isunstable.
ForK<0, F =-9% ®1 70 °. The system isunstable for all values of K.

Nyquist Plot of L( jw):

L-planes

5 o] RelL
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K(s+1)

© L=

s(s +33+1)
For stability, Z=0. F =- (0.5P, + P,)180° = - 450°
ForK>0, F =-9 °. Thesystem isunstable.

when K< -1

For K <0, F11:+9o° whenK > - 1. Fll—-27o0

The Nyquist plot of L( jw) crossesthereal axis at K, and the phase crossover
frequency is 1.817 rad/sec.

The system isunstable for all values of K.

Nyquist Plot of L(jw):

4 FTmL
L-plane
P (-+oo Wel.817
=1 1 K Rel
s 0
¢-11 0
Lk
'
0
2
K(s-5s+2) .,

d) L(s)=
@ L s(s3+252+25+10)

For stability, Z=0. F, =- (0.5P, +P)180° =-2.5" 180" =- 450°
The Nyquist plot of L( jw) intersectsthereal axis at the following points:

W=¥: L(jo)=0
W =142 rad / sec: L(jl42)=-0.34K
W =12 rad /sec L(jl4)=-0.7K
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0< K <143 F“:-90°

143 <K <2.94 F =210 0

2.94 <K F =-90°
11

K <0 F =9°

Since F. does not equal to- 450 ° for any K, the system is unstable for all values of K.

Nyquist Plot of L(jw):

$ImL
L-plane p 32
K> 2.95
li’ 9".{:l
"11 1 W 3
—L'.II ?I{ 0, 34K 0 +1RelL
g < w=1.42
{pll E<DO
< <
43 < K<2.94 §. ol
-z?ﬂ 11
W
Y
o
K(s-1)(s+2)
(e) L(s) = > P=1 P=0
s(s +s+1)

1

The Nyquist plot of L( jw) intersectsthereal axisat:

For stability, Z=0. F_ =-(0.5P, + P)180° =- 90’
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(f)

W = ¥: L(j¥)=K
W =4/2 rad /sec: L(j«/2_) = 3K
Jiml |
K>0 F =% °  Unstable
K <-1 F_=9° Unstable Lrplane
1 o
-1<K <-— Fll =270  Unstable
3
1
S 2<K <0 F11:-90° Stable
3
. 1 Rel.
Thesystemisstablefor - —<k <o. ; -
3 -1 Q +1
0, /] T
& o -t 4}
K < -1l fbll-?]‘t} %f-‘ll— =1i]
= s = =1
l:I}I.l_ql:I =] €K <€=— K>—
3 3
K(SZ- 5s+1)
L) =———75—x P =3 P=0
s(s+1)(s +4)

For stability, Z=0. F_ =- (0.5P, + P)180° =-270° TheNyquist plotof L(jw) plot

intersects thereal axisat

W =¥:
W =0.92 rad /sec:

L(j¥)=0
L(j0.92) =-13K

0<K <0.77 F11:-90°-1800:-2700 Stable
K >0.77 F. =g0° Unstable
K <0 F =o0° Unstable

11

Thesystem isstablefor 0<K <0.77.
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Nyquist Plot:

99.87° \ 4 4 JInL
L
L-plane
K>0.77
7 o
$. =90
w=0.92 /m}}m
-1. -1IF3K o ﬂ +1 Rdl
0 <K< ;?.?0? PN
EI:'11 & ¢Il=2m°
(] il
/ i ¥
0 \2 -80.13°

H-3 (@ F,=(z-05P - P)180" =(Z-15)180" =90° Thus, Z =2

The closed-loop system isunstable. The characteristic equation has two rootsin the
right-half s-plane.

(by F,=(z-05P- P)180" =(Z-1)180° =- 180" Thus, Z=0.
The closed-loop system isstable.

() F,=(z-05P - P)180°" =(Z- 2)180° = -360° Thus, Z=0.
The closed-loop system isstable.

(d) F,=(z-05P- P)180° =Z 180" =360" Thus, Z=2
The closed-loop system isunstable. The characteristic equation has
two rootsin the right-half s-plane.

() F,=(z-05P- P)180°" =(Z-1)180° =- 162" - 18° Thus, Z=0.
The closed-loop system isstable.

(f) F,=(z-05P-P)180° =(Z- 05)180° =-90° Thus, Z=0
The closed-loop system isstable.

H-4 (@) The stability criterion for 1/ L(s) isthe same asthat for L(s). Thus,
F.=(Z-05P - P)180° =(Z- 1.5)180°
FromFig. HP-4(8), F_ =-270°. Thus , z =o0. The closed-loop system isstable.
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(b) The stability criterion for 1/ L(s) isthesame asthat for L(s). Thus,
F,.=(z-05P - P)180° =(Z-1)180°

FromFig. HP-4(b), F =-180. Thus, z =0. Theclosed-loop systemisstable.

H-5 (@) F,=(Z-05P - P)180° =(Z- 1.5)180°

0<K <05 F11:90°

K>05 F . =-210 ° Stable

K <0 F =-9°
11

The system isstablefor K > 0.5.

Unstable

Unstable

For stability, Z=0.

Thus, F =-270°
11

0 A JImL.
*l
o L-plane
Tl
e
=1 =K -1 G 1 ERel
0<K < 0.5 K =0
a PN
tbn:*?t} K >0.3 . 1‘11— S0
=37
¢'11 270

(b) F,=(z-05P - P)180° =(Z-1)180° For stability, Z=0. Thus, F_ =-180 °

o<k<os F_ =90’ Unsable
K >0.5 F . =-2m0 ° Stable
K <0 F11:-90° Unstable

The system isstablefor K > 0.5.

343

L-plane

A 3Imb




(c) F,=(z-05P - P)180° =(Z- 0.5)180°
For stability, Z=0. Thus, F_ =-90 °

0<K <05 F“:-90° Stable
05<kKk<1 F_ =210 ° Unstable
K >1 F“:-90° Stable
K <0 F =90° Unsable

11

The system isstablefor K > 1.

(d) F,=(z-05P - P)180° =(Z - 2)180°
For stability, Z=0. Thus, F_ =-360 "

o]

0<K <05 F11 =0 Unstable
K>05 F . =-360 ° Stable
K <0 F. =0° Unstable

The system is stable for K > 0.5.

H-6 (a) s’+4ks’+(K +5s+10 =0
Ks (4s +1)
L ()=——— P =0 P=2
I s’ +55+10

When w =o: DLeq(jO):QOO |Leq(j0)|:0

—_ . . - _ o] . -
When w = ¥: DLeq(J¥)— 90 |Leq(]¥)| 0

4 jImL
L-plane
K=>1
K<0
= = == - o
gL ml e [
i H + o K
-1 =2K] =1 ~B =170 +1 pur
0< K <0.5 0.5< K< 1
——an® s .
'1'11— 90 il 1—1:0
()
¥
v
L-plane
: Il
m..:ci_._].,.
-1 rertl Ral,
0 <K< 0.5 K<
B
@ 4,%-90 ®,,=0°

K(w- 4w’ _ K(w- ') @0~ jw(s-w?)y

L (jw) = =
(1) 10+ jw(5- w?)

w'-sw?-25=0 W’ =546 Thus,

For stability, F, =- (0.5P, + P)180° = - 360°

Thusfor the system to be stable, the - 1 point
should be encircled by the Nyquist plot once.

The system isstablefor K >1/2.18 = 0.458.

344

100+W2(5- WZ)2

W =+2.34 rad/sec.

Lo (§2.38) =-2.18K

Setting Im [l_eq ( jW)]: 0




Routh Tabulation:

s 1 K +5
2
s 4K 10 K >0
L 4KZ+20K-10 ,
g - - K’ +5K - 2.5>0
4K
s 10 (K +5.45)( K - 0.458 ) >0

For system stability, K > 0.458.

(b) ss’+K(s3+252 +1) =0
K(s3+25+1)
L(=——"T" P =3 P=0
s

— . A o . _
When w =o: DLeq(JO)— 270 |Leq(10)|—¥
When w = ¥: DLeq(j¥):0° |Leq(j¥)|:K

K @1- 2v?)- wg K+ i(1- 2w)g

L,(jw) = T " Setting Im [Leq ( jW)]:o
2
1- 2w
— =0 wW=¥,6 w=10.707 rad/sec Ly, (10.707) =K
w

The Nyquist plot isastraight line, since the equation of Lyg (IW) shows that itsreal partis
always equal to K for all values of w.

For stability,
F.=-(05P+P)180° =-270°

— o =
K>0 F, =-% Unstable I!AJImLeq 1'_1:'
L__-plane L
K<OF | =g ° Unstable |
[ 3
The system is unstable for all values of K. $,,=-90
] (g e
Routh Tabulation: 1 5 m =
®
; 4 w=0.707
s 1+K 0
s’ 2K K K >0
=1.0%9
g 1K K <-1 w=1.23
2K
s° K K >0

The system isunstable for all values of K.
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© s(s+1)(s2 +4)+ K(s2 +1) =0

lJEmch
K (s*+1) Fag P g
L(=————"— P =3 P=0 =
e 2 w
s(s+1) (s +4) . s y
v Rel,
& =270% 1} o (=]
For stability, 1 i it
2 4
F,=- (05P +P)180° =-270° '
0<K <¥ F11:-270° Stable
K <0 F =210 ° Unstable
+
o
10K
d) L(9=—F5—— PR =1 P=0
a s(sz+25+ 20)
10K 10K & 2w’ - jw(20 - Wz)g
L, (jw) = =
eq -2\N2+jw(20- Wz) Ah/\/4+w2(20-wz)2
Setting Im [l_eq (jW)] =0 W =447 i jmeq
K .
L, (1447)=-— R
4
For stability, F =- (0.5P, + P)180° = - 90° wek. 47 h wee
-1 “K/s =1 . P ReL
K >4 F11:27o° Unstable D< K<k K =4
. e 7n®
0<K<4 F, =-%° Stable L5 = b ey

Thesystem isstablefor 0<K < 4.

Routh Tabulation

K >0
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For stability, 0<K <4




(e) s(sa+232+s+1)+K(sz+s+l) =0

K(s+2) o .
Leq(s):s— > =1 P=2 L,, (i0) =¥D - 9 L,, (i¥)=0D- 270
s(s +3s+3) a 4
) K(jw +2) K @(2w’ - aw®)+ jw(w' - 3w - 6)g
jw) = =
) (w*- aw’)+ jaw (w* - 3w?)” +aw”
Setting Im[Leq(jW)]:O w*-3w’-6=0

Thereal positive solutionis w =2.09 rad/sec

Lo (§2.09) =0.333 K

For Stab|||ty, F n =- (05P + P)1800 - _4500
! ¥ (1oL,
d wg
Lhﬂvplane
K >0 F =-9° Unstable ....~+m“ ——
—~ 0. 333K
K <-3 F =+%0° Unstable = : i
0>k >-3 F_=-200°  Unstable 9, =-90° e
- 3 =170
1
The system isunstable for all values of K.
/
Routh Tabulation v

, 3€-3-K _-3-K
s @ 2K K <-3
e e

. -(3+K)- 2ke’

- (3+K)

[o]

s 2K K>0

The conditions contradict. The system is unstable for all values of K.
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Appendix |

DISCRETE-DATA CONTROL SYSTEMS

(b)
ze? € L ze?
F(Z)= > F(Z)——e - - ~
(Z- 63) 2J@(z-e2’) (z- e'z‘)
(© (d)
2 2
1 A Z Z N ze z+e
F(Z):—_g T 7(2+,W)lf| F(z) = ( 3)
2jBz-e®M z.eg®M{ (z-e’z)
-2 (a)
T€ %7 7 U
F@)=—8——rp5- — U
21g(z-e")" (z-¢") g
(b)
F(z)=1-2z "+z2 2-2%+27"- ... QD 2Pzt - i 2
Add Egs. (1) and (2). We have (l+ z'l)F(z):l Or, F(z2)=z/(z+1)
-3 (@
Zé 1 0 ()16 z d . T%z Tz
Es+5°H 20 1a°6z-e7H,, 2(z-e'5r)2 (z-e'sr)3
(b)
1 11 1 1
F(s)= =" _2+_3-
s (s+1) s s s s+1
z Tz Tzz(z +1) z
F(z) = ) 2t 3 -7
z-1 (z-1) 2(z-1) z-¢€
(©
10 10 10 2
F(s)= —=— - -
s(s +5) 25s 25(s+5 (s+5)
£ @) 10z 10z 2Tze™
z)= - -
25(z-1) 25(z- ) (-’
(d)
25 25s -
F(S): _&2 2.52 ) 2.52(z - cos WT)

F(z) =

s(sz+2)_ s 42

z-
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-5 (a)

-4 (a)

(b)

f (k) = 0.333- (0.1667 + j0.2887)e '**/* - (0.1667 - j0.2887)e'*"*

10 z _12.52

12 .5z

F(z) =
(z-1)(z-0.2) z-1

z-0.2

f(k)=12 .5[1- (0.2)k]

k =0,1,2, -

z  (0.1667+j0.2887)z (0.1667- j0.2887)z

z
F(z)= =

(z-1)(Z+2+1)  3(z-1) (z+05+ jo.866)

‘o # ‘o # § )
- 0.333- 0.333c0s2 2 0. 0.5765nZP 0 - 0333+ 0.666c0s 2 + 240° 0 k=012, ...
39 39 &3 oz
(©)
z 0.541 z 0.541 z K
F(z) = = - f(k):0.541[ - (-0.85) ] k=012
(z-1)(z+0.85 z-1 z+0.85
(d)
10 20 20 -
F(z) = = - £(0) =0 f(k):20[1-(0.5) ] k=012,
(z-1)(z- 0.5 z-1 z-05
0.368

k®¥

lim f (k) =lim(1- z*) F(2) =lim

®1 Z

2. 1364240732

Expand F(z) into a power seriesof 2 *.

(z+0.5- j0.866)

K (k) K f(k)
1 0.000000 16 1109545
2 0.000000 17 1.089310
3 0.368000 18 1.041630
4 0.869952 19 0.991406
5 1285238 20 0.957803
6 1.484260 21 0.948732
7 1.451736 2 0.960956
8 1.261688 23 0.984269
9 1.026271 24 1.007121
10 0.844277 25 1.021225
11 0.768362 26 1.023736
12 0.798033 27 1.016836
13 0.894075 28 1.005586
14 1.003357 29 0.995292
15 1082114 30 0.989487
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(b)

10 .
F(2) - The function (1- zl)F(z) hasapoleat z = -1, sothefinal-value
(z-1)(z+1)

theorem cannot be applied. The response f(k) oscillates between 0 and 10 as shown below.

k f(k) k f(k)
1 0.000000 1 0.000000
2 10.000000 12 10.000000
3 0.000000 13 0.000000
4 10.000000 14 10.000000
5 0.000000 15 0.000000
6 10.000000 16 10.000000
7 0.000000 17 0.000000
8 10.000000 18 10.000000
9 0.000000 19 0.000000
10 10.000000 20 10.000000
(©
lim f (k) =tim @ 27" | (2) = tim =2
k® ¥ ®1 ®1(z - 0.5)
F(z) is expanded into a power seriesof 2z~ by long division.
k f(k) k f(k)
1 1.000000 11 1.999023
2 1.500000 12 1.999512
3 1.750000 13 1.999756
4 1.875000 14 1.999878
5 1.937500 15 1.999939
6 1.968750 16 1.999969
7 1.984375 17 1.999985
8 1.992188 18 1.999992
9 1.996094 19 1.999996
10 1.998047 20 1.999998
(d)
F(z)= S F (z) hasapoleoutside the unit circle. f (k) isunbounded.

(z-1)(z-15)

The final-value theorem cannot be appliedto F (z). F(z)isexpanded into a power series of

-1
z

k f(k) k f(k)
1 0.000000 1 113.33078

2 1.000000 12 170.995117
3 2.500000 13 257.492676
4 4.750000 14 387.239014
5 8.125000 15 581.858521
6 13.187500 16 873.787781




7 20.781250 17 1311.681641
8 32.171875 18 1968.522461
9 49.257813 19 2953.783691
10 74.886719 20 4431.675781

[-6 () x(k+2)- x(k +1) +0.1x (k) =u_(k) x(0)=x(1)=0.  Taking the ztransform on both

sides,

2°X (2) - 2°x(0) - 2x(1) - 2X (z) +2x (0) +0.1X (z) =

z-1
z 10z 1455z  11.4557 _ _
X(2) = " = + - Taking the inverse z-
(z-1)(#2- 2+01) z-1 z-01127 z-08873
transform,
x(k) =10 +1.455 (0.1127 )* - 11.455 (0.8873) *  k =0,1,2, -

(b) x(k+2)-x(k)=o0 x(0) =1, x(1)=0 Takingthe ztransform on both sides, we have

ZX(2)- Zx(0)- zx(1) - X(2) =0 X(2) ==

x(k) = cosg(?pg k=0,1,2, -
2

-7 (a)
P(1) =(1+r)P(0)- u where P (1) = amoun towed after thef irstp eriod.
P(2)=(1+r)P(1)-u P(0)= P, = amoun tborr owed i nitial ly
P(k+1)=@Q+r)P(k)-u u = amoun tpaid each period inclu ding p rincip aland inter est.

(b) By direct substitution,
P(2) =(1+r)P@)-u=(1+r) P(0)- (1+r)u- u

P(3) =(L+r)P(2)-u=(1+n)°P(0)- @+r)’u- @L+r)u-u

P(N)=(@+r)" P(0)- u[(1+r)”'1+(1+r)”'2 +---+(1+r)+1]:o

Solving for u from the last equation, we have

N N
(1+r)" P (1+r) Pr
u= 0 — 0

N-1 N
o K (1+r) -1
& a+o

k=0

(C) Taking the ztransform on both sides of the difference equation, P(k +1) = (1 +r)P (k) - u,

we have

g _k g _k
aPkk+nz " =@+ng P(k)z -

k=0 k=0 z-1
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uz P uz
Thus, P(z) = 0 -
z-1 z-(1+r) (z-l)[z-(1+r)]

Or, P (z)- P =(1+r)P(2)-

Taking the inverse ztransform and setting k = N, we have

N U u N
P(N)=P (1+r) +—- —(+r) =0
r r
Solving for u from the last equation, we have
N

(1+r) P,r
U:—N
@a+r)y -1

(d) For P =$15,000,r=001, and N =48 month s,

@a+r)" P,r  (101)" (15000 )(0.01) _ (1.612 )(15000 )(0.01)

u= . =$395 .15
a+n" -1 ro)*® -1 1612 -1
@)
5,556 5.556
G(Z) = -
z-1 z-01
(b)
20z 20z 80z
G(2) = - +
z-05 z-08 z-1
(©)
4z 4z 2z
G(z) = - - >
z-1 z-05 (z-05)
(d)
2z 27°
G(z) =——- ,
z-1 (z- 05
lim f (k) = lim @ z_ljF(z):Iim s =2
k® ¥ ®1 ®1(z - 0.5)
F(z) is expanded into a power seriesof 2z~ by long division.
k f(k) k f(k)
1 1.000000 11 1.999023
2 1.500000 12 1.999512
3 1.750000 13 1.999756
4 1.875000 14 1.999878
5 1.937500 15 1.999939
6 1.968750 16 1.999969
7 1.984375 17 1.999985
8 1.992188 18 1.999992
9 1.996094 19 1.999996
10 1.998047 20 1.999998

(d)

352



F(2) = F (z) hasapoleoutside the unit circle. f (k) isunbounded.
(z-1)(z-15)
Thefinal-

value theorem cannot be applied to F (z). F(z)isexpanded into apower series of 2t

K f(k) K (k)
1 0.000000 11 113.33078

2 1000000 12 170.995117
3 2.500000 13 257.492676
4 4.750000 14 387.239014
5 8.125000 15 581.858521
6 13.187500 16 873.787781
7 20.781250 17 1311.681641
8 32.171875 18 1968.522461
9 49.257813 19 2953.783691
10 74.886719 20 4431675781

2-18 (@) x(k+2)- x(k +1) +01x (k) =u_(k) x(0) = x(1) =0. Taking the ztransform on both

sides,
25X (2) - 22x(0) - 2x(1) - 2X (z) +2x (0) +0.1X (z) =
z-1
z 10 z 1.455 z 11.455 2 ) i
X (z)= = + - Taking the inverse z-
b-l@ - z+0.1J 2-1 z-01127  z- 0.8873
transform,
x(k) =10 +1.455 (01127 ) - 11.455 (0.8873) © k=0,1,2, -
(b) x(k+2)-x(k)=0 x(0) =1, x(1)=0 Taking the z-transform on both sides, we
have
,? |
25X (2)- 2°%(0)- 2x (1)- X (2) =0 X (2) =— x (k) = cos k k=012,
z -1
2-19 (a)

P()=(1+r)P(0)- u where P (1) = amoun towed after thef irstp eriod.

P(2)=(1+r)P(D-u P(0) =P, = amoun tborr owedi nitial ly

P(k+1)=@Q+r)P(k)-u u = amoun tpaid each period inclu ding p rincip aland inter est.

(b) By direct substitution,
P(2)=(1+r)P(1)- u=(1+r) P(0)- (1+r)u-u

P(3) =(L+r)P(2)-u=(1+n)°P(0)- @+r)’u- L+r)u-u

F’(N):(l+r)N P(0) - u[(1+r)“'1+(1+r)“"2 +--~+(1+r)+1]:o
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Solving for u from the last equation, we have

N N
(1+r) P (1+r) Pr
U= 0 — 0

N-1 N
o Kk (L+r) -1
a @+n)

k=0

(¢) Taking the ztransform on both sides of the difference equation, P (k +1) = (1 +r)P (k) - u,

we have

g -k g -k
a Pk+l)z " =@+r)g P(k)z -

k=0 k=0 z-1

Or,
uz zP uz
Thus, P(z) = 0 -
7-1 z- 1+ (z-)fz- @a+n)]

P (2)- P =(@+r)P(z)-

Taking the inverse z-transform and setting k = N, we have

N U u N
P(N):P0(1+r) +—- —(1+r) =0
ror

Solving for u from the last equation, we have
1+r) N Por

u= N
1+r) -1

(d) Forp =$15,00,r=001, and N =48 month s,

@+r" P, (1.01)* (15000 )(0.01)  (1.612 )(15000 )(0.01)
Y= - = =3$395 15

a+r) -1 o) -1 1612 - 1

-9

Taking the z-transform of #(kT), we have

= b _
Y@y (1t s — b[];g _}llr L T 1 T o
E=0 =1 ‘g€ [.',—]JIII:—E }I z—1 Riz) P
1-10
(a)
o _of 4 ] g 1 ]_ﬂ_sz_ 05: 0316z
R(z) Ls(s+2)) “\2s 2(s+2) 2o z—e_!_{zal}{;_ﬂjﬁg]
(b}
re w0 ) (10_10]_ 10z 10z _ 2387z
R(z) N\ (s+1)s+2)) s+1 s42) z-0607 z-[II.SEE_{:—0.60?_}(:—!]363}
(c)
T(ﬂ:flj{l}::_ 10z 10z
R(z) \s+1) \s+2) z-1 z=-0368 (z—1)(z-0368)
s
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(@

Y(z) i )[ J=(l—z"}§'[ 12521_1252+ 1257 |__ 046z+033
R(z) s (s+2) (z-1)" z-1 2-0368) (z—1)z-0368)

(&) From Part (d),

G{z_}:rfz):(i_z'l)?[ - 5 ]: 0.46=+033
) s'(s+2)) (2-1)(=-0368)

Y(z) __G(z) _ 04624033
R(z) 1+G(z) =" —0908z+0.6982

iz 5 (1o Ng 23 _375 125
%= ]?[szmmm}] b }5[ s+1 m]

007282° +0.2037:+0.0344 _ 0.0728z" +0.20372+0.0344
2 1974427 +119752-02232  (z-1)(z—0.607)(z—0.368)
¥(z) 0.0728z° +0.2037z+0.0344
R(z) 2 -19z° +14z-0189

(D

F(z)=

1-11
(a) p(kT)=(k- l}Tj +Tx(kT)  Taking the z-transform on both sides of the equation, we have
Z Wk * z Alk-1)T)= "+ TE:{H‘"}I:

£=0 =0 =t Yy
¥(z)=z "¥(2)+TX(z ¥iz)= X(z G,—_--.—-n_-_..‘:..
(=) (z)+TX(=) (=) Y (=) () s

(b) The impulsc response of the backward rectangular hold is shown below. The impulse response is
written g(f)=wu (r=T)=u_(1). The transfer function is

Gyt
! git)
Then, -

e
1'[;;=;[‘ ti]=|[z—1rz'[i2]= i

i 5 =1

(c) . 2

Y(z)=(1-2" [LJ= L e .
( { }$ I2 ( - ){__”2 5] T ]
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[-12 (@) Discretestateequations:
40 19 0 g -1 ) 1 &s+3 1)
S R oe=fh (s-m)=S 4 (9-A)e 20
&2 -3H & H 82 s+34 (s+1)(s+2) &-2 s
f(t)_L-lg(Sl A)-l\_é 2e—t_ e—2[ e—l_ e— l:l f(T) eze—T_ - 2T e—T_ e—ZT l:l
d gZe"+2eZI -€ +2e2‘L‘I e2e +2¢”  -€ +2e2TL‘l
06 02325
T=1sec. f(T)_(? u
0465 -0.0972H
e 1 AV VI ee-e u ée'-e” |
a@ =L gs - A) Bf=L'g————a o aM=g . .0
e(s+1)(s+2) %LU ge'+2e ge +2°
0.2325
T= 1sec. e u
800972H
(b)
éze-l\ﬂ'_e-ZNF e-NT_e-ZNT u é2e-N_e-2N e-N _e- u
f(NT) =g Q=6 {
e_ze-NT+e-2NT _e-NT+2e-2NTu e_ze-N+e-2N -e +2e2N
1
X(NT)=f (NT)x(©) +@ f [(N - k- 1) Ty (T)u(kT)
k=0
[-13 (&) Discretestateequations:
e 1y
é) 10 @u és '10 1§ 1[:] és SZ[J
A=2x - B=x - (sl- A)= 4 - (sl-A) =>4 =a a
b of " & b s B g 14
e si
é tl g Tu é 0001
f)=5 f(T) = == 3 y
g 1H g 1 & 1 H
610
) G 2820 @ €Tl €0.001Q)
aW =L"gs - A)'BR=L"& =4y aM=a p=a ¢
g =g, 0= gy G168 1 H
esd
NT 0.001N{|
(b) f (NT) = et 9_(?1 u

0 1§ & H

x(NT ) =f (NT)x(0) +51f [(N-k-2)TlhTMuKr)

k=0

1
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& (N-k-DTU & O000LN- k- D)

& 1 H® 1 H
€0.001(N - K){J

FI(N-k-1)Tlq(m) =« J

[( )] & 1

f[(N-k-2)T] =

[-14 (a) Transfer function:

, -1, N , N N
X(2) [2- t @] am _62-06 -02325 (| 6023250 1 6z+0.0972 0232506 0.2325 |
U(2) 80465 z+00972H & 0.0972H D(2) & -0465  z- 0.6H& 0.0972H

X(z) 1 é& 0235z

- A . D(z)= z°- 0.5028z+ 0.04978
U(z) D(2)&0.0972(z+0.6673)

(b) Characteristic equation:
D(z) =z°- 0.5028 z +0.04978 =0

[-15 (@) Transfer function:
XD gt m]tam =
U(z)

1 éz-1 0.001(€0.001) 1 €0.001z(
p280 z-1H8 1 H b 821 H
D(z) =(z- 1)

(b) Characteristic equation:
D(z) =(z-1)" =0

1-16  State diagram:

D(z):z_l-z_l-6z_2-z_2+52_2-102_ 52 %=-2:"%-15:"°% =0

Characteristic equation: 2z +15 =0
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I-17 Statediagram:

. iy 1
o 1 - & - T

2, (k1) ; a yik)

State equations:; Output equation:
x (k +1) =2x (k) +x_(k)

xz(k+l):x3(k) y(k)=x1(k)
xs(k +1) :-O.lxl(k)- 0.2x2(k) - 0.1x3(k) +r(k)

Transfer function:
Y (z) 272 +77° z+2

-1 -2 -3 3 2
R(z) 1+01z +0.2z +0.2z z +0.1z +0.2z+0.2

[-18

Open-loop transfer function:

G(z):—:(l- z'l)Z =

Y(2) ® 1 © 063
E(2) Es(s+1) g z- 0368

Closed-loop transfer function:
Y(z) _ G(z) _ 0632

R(z) 1+G(z2) z- 0.264
Discrete-data state equation:

x[(k +1)T]1=0.264 x(kT ) +0.632 r(kT )

-19 (@) F(z)=z"+15z-1=0 Thisisasecond-order system, n=2.
F(1)=15>0 F(-1)=-15<0
Thus, for n=2 =even, F(-1) <0. The systemis unstable.
The characteristic equation rootsareatz=0.5andz = -2.
F(z) has one root outside the unit circle.

+ +1 2 +16

Let 7 == 1. The characteristic equation becomes & 9 +1.533N—9— 1=0
w-1 w-19 w-19

or (w+1)" +15(w - 1)- (w-1)"=0 or 150" +4w- 15=0

The last coefficient of the last equation is negative. Thus, the system is unstable.

(b) F(z)=2°+2*+3z+0.2 =0 Thisisathird-order system, n = 3.
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+1 - .
Let 2 =— . The characteristic equation becomes
w-1
+1..3 +1..2 +14
il Al Y Al S P R

w-1@ W- 1@ w-1¢g
Or
(w+1)° +(w+1) (w-1) +3(w +1)(w-1)° +02(w-1)° =0 or 52w’ +0.4w - 04w +2.8=0
Since thereis anegative sign in the characteristic equation inw,
the equation has at |east one root in the right-half w-plane.

Routh Tabulation:

3

w 5.2 - 0.4
w’ 0.4 2.8
w' - 368
w’ 2.8

Since there are two sign changes in the first column of the Routh tabulation,
F(2) has two roots outside
theunit circle. Thethreerootsareat: - 0.0681, - 0.466 +j1.649 and - 0.466 - j1.649.

(©) F(z)=2"-12:"-2:+43=0

+1 - :
Let z=2""_ Thecharacteristic equation becomes

w-1

LG awtls  awtls

SW- l+g ) 'Zgw- 15 ) w- 1B+3:O

or 0.8w° - 52w’ +15.2w - 28 =0

Routh Tabulation:

3

w 08 15.2
w’ - 5.2 -28
w' 14.77
w’ -2.8

There are three sign changesin the first column of the Routh tabulation.
Thus, F(z) has three roots
outside the unit circle. Thethreerootsareat - 1.491, 1.3455 + j0.4492, and 1.3455 - j0.4492.

(d) F(z)=z"-2"-2z2+05=0

+1 - .
Let 7=2 The characteristic equation becomes
w-1
&W+15_aw+15 av+lQ

- = -2 =+05=0
gw-lg w-19 w-19

or -15w  + 25w  +75w- 05=0
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Routh Tabulation:

3

w -15 75
w’ 2.5 -05
w' 7.2
w’ - 05

Since there are two sign changes in the first column of the Routh tabulation,
F(z) has three zeros
outside the unit circle. Thethreerootsareatz=1.91, - 1.1397, and 0.2297.

1-20 Taking the ztransform of the state equation, we have

zX (z) =(0.368 - 0.632 K)X (z)t KR (2)
X (z) _ K

Or,
R(z) z-0368 +0.632 K

The characteristic equationis z-0368 +0.632 K =0 Theroot isz=0.368 - 0.632K
Stability Condition:
o368 - 0.632 K|<1 or -1<K <2165

1-21 2 +2% +15Kz - (K +0.5) =0

+1 - .
Let z="""_ Thecharacteristic eguation becomes
w-1
3 2
14 P15 +1A
@20 B0 ek @20 (k405) =0
8w—1g w- 1@ w-19g
Or (1.5+0.5K )w’ + (5.5 +1.5K)w’ +(0.5- 45K )w +(2.5K +0.5 =0
Routh Tabulation:
w’ 15 +0.5K 0.5- 4.5K
w’ 5.5+15K 25K +0.5
. 1- 14K - 4K °
w - (K - 007)( K+ 357) <0
5.5+15K
w’ 2.5K +05 25K +05>0
Stability Condition: -0.2<K <0.07

[-22  (a) Forward-path transfer function:

K & 667 0444 0444 § K(0.004767+0.004527
G,6@=(1-7")z & 2=(1- z'l)KZa@ > + 9= (2 )
Ss (s+15 @ 8 S s s+159 z°- 1.8607z+ 0.8607

Characteristic equation:
2% - 18607 z+0.8607 +0.00476 Kz +0.004527 K =0
For T=0.1 sec. 2° +(0.00476 K - 1.8607 )z +0.8607 +0.004527 K =0
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w +1

Lt z= The characteristic equation becomes

w-1
0.009287 w’ +(0.2786 - 0.009054 K)w +37214 - 0.000233 K =0
For stability, all the coefficients of the characteristic equation must be of the same sign.

Thus, the

conditons for stability are: 0.2786 - 0.009054K >0 or K <30.77
3.7214 - 0.000233K >0 or K <15971.67

Thus, for stability, 0<K < 30.77

(b) T=05sec. Forward-path transfer function:
K (0.09883 z +0.07705)

GhDG (z)= .
P 2% - 14724 7 +0.47237

Characteristic equation:

2% +(0.09883 K - 1.4724 )z +(0.07705 K +0.47237 ) =0

+1
Let z:W

The characteristic equation becomes
w-1
017588 Kw ° +(1.05526 - 01541 K)w +2.94477 - 0.02178 K =0

For stability, all the coefficients of the characteristic equation must be of the same sign.

Thus, the conditionsfor stability are:  1.05526 - 0.1541 K >0 or K <6.8479
2.9447 - 0.02178 K >0 or K <135 .2

Stability condition: 0 < K <6.8479
(©) T=1sec. Forward-path transfer function:

K (03214 z +0.19652 )

GhOG (z)= >
P 27 - 12231 7 +0.22313

Characteristic equation:

2% +(0.3214 K - 1.2231 )z +(0.22313 +0.19652 K ) =0

w +1

Let z = The characteristic equation becomes

w-1
0.5179 Kw 2 +(1.55374 - 0.393 K)w +2.4462 - 0.12488 K =0

For stability, all the coefficients of the characteristic equation must be of the same sign.

Thus, the conditions for stability are: 1.55374 -0.393 K >0 or K <3.9535
2.4462 - 0.12488 K >0 or K <19.588

Stability condition: 0 < K <3.9535
1-23  (a) Roots: -1.397 -0.3136 +j0.5167 -0.3136 — j0.5167
Unstable System.
(b) Roots: 0.3425 -0.6712 + j1.0046 -0.06712 — j1.0046
Unstable System.

361



()  Roots: -0.4302 -0.7849 +j1.307 -0.7849 — j1.307

Unstable System.
(d Roots: 0.5 -0.8115 -0.0992 + j0.7708 -0.0992 —j0.7708
Stable System.

[-24 (@) Forward-path Transfer Function: T =0.1 sec.

& 5 0. a5 125 125 0 0.02341z + 0.021904
6= (1 2') 2o (1 ) 2 2 =
s (s+2)@ s+250 7’ - 1.8187z+0.8187
Closed-loop Transfer Function:
Y(z) _ G(z) _ 0.0234 z+0.021904

2
R(z) 1+G(z) z -1.7953 z +0.8406

(b) Unit-Step Response y(kT)

| -
: TR L]
1L k]
{ ']
! " '
1 U“
7T %
i age T
| [ BEEON
I L
L ESHE=41 4'
]
: a
LN 4
i "
1
1
. L]
LANE-H ll
1
1 .
Lo
]
1
&
LI R basmansoaa fas Baas ] ] R - i
[ T ] b 1] i ¥ ] ] W 188
Ko. of sampling periods

(C) Forward-path Transfer Function: T = 0.05 sec.
e 5 0_ 0.0060468z + 0.0058484

§(s+2) @  2°- 1.9048 +0.9048

G(2) = (1- z*)z

Closed-loop Transfer Function:
Y (z) _ 0.006046 z +0.005848 4

2
R(z) z - 1.8988 z +0.91069
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Unit-step Response y(kT)

1. 2neEe

I4aninan

L] {112 LELEE L LTSS LTS ETRETT]

L PIOBICANCNE MEIOCIDBENE

&.eonr-41

1.009E-01

2. DINE=D}

D it R L L LY ETETTT T P TR PP PRSSAPISIIY [RNSERS T e’ (up———'|

L A L i e
L] n 1] L] a0 1] T i L] iod

-
=
i
i
i

lo. of sampling pericds

1-25 (@
ayael § 1y a8l g
Y(2)=(1- 2')Z U(2) U(2)=10K(2- K |1- 27)Z “U(2)
( ) &5 5 ‘( ) & o
KT 10( z- 1)
U(z) =10E(z) - U (2) Thus U(z)=———E(2)
-1 2- 14K T
T?z(z+1) 10(z-1
Y(2) =(1- 2Y) ( 3) (z-1 E(2)
2(z-1) z-1+KT
Y(z 5T%(z+1
G(2) = (@ _ (z+1)
E(z) (z-1)(z-1+KT)
Error Constants:
. £ 1 107 10
K =IlimG(z)=¥ K =—Ilim(z-1)G (z) = =—
P e VT @1 K[T2 K,
< =Ziim(z-176(2) =0
——Iim(z- Z) —
a Tzz®1
(b) Forward-path Transfer Function: ClosedHoop Transfer Function:
5T%(z+1) Y(2) 5T%(z+1)
G(Z): = 2 2
(z-1)(z- 1+KT) R@z) Z+(KT+5°-2)z+(57%- KT +1)

(C) Characteristic Equation: T =0.1 sec.

F(2)= 7 +(KT +577 - 2) z+(57°- KT +1) =7 + (0K, - 195) +(105- 01K ) =0
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For stability, from Eq. (6-62), F(1) >0, F(-1)>0, |a0|<a2

where
Thus,

a =1.05- 01K
0 t
F(1) =01>0
aO

Stability Condition:

a =01K - 195
F(-1) =4- 02K >0

05<K_ <20

(d) Unit-step Response: Kk =5
Y(z) _ 0.05(z+1)
R(z) - z2 - 1457 +0.55

or

:|1'05_0'1Kt|<a1:1 or 0'5<Kt<20'5

Kt<20

| ThemE

L. T5pTe

T.2000-81

1. 5000-01

(B

i H

Ho.

of sampling pericds

L Rl i

(€) Unit-step Response k =1
Y(2)

0.05(z +1)

R(z)

2
z -185z+0.95
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[-26 (a) T=0.1sec.
1000(z + 20) W_(2) &  100(s+ 20) o]
6, (1 )z
s’ +37.06s +141.2 E(2) &s(s* +37.062+141.2) 4
W (2) 1y _ae30 142 29.7 0418 ¢
:(1- z )28 t— 7t + +
E(2) S S s+431 s+32.7@

\ae30z 142z 29.7z 0.418z (O
= (]_- Z ) + . + + -
82-1 (z-1)° z-065 z-0038g

3.368 2> +1.7117 7 - 0.3064 3368 2° +1.7117 2 - 0.3064

3 2
27 - 16876 z +0.71215 z - 0.024576 (z-1)z-0.65( z- 0.038)

(b) Closed-loop Transfer Function: T =0.1 sec.

W (z) 3368 2% +1.7117 7 - 0.3074

3 2
R(z) 2z +1.6805 z +2.424 z- 0.331
Characteristic Equation:
2’ +1.6805 z° +2.424 7- 0331 =0
Roots of Characteristic Equation:

2=0125, - 0.903 + j1.3545 , - 0.903 - j1.3545

The complex roots are outside the unit circle |z| =1, so the systemis unstable.
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() T=0.01sec.

W (2) 004735 z° +0.005074 3z - 0.03663
Forward-path Transfer Function =

3 2
E(z) z -2.6785 z +2.3689 z - 0.69032
. W (2) 0.047354 2°+0.005875 37 - 0.03663
Closed-loop Transfer Function =

R(z) 20 - 26312 27 +2.3748 7 - 0.72695
Characteristic Equation:

o _ 2% - 26312 27 +2.3748 7- 0.72695 =0
Characteristic Equation Roots:

z =0.789 , 0.921 +j0.27, 0.921 - j0.27

T =0.001 sec.
Forward-path Transfer Function

W (2) -143 "10 °7°+4.98 10 ‘z%- 2384 " 10 'z- 489 10"

E(z) 2’ - 2.9635 2 +2.9271 7 - 09636
Closed-loop Transfer Function

W (z) -143 10 "z +4.98 10 “2°-2384 10 'z-48 10"

3 2
R(2) 27 - 2.963 7 +2.9271 7 - 0.9641
Characteristic Equation:
2% - 2063 2° +2.9271 7- 0.9641 =0

Characteristic Equation Roots:

7 =0.99213 , 0.98543 + j0.02625 , 0.98543 - j0.02625
(d) Error Constants:
« 3.368 2z~ +17117 z - 0.3064
K, =limG, G (z)=lim =
@1 2®1 (z-1)(z- 0.65)( z- 0.038 )
T ) 3.368 2~ +1.7117 z - 0.3064  14.177
Kv :—Iim[(z-l) GhOGp(z)]:-Iim =
T ®1 ®1 (z-0.65)( z- 0.038 ) T
T .1 (33687 +1.71172- 0.3064)(z- 1)
K, :—2I|mgz- 1) GhoGp(z)g:—zllm
T =1 T 21 (z- D(z- 0.038)
Steady-state Errors:
« 1
Step Input: e = — =0
SS l+ K
p
* 1 T
Ramp Input: e =—0=
® ok 1477
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Parabalic I nput:

I-27 (&) Forward-path Transfer Function: (no zero-order hold) T = 0.5 sec.

0.1836 zK 0.1836 zK
G(Z) = =
z -1.0821 z+0.0821 (z-1)(z-0.0821)
1jiln z
T
z=plane Unit circle
/
i K =1 K=ll.HJ
=1 =
T=0.1sec.
0.0787 zK 0.0787 zK
G(Z) = P =
z -1.6065 z +0.6065 (z - 1)( z- 0.6065)
b jlm =z
Unit circle
z-plama
0.7878
L K=t 6 | =0

5
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(b) Open-loop Transfer Function: (with zero-order hold) T = 0.5 sec.

_ K (0.06328 z +0.02851 ) _ 0.06328 K (z + 0.4505)

G(z) =—;
z - 1.0821 z +0.08021 (z-1)(z- 0.0821 )
jIm =
z=plame
=J.aTTe 4+ joLayes K = 31.3
—_:ri..::—-ha.hx\
/}/ \\ Unit circle
! W
{ f \ 1
[} I| o 1 |I
paa D L Eo | | k= .
1,3 -J.|I ~0.L505 [I-DRZE 0,43 T'l ez
| / /
\ % o
[ S— S
-0.4778 - jo.spes K = 312
T =0.1 sec.
K (0.00426 z +0.003608 ) 0.00426 K (z +0.8468 )
G(z)= =
2
z° - 1.6065 z +0.6065 (z - 1)(z - 0.6065)
i
Be =

[-28  Forward-path Transfer Function:
0.0001546K ( z* + 3.7154z+ 0.8622)

z(z3 - 2.72367° +2.46447 - 0.7408)

G(29) =
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z-plane

—

=0 36T
=0 24%HT

]

Jim

Unik eizcla

9.792+10.11]
1

«992= ¥0 . 113

[-29 (a) P(z)=2 -1

Q(z)=2° +152-1=(z-0.5)( z+2)

The system isunstable for all values of K.

jIm =

Onit eirela

- K=

Fa z
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[-30 (a) BodePlot:

78 AR
&8 GAIX MARGIH = 32.85 4B
[ cq cAlN C.O0 = 3.8984 rad’s
T
H 48 =
¢ 28 - N
18 I
dB 2]
-18 I~
-28 T
.B51k 314 B S —radlsed
E 128 __PHASE MARGIN = 17.71 deg._ |
98 PHASE C.0. = 31.4159 rad“s_|
P 68
H 38
A B
S -38
E ¢8|
-98|
deg —12a|
-158 T
-1 T |
g .J14f 4 radfsec
The system is stable.
(b) Apply w-transformation,
_2+wT
Z —
2-wT
2
10( 1 - 0.0025
Then GhoG(w):GhoG(z)Z=2+WT :$

2-wT W(1+W)

The Bode diagram of 6 oG (W) is plotted as shown below.
The gain and phase margins are determined as follows:;

GM =32dB PM = 17.7 deg.
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Bode plot of G, G(w):

4B - - 2Rk 1 LT k { TS LR A 1) B O L .
= S
L] vd, [ TP AN PV P
é oo e R
=] B E
-
& =28
T
e e O i i ; 2 PPRaes i mEERAT
iA-1 ige igl ig2 i3

T T T F TTT0T T T

Dogreas

T i e 7T

-ZP8 i L& i Jisgi ] L T riigsi i I i Lt i1
181 1g@ ) 1gt 182 183

e“a@ 1667N &l 0.000295( 2” +3.39z +0.714)
s Bs(s+1)(s+125) & (z- 1)(z- 0.9486)(z- 0.5354)

-3l G G(2)=2 21'
&

The Bode plot of G 108 (2) isplotted as follows. The gain marginis 17.62 dB, or 7.6.

Thus selecting an integral value for N, the maximum number for N for a stable systemis7.
Bode Plot of G, G(2)

| EREE Lo
P [ A GAIN HARGIN = 17.62 dB | | |
M C.O= B.9627 rads=

nI>3xI 0N

4B \\

8|

3.8588 rad-s_|

—158
-188
=218 = -
~248 e
278 )

MWDITH @
|
i
L
i
(

i
:
/
o

‘_EB_EE. H:3 5 Hadt =g
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1-32 (@) 6 (=2+2

S

Backwar d-rectangular Integration Rule:

200T 2z-2+200T _2+(200T - 2)z*
G (z)=2+ = =

z-1 z-1 1- 2

Forwar drectangular Integration Rule:

2007z (2+200T)z-2 (2+200T)- 2z*
G.(2)=2+ = =

z-1 z-1 1-z2°

Trapazoidal Integration Rule:

G.(2)=2+ 200T (z+1) _(4+200T)z+200T - 2 _(4+ 200T) +(200T - 2)2"

2(z-1) 2(z- 1) 2(1- 2*)

(b) & (s)=10 +01s

The controller transfer function does not have any integration term.
The differentiator is realized

by backward difference rule.

01(z- 1) (10T +0.2)z- 01
Tz z

G,(2) =10+

= (10T +0.1) - 0.1
(©) 6 (s)=1+0 25+
¢ . S
Backwar d-rectangular Integration Rule:

0.2(z- 1) L (T+0.2)- 0.27" oz

G (z)=1+
) Tz (z-1) T 1-z*

Forward-rectangular Integration Rule:

02(z-1) 57z (T+02)-02z" 5T
G (z) =1+ + = +

Tz z-1 T 1- z*

Trapezoidal Integration Rule:

0.2(z- 1) . 5T (z+1) _ (T+02)-0.2z" +5F(1+ 2‘1)

Gy = 2(z- 1) T 2(1- z7)
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1-33 (@) 6 (9)= T=0.1sec
¢ s +12
é 10 u 1
G.(2)=(1- 2*)Z g——— ;= 0.8333(1- z'l)za‘"*i - 9
eS(S+12)u s s+120
é z z ) 0.5825

=0.8333(1- z* - S =
( )Sz- 1 z-e€”H z-o0301

(b) GC(S):lo(s+1.5) T 1 sec
s+10
. é10(s+15)U 85 0
G.(2)=(1-z2")Za—F—p =
(@ =(1-2%) €s(s+10) H (- ) s $+100
(12 )3515z 85 §_ 10(z- 0.9052)
%z 1 z-€¢'@ z- 0.368
(C) Gc(s): T=0.1sec
s +1.55
, 19 sy 2z 6__ 21
G,(2)=(1- ")z & ==|1- ==
c(Z) ( z ) S+155ﬂ ( z )gz e()lssg z - 0.8564
(d) 6 ()= 14+0.45s
¢ 1+40.01s

€ 1+04s
85(1+ 0.0ls)

U 40.025z 0.975z ) 7- 0.975
g=%(1- 24)z § f2202U e 2229 0
0 €21 z€e“H &2 000004545

G.(2)=(1- 2")z

[-34 (@) Not physically realizable, since according to the form of Eq. (11-18), b, tO0but a =0.
(b) Physically realizable.
(c) Physically realizable.
(d) Physically realizable.
(e) Not physically realizable, since the leading term is 0.1z
(f) Physically realizable.

T+10)z-10
[-35 (a) G (s)=1+10s K, =1 KD:lo Thus GC(Z):( )
C Tz
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) oy 2T (z+1)

8_!25 z 1
(z+J)[(T +10) z- 10]
z(z- 1)2

By trial and error, when T = 0.01 sec, the maximum overshoot of y (kT ) islessthan 1 percent.
When T=0.01 sec,

.G,(2)=(1-

G(2) = G,(2)G,G,(2) =

0.02(z+1)(10.01z- 10) Y(z)  0.02(z+1)(10.01z- 10)
2(z- 1)° R(z) 2’-1.79987°+1.00022- 0.2

G(2) =

When the input is a unit-step function, the output response y (kT ) iscomputed and tabulated in
the following for 40 sampling periods. The maximum overshoot is 0.68%, and the final value

isl
Sampling Periods k y (KT )

1 D.0000E+00 15 100258400 19 100258400
o 2.0020E-01 16 L.0025E+00 i 1.00258400
3 §.60128-01 1 1.0025E+00 i 1.00258400
i §.0934E-01 18 1.00258+00 12 1.0025E400
§ 9.3626E-01 13 100258400 13 100258400
B 3.86136-01 20 1.0025E+400 Y 1. 00258400
T 1. B4 2E+00 il 10025800 35 1. 00258400
B 1. 00GEE+00 ik 100258400 16 1.0035E+00
§ 1. 0056E+00 21 1.0025E+00 3 1.0025E+00
10 1.0041E+00 i 1.OGESE+00 8 1, 00258400
11 100328400 25 1.0DZ5E+00 18 1.0025E400
12 1. 0027E+00 26 1. 0025E+00 {0 1.00258+00
13 1. 0028E+00 a7 1. 0025E+00

i 1.0025E+00 28 1.0025E+00

+
136 () 6,G,()=(1-2')z gaelo r(z+1) 1)
(] z 1
2
6(2) = 6.(2)6,6,(2) - KTz+K, (z-1)21%(z +21)
Tz (z-1)
KT +K) Z+K,Tz- K
z(z- 1)2

Characteristic Equation: 2 +2(K,T* +K,T - 1) 7 +( K, T° +1) z- 2K, T =0
For two roots to be at z= 0.5 and 0.5, the characteristic equation should have :* - z +0.25 asa

factor. Dividing the characteristic equation by z” - z +0.25 and solving for zero remainder, we
get
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4K T 42K T-025=0 and =-05K_,T'-25K_ T +025=0
Solving for K pand K from these two equations, we have

0.0139 0.0972
= K =

P D
T? T

Thethirdrootisat z =1- 2KPT2 - 2K T =0.7778 for T =0.01 sec

The forward-path transfer functionis

&2 = 0.2222(z+ 1)(2; 0.8749)
z(z-1)

Y(z) 02222 2% +0.0278 z - 0.1944

3 2
R(z) 'z -17778 z +1.0278 z- 0.1944

Unit-step Response:

2.8 T T T 1

cmax = 1.28 |

Tmax = 6.8 =ac]

yCkT) -t |

1.8 " i N

[ J

L] i8 2B . 38 48 sAa
Hunber of zampling periods = 1

(b) (b) K,=1, T=0.01sec

2T .d+KD|zz+Tz - KD]
zb- lg

0.02 .d01+KD|zz+0.Olz- KD]

zb- lg

The unit-step response of the system is computed for various values of k . Theresults are

G(z) :Gc(z)GhOGp(z) =

tabul ated bel ow to show the values of the maximum overshoot.

Ko 1.0 5.0 6.0 7.0 8.0 9.0 9.1 9.3 95 | 100

Max overshoot (%) 14 0.9 0.67 0.5 0.38 0.31 0.31 0.32 0.37 0.68
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[-37 (@) Phaselead Controller Design:

6()=6,6(0 = (1- )z E9- 2%

3 T > T=0.1sec
so z(z-1)

Closed-loop Transfer Function:

Y(z G,G(2 0.02(z+1

(@) __ =% =— (z+1) The system isunstable.
R(z) 1+G_G(z) 2z -1.98z+1.02
2 +
. _ T 04w 4(1- 0.05w)
With the w-transformation, =z = = GW) =—————
2 20 - w w

T-w

From the Bode plot of G ( W) the phase margin is found to be - 5.73 degrees.
For aphase margin of 60 degrees, the phase-lead controller is

1+aTw 1+1.4286 w
GC(W): =

1+Tw 1+0.0197 w

The Bode plot is show below. The frequency-domain characteristics are:

PM =60 deg GM =10.76 dB M_=1114

The transfer function of the controller in the z-domain is

& (2)= 21.21(z- 0.9222)
’ (z+0.4344)

(b) Phaselag Controller Design:

Since the phase curve of the Bode plot of G ( iw_ ) isaways below - 180 degrees, we cannot
design a phase-lag controller for this system in the usual manner.
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Bode Plotsfor Part (a):
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[-38 (@) Forward-path Transfer Function:

K (2.008z +1.775) 1000 Thus K" a1

K. =21im|[(z- 1)6,G,(2)] = lim
B e @1 7. 0,607

(b) Unit-step Response:

2.8 — T T T
cEmax = 1.68
Trax = 5.88 zec
¥ (kT N
i.8) 3 5 E
1 : o == |
' T = 8.8818 sec
-] ] ] |
2] i8 il | 38 48 ca
Hunber of sampling periods x 1

Maximum overshoot = 60 percent.

(¢) Deadbeat-response Controller Design: (K = 80.1)

0.16034z +0.14217
(z-1)(z- 0.697)

G, G(2 =

. 0(z') 016034 7 t+014217 77
= = Q (1) = 0.3025

GhUGp(z )=

-1 -1 -2
P(z ) 1-1697 z +0.697 z

Digital Controller:
P(z") 1- 1.697z* + 0.6972>
G,(2) = — = 1 2
Q@)- Q(z') 0.3025- 0.16034z " - 0.142177
_3.3057(z-1)(z- 0.697)

Z - 0.53z- 0.47

3.3057(z-1)(z- 0.697)
G(2) =G,(9G, G, (29 = >
z - 0.53z- 0.47

Forwar d-path transfer function:

. 0.53 z +0.47
Closed-loop system transfer function: M (z) :Z—Z
z

Unit-step response: Y(2)=053z ‘4z 47 4
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Deadbeat Response:

Z.8 T 1 T
Cmas = 1i.688
Tmax = Z.80 sec
¥YCkT)
i.8 _
7 |
A |
|
/ J
T = 8.8818 scc
a l .l 1
3] 2 4 [ B 18
Humber of campling periods = i
2500
Gp(s):— T=0.05sec
s(s +25)

& 2500 O 2.146z +1.4215

GhoG(Z) = (1_ Zil)z SSZ(S'F 25) B_ (z- ]_)(Z- 0.2865)

z')  21467'+142157°
= Q (1) = 3.5675

9
1) _
GmG(Z )‘ (Z»l) 1- 1.2865z ' + 0.2865z2 °

Deadbeat Response Controller Transfer Function:

(z-1)(z- 0.285)

P(z*) 1- 2.8652" + 0.28652
z) =

_ G (
¢ 3.5675 2 - 2.146 7 - 1.4215

e
6. (z*)= Q(1)- Q(z*) 35675- 21462 - 1.42152°

Forwar d-path Transfer Function:
6()=6 ()6 G (2)= 2146 7 +1.4215
Z) — z Z)—
¢ ho» 3.5675 2z - 2.146 z - 1.4215

Closed-loop System Transfer Function:

0.6015 7z +0.3985
M(z) S m——
2
Z
Unit-step response: Y (2)=1+0.6015 2 "4z 4z P+
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2.8 T T T
cRax = 1.88
Thax = 2.880 =ec
Yk
1.8 /
T = A.885 sec
a8 | | 1
B 2 4 8 8 i8
Humber of sampling periods x 1

The characteristic equationis
7+ ( 1.7788+0.1152k + 22.12k, ) z+0.7788 + 4.8032k - 22.12k, = 0

For the characteristic equation rootsto be at 0.5 and 0.5, the equation should be

22 - 74025 =0

Equating like coefficientsin the last two equations, we have
- 17788 +0.1152 k +22.12k =-1

0.7788 +4.8032 k1- 22.12 k2 =0.25

Solving for the value of k,and k, from the last two eguations, we have k =0.058 and k_ =0.035.
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